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CHAPTER 1
Introduction

1.2 BASIC CONCEPTS
1.2.2. (a)If y = ce?*, then y’ = 2ce?* = 2y.
2

X c 2x c 2x2 ¢ x2 ¢

Iy ="+ Stheny = 5 - L sony 4y= S 8 L2

E))Ify R O T

c

1
y = 3 + ce_xz, then y = —2xce ™
and
1
y +2xy = —2xce™ 4 2x (5 + ce_x2) = 2xce™ 4 x +2cxe™ = x.
d) If
1 4 ce~*/2
Y e 2
1 —ce
then
, (1 — ce™12)(—cxe™12) — (1 + ce ™ 1) cxe™"/2
Y= (1 —cxe=>*/2)2
—Dcxe~*/?
T (1 —ce¥/2)2
and
2
2oy o (e Y
g 1 —ce*/2

(1 + ce™/2)2 — (1 — ce /22
(1 —cex*/2)2

4ee=*12

(1 —ce=x?/2)2’
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SO
—4cx +4ex
2/ 2 _H)y=—"""" 0.
y+x(y© -1 0 —co7h)y 0

3 3 3
(e) If y = tan ol + ¢ ), then y’ = x2sec? al +c)=x*1+tan? al = x3(1 + y?).
3 3 2 the 3+¢

() If y = (c1 +eax)e” 4sinx + x°,
¥y = (c1 + 2cax)e* + cosx + 2x,
Y = (c1 +3cax)e* —sinx + 2,
and Y =2y +y = cre*1=2+1)+cxe*3—-4+1)

—sinx —2cosx + sinx + 2 — 4x + x?2
= —2cosx + x2—4x +2.

2 2 4
(@Ify = cie* +cax+—, theny’ = cre*+c2—— and y" = c1e* + —,s0 (1 —x)y" +xy' —y =
X X X

_ 2
Cl(l_x+x_1)+C2(x_x)+M_z_z:M

inx + x3 X X x3 inx -+
_cpsinx +¢2c08x ,_ €C1COSX —cpsinx  cpsinx + cacosx
hIfy= T2 + 4x + 8 then y’ = T2 32 + 4 and
,,__clsinx+czcosx_clsinx—czcosx éclsinx+czcosx 2 , 2_1 _
y = 12 32 +4 52 ,80 Xy " +Xxy +(| x 1 y =
3
c1 —x73%sinx —x"?cosx + x"?sinx + x/? cos x—
4
1 1 3
Ex_l/z sin x + x3/2ginx — Zx_l/z sinx) +c2 —x"32cosx + xY2ginx + Zx_l/z COS X

1 1 1
—x2ginx — Ex_l/z cosx + x¥2 cos x — Zx_l/z cos x) +4x + (x2 - Z) (4x +8) = 4x3+8x2 +
3x —2.

124. (a)If y' = —xe*, theny = —xe* + [e*dx +c=(1—x)e* +c,and y(0) = 1= 1=1+c,
soc=0and y = (1 — x)e*.

1
(b) If y/ = xsinx?, then y = —Ecosx2+c; y( %) =1=1=0+4+c¢,s0c =1 and
=1——cosx>.
' 5 i 1 d
(c) Write y/ = tanx = Y _ —(cos x). Integrating this yields y = —In|cosx| + c;
cos x cos x dx

y(/4) =3 = 3 = —In(cos(r/4)) + c,or3=In+/24c,s0c =3 —1In~/2,50 y = —In(| cos x|) +
3 —1In+/2 = 3 —In(+/2| cos x|).
5

32 37
(d) If y” = x*, then y’ = %+cl;y’(2) =-l= cta=-1=a=-1 so y' =
537 6 37 64 47
%—E. Therefore, y = ;C—O—E(x—2)+cz; y2) =-1= %+cz =—-1=c = 15 SO
47 37( )+ x©
=———-"—(x- —.
g 15 > xiz(%x 1 erx er erx er
(e) (A) [xe>*dx = 7 E/ezxdx =S -7 Therefore, y' = S + c1;
1 5 5 2x 2x 5 2x
Yy =1= pta=g=as= Z,SOY’ = xez —e—+Z;Using(A)again,y = xe4 -
- LI PSS SRS ST IR 2
— —— 4+ -x+4+c = —— 4+ —=x + c2; = —— 4+ = ¢ = —, S0
g g a4 T 4 4y TgrTery PRI 27y
xe?* e?* 5 29
y = - T + ZX + T
(f) (A) [xsinxdx = —xcosx + [cosxdx = —xcosx + sinx and (B) [ x cosx dx = xsinx —
[ sinxdx = xsinx 4 cos x. If y” = —x sin x, then (A) implies that y’ = x cos x —sin x + ¢1; ' (0) =
—3 = ¢ =-3,s0)" = xcosx—sinx—3. Now (B) implies that y = x sinx +cos x+cosx—3x+c, =

xsinx +2cosx —3x+c2;y0)=1=24c;=1=c¢c, =—1,s0y = xsinx +2cosx —3x — 1.
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(g) If y"" = x2e*, then y” fxzexdx—xe —2[xe¥dx = x%e* —2xe* + 2¢* + c1;
y'0)=3=2+c;=3=c;=1,5(A)y" = (x?>—2x +2)e* + 1. S1ncef(x —2x+2)e*dx =
(x% — 2x + 2)e* —f(Zx —2)e¥dx = (x2 —2x + 2)e* — (2x — 2)e* + 2¢* = (x? — 4x + 6)e*,
(A) implies that y = (x2 —4x + 6)e* + x +¢2;Y'(0) = 2= 6+ = =2 = ¢ = —8, 50 (B)
y = (x2—4x+6)e* +x—8; Since [(x2—4x+6)e* dx = (x2—4x+6)e* — [(2x —4)e” dx—(x —

4x+6)e* —(2x —4)e* +2¢* = (x2—6x+12)e*, (B) implies that y = (x2—6x + 12)e* +7—8X+C3,
2
y(0)=1:>12+C3=1:>C3:—11,soy=(x2—6x+12)ex+x7—8x—11.

2 1 7
() If " = 2 + sin2x, then " = 2x — =X 4 ¢ y/(0) = 3 = —Sta=35a=3
2 7 in2 7
so y' = 2x—COS al +§. Then y' = xz—sm4x+§x+cz; Yy (0) = —6 = ¢, = —6, s0
: 3
, , sin2x 7 x> cos2x 7 1 7
= x2 ~x—6.Theny = — 2_6x4c39(0)=1= —+e3=1=c3 = -,
y =x 1 +2x eny 3 3 +4x x+c3; y(0) 8+C3 c3 8
x3  cos2x 7 2 7
oy == 3 +Z —6x+g
) Ify"” =2x+1,theny” = x>+ x+c;;Y"R2Q) =7= 6+c1=7=c; = 1;50 " —x +x+1.
Theny' = 5+ 5 L (=) ber @ =4 S 4= = AN
en —+ =+ (x- c2; — —4c=— cp=——,80) = — + —
=313 ) 32y 372 2= sy =545
26 X X 8 5
x—2)——.Theny = — + — 4 — —22——x D+ey2)=1= -+c=1=c ,
(x—2) 3 yY=11% ( ) (x—=2)+c3;¥(2) ST 3=—3
x x 5
oy =T+ —+ ( - )2——( -2)-3

12 6

1.2.6. (a) If y = x2(1 +1nx), then y(e) = e2(1 +1Ine) = 2¢%; y' = 2x(1 +1Inx) + x = 3x + 2xInx,
so y'(e) = 3e +2elne = 5¢; (A) y" =342+ 2Inx = 5+ 2Inx. Now, 3xy’ — 4y = 3x(3x +
2xInx) —4x2(1 +1Inx) = 5x2 + 2x2Inx = x2y”, from (A).
° L = 2 Lsoy() = 241 =2:(A)
— = — SO = — = —:
3 Tt aRd 3 3

2 2 2
”:E.Nowxz—xy’+y+1=x2—x(§x+1)+x—+x—1+1=gxz—xzy” from (A).

1
(b)Ify=%+x—1,theny(1)= s+1-1=

N

w

©Ify = (1 +x2)7Y2 then y(0) = (1 +02)" V2 = 1; y/ = —x(1 + x2)732, 50 y'(0) = 0; (A)
V" = 2x2—=1)(14+x2)75/2. Now, (x2— 1)y —x(x2+1)y = (x2= D)1 +x2) V2 —x(x2+ D (—x)(1 +

2 _ 1 2 Ny’
x2)732 = 2x2 = 1)(1 + x»)7Y2 = y"(1 + x2)? from (A), so " ( )y —xx"+ Dy

(x2 4+ 1)2
@Ify = 1x_2x,theny(1/2) = 1i/14/2 = %;y/ - )(Cl(x 50 y/(1/2) = W _ 3
(A)y" = (1_%)3 Now, (B) x +y = x + 1’“_2x - 1fx and (C) xy' — y = (Zl(i;)? 1x_2x _
(liix)z' From (B) and (C), (x + y)(xy' — y) = (1i73x)3 _ x;y”, sy = 2(x + yl(jy - y).
1.28. (a) y = (x — ¢)* is defined and x — ¢ = y'/% on (c, 00); moreover, y' = a(x —¢)*”! =

a (yl/a)“—l = qyl@D/a,
(b)ifa > 1 ora < 0, then y = 0 is a solution of (B) on (—o0, 00).

1.2.10. (a) Since y’ = ¢ we must show that the right side of (B) reduces to ¢ for all values of x in some
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interval. If y = ¢2 + cx + 2¢ + 1,

x24+4x+4y = x*+dx+4c?+dex+8c+4
= x> +4(1+o)x +4(C*+2c+1)
X2+ 41 4c)+2(c +1)? = (x +2¢ +2)%

Therefore, v/x2 + 4x + 4y = x + 2¢ + 2 and the right side of (B) reduces to ¢ if x > —2¢ — 2.

x(x +4)

M) If y; = _xxr+d)
(A) on (—o0, 00).

, x+2 5 .
, then y] = — > and x“ 4 4x + 4y = O for all x. Therefore, y; satisfies



CHAPTER 2
First Order Equations

2.1 LINEAR FIRST ORDER EQUATIONS

~

21.2. 2 = “3x2 ln|y| = —x3+k; y=ce ™. y=ce 00?2
y
! 3 ¢
2042 = -2yl =3Infx|+k=—In]xP+k y=—.
y X X
! 1+ x 1 ce™
216 L = =———1; |Injy] =-In|x|—-x+k; y= ;o y() =1= ¢ =e;
y X X X
e—(x=1)
y:
X
Y 1 . . c
218. — = —— —cotx; |In|y] = —In|x| —In|sinx| + k = —In|xsinx| +k; y = —;
y X x sinx
7
yr/2)=2=c=m y=——.
x sinx
y' k -k —k
2.1.10. 5 =- |In|y| = —kIn|x|+ ki =In|x7|+ki; y=c|x|™ y(1)=3=c=23;
y =3x7*
/
2.1.12. N =3; In|y;| = =3x; y1r=e 3 y=ue>; we > =1, v =e3;, u=
3x n 1 3
—+c y=z4ce
3 =3
/
2.1.14 N —2x; In|y;| = —x%; y; = e‘xz; y = ue‘xz; wWe > = xe‘xz; u = x;
J1
2 o (X2
U=—+4c;, y=e 7+C
/ 1 1 u u 7 7
2116, 2 = == Inlyil = —In|x[y 1 == y == — =5 +3 u = — + 3x;
1 X X X x X X
3x2 7In|x| 3x ¢
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/
1
2.1.18. &Z———ZX; 1n|y1|:—1n|x|—x2; y1 = ¢ , Yy = ue ; we :xze_xz;
J1 X X X X
4 3
I3 - R o
u =x>;, u 1 +c, y=e (4 x)
y/
2.1.20. =L = —tanx; In|y;] =In|cosx|; y; =cosx; y=ucosx; u'cosx =cosx; u =1I;
V1
u=x+c; y=(x-+c)cosx.
! 4x —3 5 1 —2)
2122 0= - - . Infyi] =Sy —2) —Injx — 1] = n | S22,
1 x=-2)x—-1) x-2 «x-1 x—1
(x —2)° u(x —2)°  w(x-27° (x-2)? , 1 11
yVi=—7",; y= ; = 5 u=73;u=——72+
x—1 x—1 x—1 x—1 (x-2) 2(x—2)
1(x—2)3 (x —2)°
c; = —— c .
2 (x—1) x=1
/ 3 1 / pe
2124, 20 = 2, In|y;| = =3In|x| =In|x|™3 y1=—; y= 2oM 8 = e
y1 X x3 x37 X3 x2
i X X . _ex ex ¢
u=xe" —e"+c; y—;—;+;
by 4x 2 2\-2 1
2126 — = ——; In = 2In(1 + x*) = In(1 + x ; = —; =
" 5.2 |y1l ( ) ( ) Y1 77 Y
u u’ 2 , ) x4+ 2x 4+ ¢ ©) | =
A+x22 (1+x22  (1+x22 YTy Y
| 2x + 1
c=1; = —
YT Uy
Y . 1 u u’ ,
21.28. — = —cotx; In|y;| = —In|sinx|; y; = —; = —; = = cosx; u =
1 sin x sinx sinx
.2 .
sin” x sin x 1
sinxcosx; u = 7 +c; y= 7 + ccscx; y(n/2)=1:>c=%; y=§(sinx+cscx).
Y1 3 -3 u
21.30. — = ———; In = 3Injx -1 =In|x =177 = —— = —
" ! |yl | | | | NnE=ao)y YT o
u’ 1 sin x

1
= + cou = + sinx; u = In|x — 1| — cosx + c; =

G-1? -1 (x—1)2 x—1 e =1 Y

1 —1] - 1 —1| -

nlx—1]—cosx +c JO0) = 1= ¢ =0; _ n|x — 1| —cosx

(x—1)3 ’ (x—1)3

i 2 2 2 2 ) / 1
21.32. = = ——; In|y1] =2In|x| = In(x*); y1 =x% y=ux* ux*=—-x; u =——;

by X X

u=—In|x|+c; y=x*(c—Inlx]); y)=1=c=1; y=x%31-Inx).

2134 2 3 = 3 — 1] = Iy — 13 ! "
134, =1 = — ; In = —3Injx — 1] = In|x — ; = ; = ;
1 -1 1 N=G-nr YT o3

W 14 (x—1)sec?x 1 _In|x—1|+tanx +c

= cou = —+se02x; u =lIn|x—1|+tan x+c; =
(x —1)3 (xr— 14 x—1 et Y (x—1)3

_Infx—1] +tanx + 1
- (x = 1)?

y0)=—-1=c=1;

k]
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/ 2x
2.1.36. % = xz—l; Injy;| =Injx2—=1]; y1 =x2-1; y=u@x?>-1); v(x?2-1) = x;
X 1
u’:—x2 T u=§1n|x2—l|+c; y = (x2 —1)( In |x2 —1|+C) y(0) =4=c=—-4
y—(x—l)( In|x? —1|—)
/
2.1.38.&=—2x; In|y| = —x?; ylze_xz; y:ue‘xz; we ™ =x2 u =x2*; u=
J1
Yo —x2 Yo —x2 )
c+ | teldt; y=e c+ tce’"dt); y0)=3=c=3;, y=e 3+ te' dt ).
0 0 0
/ —xt t
2.1.40. N =1, Injyil = —x; y1 =e% y =ue™; ue ™ = ﬂ; u = anx;

X X

J1
tant? t tant?
u=c+/ iaft yze_x(c+/ idt) y(1)=0=¢c=0; yze_x/ %d
1 1 1

/ 1 e™* ue ™ ule™* e’
2142, X = 1= — In|y1] = —x—Injx|; y1 = —; y = ; = —
B! X X X X X

X e—x X
W o= e*eX u = ¢ +/ ele!” dt: y = —(c+/ e’e’zdt); y(1) = 2 = ¢ = 2e;
x1 . X 1
e'e’ dt).

2.1.44. (b) Eqn. (A) is equivalent to

1

X 1

2 1
Y- Z=— ®)
x x
i 2 2 2 12 !
on (—00,0) and (0,00). Here == = —; In|yi| = 2In|x|; y1 = x*; y = ux®;, u'x* = ——;
B! X X
1 1
u = = U= o) +c,s0y = 3 + cx? is the general solution of (A) on (—oo, 0) and (0, 00).
X
(¢) From the proof of (b), any solution of (A) must be of the form
1 2
3 +c1x”, x>0,
y = 1 ©
5+ c2x?, x <0,

for x # 0, and any function of the form (C) satisfies (A) for x # 0. To complete the proof we must show
that any function of the form (C) is differentiable and satisfies (A) at x = 0. By definition,

'(0) = lim YO =yO _ Y172
y _x—>0 _x_O _x_>0 X

if the limit exists. But
YO -1/2 _f ex. x>0
X ] c2x, x<0,

so ¥'(0) = 0. Since 0y’ (0) —2y(0) = 0-0—2(1/2) = —1, any function of the form (C) satisfies (A) at

x =0.
(d) From (b) any solution y of (A) on (—o0, 00) is of the form (C), so y(0) = 1/2.



8 Chapter 2 First Order Equations

—1/2
(e) If xo > 0, then every function of the form (C) with ¢; = u and ¢, arbitrary is a solution
X

of the initial value problem on (—o0, 00). Since these functions are all identical on (0, 00), this does not
contradict Theorem 2.1.1, which implies that (B) (so (A)) has exactly one solution on (0, co) such that
¥(X0) = yo- A similar argument applies if xo < 0.

2.1.46. (a) Let y = c1y1 + c2y2. Then

y' + px)y (c1y1 + c2y2) + p(x)(c1y1 + c2¥2)

= ¢y 2y +ep)yr +c2p(x)y2

a1y + p(x)y1) + c2(v2 + p(X)y2) = c1 f1(x) + ¢2 f2(x).

) Let f1 = fo= fandc; =—ca=1.
©Let f1=f, f,=0,andc; =c, = 1.

2.1.48. (a) If z = tany, then 2’ = (sec? y)y’,s0z' —3z = —1; z; = &3*; 7 = s u'ed® = —1;
—3x
e 1
u =—e3 u= 3 +c; Z=§+Ce3x=tany; y:tan_ (— )
2 2 2 1 u u 1
b If z = e, then 2" = 2yy’e”, s02' + “z = =5 21 = x2’ =S A==t
1 c 2 1 ¢ \1Y?
u=x+cz=—-+_;=e ; y==|In -+ = .
X X X X

2 1
(c) Rewrite the equation as y—+ —Iny =4x.Ifz =1Iny, thenz = y—, 0z +—z=4x; 21 = 5
y X y X X

/

e  m i w et de s =24 S —ny v = 2, ¢
Z—xz,xz—x,u—x,u—x +cz=x +x2—ny,y—expx+x2.
1 ! 1 3 1 u
dIfz = ——,thenz = yi,soz’+—z=——; 1= — z=—; —=—"1:
1+y 1+ y)? X x? X X x x2
, 3 3In|x|+ ¢ 1 x
W =—— u=-3Inx|—¢; z=-— = — iy =—14+-—
X X 1+y 3In|x| + ¢

2.2 SEPARABLE EQUATIONS

2.2.2. By inspection, y = km (k =integer) is a constant solution. Separate variables to find others:

(cos y)y, = —sinx; In(|siny|) = cosx + c.

sin y
: , . Iny\ , 5. (Iny)?
2.2.4. y = 0 is a constant solution. Separate variables to find others: { — | y* = —x~; — =
5 y

—— tc.
1

2.2.6. y = 1 and y = —1 are constant solutions. For others, separate variables: (y2 — 1)_3/2yy’ ==
X

1 14+cx X X 2
_ 2_1—1/2:___ — _ : 2_11/2: : 2_1 — :
o ) X ¢ X o ) 14+cx o ) 14+cx

2 2\ 1/2
2=1+( al ); =il+( al ) .
y 14+cx Y 14+cx




Section 2.2 Separable Equations 9

x .
1+ x2’

/
2.2.8. By inspection, y = 0 is a constant solution. Separate variables to find others: Y
y

1
In|y| = —3 In(l +x?) +k; y= , which includes the constant solution y = 0.

C

V1 4+ x2

13
2.2.10. (y—1)2y" = 2x+3; %

)y’ 1 1 ,
2212, —— = —x; | ——— |y = —x;In|——
yy+1 y y+I1

2

e 2 2 2 c
l=c=—; y=0+Dce ™2yl —ce ™) =ce™/? y = —————
7 y=0+D ¥( ) B ——

. — ce 2. ,2) =
3 Py T ()
e—x2/2 o2
; setting ¢ = >

e~ (x2=4)/2

ylelds y = m

= x243x+e; (y—1)3 =3x249x+c; y = 1+ (3x2 + 9x +¢)'/3.

y' 1 1 1 1 1 1 1 , 1 1
2.2.14 - —— 4= y =— :
6y+1 2y—1 3y-2 x+1

TO+DO-Do =2 x+ D '
6 (»+ D -2 c
-1 + 1| —-31 — 1|+ 21 —2| = —61 + 1] + k; = ;
Y+ 1 n|y | n|y | n2|y | n|x | (y_1)3 (x+1)6
+DH(y—-2) 256
1) =0= c=-256; =— .
yd ‘ o1 (e

2.2.16. y7/2=2x; [l—+}y’=2x;ln & =x2+k;L=cex2;
y(+y?) y o yr+1 V2 +1 y2+1

2

1 y e* 2 2 2 1
YO =1l=c=—; ———=—; 2y = 3?2 +1)e* ;)22 )=}y = —u——.
V2241 V2 V2e=2x — ]
! 1 1 - -2
2.2.18. _ry “2x; | —— = —— |y = —-2x;In 4 = —x2 +k; y—< ce_xz;
=Dk =2) y=2 y-1] y—1 A
1 y—2 ¢* e * - e 4—e*
y(O)_3:>C_E’F_ 2 7y_2_ 2 (y 1)’)’ 1- 2 =2- 2 7y_2_e_x2
The interval of validity is (—oo, 00).
! 1 1 1 1 1 -2
2220, — 2 — _1; = [———} y = —1; [———} y = -2 1n|% ‘ = —2x +k;
) y(y =2 2ly=2 vy ) y=2y
—yy =ce ™ y0)=1=c = —1; —yy = -2 y—2=—ye y(l 4+ ) =2
2

y o The interval of validity is (—oo, 00).

- 1+4+e-

2.2.22. y = 2 is a constant solution of the differential equation, and it satisfies the initial condition.
Therefore, y = 2 is a solution of the initial value problem. The interval of validity is (—oo, 00).

y' 1 -1 -1 -1 N
2.2.24. = ; tan = tan~ x + k; = tan(tan” " x + k). Now use the identit
1+ y? 1+ x2 Y Y ( ) Y
tan A + tan B
tan(4 + B) = tan At tanb with A = tan™! x and B = tan™! ¢ to rewrite y as y = ﬂ, where
1 —tan Atan B I —cx

¢ =tank.

y+1_y—1
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2.2.26. (siny)y’ = cosx; —cosy = sinx + ¢; y(7) = % = ¢ = 0,50 (A) cos y = —sinx. To obtain

y explicity we note that —sinx = cos(x + 7/2), so (A) can be rewritten as cos y = cos(x + 7/2). This
equation holds if an only if one of the following conditions holds for some integer k:

B)y=x+ % + 2km;mbox(C)y = —x — % + 2k,

3
Among these choices the only way to satisfy the initial conditionistoletk = 1in (C),so y = —x + 771

2.2.28. Rewrite the equation as P’ = —aaP(P — 1/a). By inspection, P = 0 and P = |/« are
P/

. . 1 1
constant solutions. Separate variables to find others: —au; [7 — —] P = —q;

P(P—1ja) P—1/a P
P—1/a P—1/a
In|————| = —at +k; (A) ——— =ce*; Pl—ce®)=1/a; B)P = ————.
n‘ i3 at +k; (A) P ce (I —ce™) Jo; (B) (1 —ce—an)
F (A), P(0O) = Py = Po=1/a Substituting this into (B) yields P Po
rom (A), = ¢ = ————. Substituting this into ields P = .
’ Po s Y aPo + (1 —aPy)e—at
From this lim; . P(t) = 1/c.
/
2.2.30. If ¢ = rS the equation for I reduces to I’ = —r1?%,80 — = —r; —— = —rt — —; S0
12 1 Iy
I
I = H—iolt and limy o0 I(t) = 0. If ¢ # rS, then rewrite the equation for I as I' = —rI(I — )
rio
. q . . . I’ 1 ], I -«
with@ = § — —=. Separating variables yields ——— = —r; ——|I"=—roa;Iln =
r I(I — ) I—a I
I —
rar 4k (A) m—E = ceTm (1 — o) = a3 B) ] = —— From (A), 1(0) = Iy =
1 1 —ce Tt
fo =@ bstituting this into (B) yields 1 ofo Ifg < rS.thena > 0 and
c = . Substituting this into ields I = . rS, then o an
A & Y To+ (@ — Ipye—ret” 1

limseo I(t) = = S — L. 1 g > rS, then @ < 0 and limy—0 1(7) = 0.
r
2.2.34. The given equation is separable if f = ap, where a is a constant. In this case the equation is

y' 4+ p(x)y = ap(x). (A)

Let P be an antiderivative of p; thatis, P’ = p.
/

SOLUTION BY SEPARATION OF VARIABLES. y' = —p(x)(y — a); Y Pl —p(x);In|y —a| =

—P(x)+k; y—a=ce Py =a+ce PO,
SOLUTION BY VARIATION OF PARAMETERS. y; = e F® is a solution of the complementary
equation, so solutions of (A) are of the form y = ue™F® where u'e *® = ap(x). Hence, v’ =

ap(x)eP®; y =aqeP® 4 ¢y =a+4 ce PO,
. . . , 2 x° 5. , , 2
2.2.36. Rewrite the given equation as (A) y’' — —y = pey y1 = x“isasolutionof y' — —y = 0.
x y+x x
5 3
Look for solutions of (A) of the form y = ux?. Then u'x? = al == ;U = al ;
(u + 1)x? u—+1 u—+1

1 2 2
u+ D' = x; a+w =x7+

3 u:—1:b«/x2+c;y=x2(—1:b\/x2+c).

C-
27
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2.2.38. y; = e2* is a solution of y/ — 2y = 0. Look for solutions of the nonlinear equation of the

2x 1— 2 1
. Then u'e?* = fiu;u’ = ﬁ; 1 —wu = x; —% = E(xz—c);

u=1+x+~c—x2%y :ezx(lzb«/c—xz).
2.3 EXISTENCE AND UNIQUENESS OF SOLUTIONS OF NONLINEAR EQUATIONS

eX+y 1 2y(e* +y)
232, f(x,y) = 55— and fy(x,y) = -
Sx.y) X242 Ty (x,y) X242 (x24y2)2

(0,0). Hence, Theorem 2.3.1 implies that if (x¢, yo) # (0, 0), then the initial value problem has a a
unique solution on some open interval containing xo. Theorem 2.3.1 does not apply if (xo, yo) = (0, 0).

2x

form y = ue

are both continuous at all (x, y) #

2 2 2 2
X<+ 2 X<+
234. f(x,y) = Ty and fy(x,y) = y Y are both continuous at all (x, y) such
Inxy Inxy x(lnxy)?
that xy > 0 and xy # 1. Hence, Theorem 2.3.1 implies that if xoyo > 0 and xpy¢ # 1, then the initial
value problem has unique solution on an open interval containing x¢. Theorem 2.3.1 does not apply if

X0yo <0orxpyo = 1.

2.3.6. f(x,y) = 2xy and f,(x,y) = 2x are both continuous at all (x,y). Hence, Theorem 2.3.1
implies that if (xo, yo) is arbitrary, then the initial value problem has a unique solution on some open
interval containing xg.

2x + 3y 3 2x + 3y
2.3.8. = —and =
f(xv y) x—4y an fy(xv y) X—4y (x_4y)2

that x # 4y. Hence, Theorem 2.3.1 implies that if xo 7# 4y, then the initial value problem has a unique
solution on some open interval containing x¢. Theorem 2.3.1 does not apply if xo = 4yo.

are both continuous at all (x, y) such

4
2.3.10. f(x,y) = x(y>—1)%/3 is continuous at all (x, y), but frlx,y) = gxy(y2 —1)!/3 is continuous

at (x, y) if and only if y # £1. Hence, Theorem 2.3.1 implies that if yo # %1, then the initial value
problem has a unique solution on some open interval containing xo, while if yo = %1, then the initial
value problem has at least one solution (possibly not unique on any open interval containing xg).

2.3.12. f(x,y) = (x + y)'/? and fy(x,y) = ————— are both continuous at all (x, y) such that
2(x + y)V/2

x + y > 0 Hence, Theorem 2.3.1 implies that if x¢ + yo > 0, then the initial value problem has a unique
solution on some open interval containing x¢. Theorem 2.3.1 does not apply if xg + yo < 0.

2.3.14. To apply Theorem 2.3.1, rewrite the given initial value problem as (A) y' = f(x, y), y(x0) = Yo,
where f(x,y) = —p(x)y + q(x) and f,(x,y) = —p(x). If p and f are continuous on some open
interval (a, b) containing x¢, then f and f, are continuous on some open rectangle containing (xo, yo),
so Theorem 2.3.1 implies that (A) has a unique solution on some open interval containing xo. The
conclusion of Theorem 2.1.2 is more specific: the solution of (A) exists and is unique on (@, b). For
example, in the extreme case where (a,b) = (—o0, 00), Theorem 2.3.1 still implies only existence and
uniqueness on some open interval containing xo, while Theorem 2.1.2 implies that the solution exists and
is unique on (—o0, 00).

2.3.16. First find solutions of (A) y' = y?/3. Obviously y = 0 is a solution. If y # 0, then we
—2/5 2 3/5
3

3
y = (g(x + c)5/3). (Note that this solution is also defined at x = —c, even though y(—c) = 0.

can separate variables on any open interval where y has no zeros: y y =1 = x +c;
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3
To satisfy the initial condition, let ¢ = 1. Thus, y = (g(x + 1)5/ 3 ) is a solution of the initial value

2
problem on (—oc0, 00); moreover, since f(x,y) = y*/> and frlx,y) = —y_3/5 are both continuous at

all (x, y) such that y # 0, this is the only solution on (—5/3, 00), by an argument similar to that given in
Example 2.3.7, the function

0, -0 <x<-3
y =
CGr+1)7, “f<x<oo
5
(To see that y satisfies y’ = y?/5 at x = —3 use an argument similar to that of Discussion 2.3.15-2) For

5 . Lo .
every a > 3 the following function is also a solution:

(F(x + a))5/3, —00 < X < —a,
_ 5
y= 0, —a<x=<-3%
(Zx + 1)5/3, -2 <x <o0.

2.3.18. Obviously, y; = 1 is a solution. From Discussion 2.3.18 (taking ¢ = 0 in the two families of
solutions) yields y» = 1 + |x|? and y3 = 1 — |x|3. Other solutions are y4 = 1 + x3, ys = 1 — x3,

_f1+x* x>0, _f1=x3 x>0,
Y6 = 1, x<o0 ' 77 1, x<0°

_ 1, x>0, _ 1, x>0,
V8=V 1423, x<0 PT ) 1-x3 x<o0

It is straightforward to verify that all these functions satisfy y’ = 3x(y—1)'/3 forall x # 0. Moreover,

y:(0) = )11_% % = 0for 1 <i <9, which implies that they also satisfy the equation at x = 0.
2.3.20. Let y be any solution of (A) y’ = 3x(y — 1)'/3, y(3) = —7. By continuity, there is some open
interval I containing xo = 3 on which y(x) < 1. From Discussion 2.3.18, y = 1 4+ (x2 + ¢)*? on I;
y(3) = =7 = ¢ = =5; (B)y = 1 — (x2 — 5)*2. It now follows that every solution of (A) satisfies
y(x) < 1 and is given by (B) on (+/5, 00); that is, (B) is the unique solution of (A) on (+/5, 00). This
solution can be extended uniquely to (0, oo) as

— 1’ O<x§\/§a
Y= 1—(x2-532 5<x<ox

It can be extended to (—oo, co) in infinitely many ways. Thus,

_ 17 _Oo<x§\/§a
y= 1—x2-532 5<x<ox

is a solution of the initial value problem on (—o0, 00). Moroever, if « > 0, then

1+ @2 —a?)?2, —o0<x < —a,
y = 1, —a <x <5,
1—(x2-5)32  /5<x<o0,
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and
1—(x2—a?)3? —c0<x<-a,
y = 1, —a <x <5,
1—(x2-5)32  J/5<x<o0,

are also solutions of the initial value problem on (—o0, 00).

2.4 TRANSFORMATION OF NONLINEAR EQUATIONS INTO SEPARABLE EQUATIONS

2 ! 2
2.4.2. Rewrite as y/ — —y = % Then 21 = = In|yi| = =In|x| = In|x|*>7; y, = x¥/7;
Tx Ty v Ix 7
1 1’ 1 c
— 2/17. 1 2/7 . 6,/ — ___ . .  _ __ e — _ 1/7.
y = ux’; u'x = o uu’ = i 71n|x|+7, u = (¢c —Injx|)"7;
y = x27(c —In|x)"/7.
2x 1 1 2x
2.4.4. Rewriteas y) + ——y = ——— Then =L = — ; In = —In(1 + x?);
Y 1422 (1+ x2)2y y1 1+ x2 il ( )
1 u u’ 1 u? ¢
= —; y = ; = cuu =1, — =x+4+ =, u=+J2x+c;
M= Y T 0522 1522~ w122 2 2
V2x +c
y=x45_-—7"
+ x
Y1 1/1 1 1/3 ,x/3 1/3,x/3. .,1.1/3,x/3
246. — = | —+1); In|y1] = =(n|x|+ x); y1 = x>, y =ux/>e¥>;, u'x'/>e*> =
V1 3\x 3
! 1 ¢ 1 X 1/3
a3 ax/3 4. M x. 0 e Sy = R
x4 2e* 2y, = xe”; = (x—1)e ;U= ;Y= .
u* 3u3 (=1) 3 [B(1 — x)e* + c]'/3 Y |:3(1—x)+ce—x:|
V1 x2 2 2 2 2 274
248, 2L = x; In|yy| = = y1 = /2 y = ue® /2 weX /2 = xudl2e34 = xe* /4
1 2 u3/2
2 _ A x2%/4 Lo, 1/2 1 .= 1 . _ 1
(A) Y 2e 4+ 2¢; u'’” = _c+ex2/4’ u (1ol y = (1"‘6'6'—_)62/4)2. Because
of (A) we must choose ¢ so that y(1) = 4 and 1 + ce”"/* < 0. This implies that ¢ = —3e!/*;
3 2 -2
=[1-Ze 04|
y=[1-3
/
2.4.10. N 2; Injyy] = 2x; y1 = €2, y = ue?; w'e? = 2u'2e*; w2y = 207X,
J1

w2 = 2e* 42c; u?P=c—e*>0, yO) =1=2u0)=1=c=2 u=Q2—e¥>
y = (e*—1)%

y? he 2 1
2.4.12. Rewrite as y" + ;y = —. Then y—l = —=; In|y;| = —2In|x| = Inx72; y; = ;;
1
u u u3‘ u’ 1 1 1 1 4
Y= @ T E g e _ﬁ__5—5+c’ Y(1)=—2:>”(1)=—2:>C=—§,
5x° 1/2 5x 1/2
U=|—— V= | — .
2(1 + 4x°3) 2(1 + 4x3)
! 1 ! 1
24.14. P = ue?; u'e® = —qou?e??,; u_2 = —aae; —= = —a/ a(r)e?tdr — e P =
u u
Poe“’ 1())0 ’
, which can also be written as P = . Therefore,

1+aPy f(; a(r)e?*dr e~ + qPye—at f(; a(r)e?tdr
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oo if L =0,
limy o0 P(2) = 0 if L = o0,
1/aL if0< L < oo.
24.16. y = ux; u'x +u = u? +2u; (A u'x = u(u + 1). Since u = 0 and u = —1 are constant
solutions of (A), y = 0 and y = —Xx are solutions of the given equation. The nonconstant solutions
f (A) satisf w o I A In|x| + k; —
0 satisfy = —— = —; | —— u = —; In = In|x ; —— = cx;
Y u(u + 1) x |u u+1 X u—+1 u—+1
2
cx cx
u= W+ Dex;u(l —cx) =cx; u= ;Y= .
1 —cx I —cx
1
2418. y = ux; u'x +u = u + sec; u'x = secu; (cosu)u’ = —; sinu = Injx| +¢; u =
x
sin"!(In|x| + ¢); y = xsin"!(In|x| + ¢).
2 2 2 1 2
2.4.20. Rewrite the given equation as y’ = u; y=ux;u'x +u=—+2u; ux = tu ;
Xy u u
uw’ 11 2 ) »? 2 ) »? 2. 2 .2 4.
1+—u2:;’ Eln(1+u ) =In|x|+k; ln(1+x—2 = Inx“+2k; 1+x—2=cx ; X5+ YT =cx”
y = £xvex2 - 1.
l 2 l 2 ' 1 1
2422y =ux;u'xtu=u+us; ux=u" — =—-; —— =llx[+c y-D)=2=u(-1) =
u X u
5o 1 2 2x
_ C:—;u:—i; =
2 2inx|+ 1Y T " 2Injx|+ 1
2 2 2
2.4.24. Rewrite the given equation as y’ = — Y sy =ux;u'x+u=———u; u'x=— ;
Xy u u
uu’ 1 1 5 4 s
————— =—; ——In(1+2u°) =Inlx|+k; x*1+2u*)=c; yO)=2=u(l)=2=>c=09;
1+2u2 x4 ) )
9— x4 1 (9—x*\"? 1/9—x*\"?
4 2 2
x*1+4+2u)=9% u" = —; u=— Ly = — .
( ) 2x4 xz( 2 ) Y x( 2 )
2oy
2.4.26. Rewrite the given equation as y' = 2 + = +4=0 Yy = ux; wx +u = 2+ u? + 4u;
x
! 1 1 1 1 u+1
wWx =u?+3u+2=u+1)u+2); ———— = —; | —— — ' ==; In =
( A ) w+Du+2 «x [u+1 u+2:| x u+2
u+1 2 u+1 2 2
In|x| + k; =cx; y(D)=1=ull)=1=>c==-;, — ==-x; u+1=-x(u+2);
] ) () M 3 ut+2 3 30
2 4 4x -3 x(4x —3)
ufl—=x)|=—1l+-xsu=—7—7—; y=—F—7—.
3 3 2x —3 2x —3
l+u _1+u2‘ 1—wu 1

2.4.28. y = ux;u'x+u = cu'x =

1
= —; tan" ! u—Eln(1+u2) = In|x|+c;

s 1—u l—u’ 1+u? X
1 1
tan'2 — Z1n 1+ Y =In|x| +¢; tan™! X——ln(x2+y2) =c.
x 2 x2 x 2
w+2uP+u+1  u@m+1)>2+1 1 1
2.4.30. y = ux; u’ = = = ——ux = ——;
y S unuwxtu (£ 1)2 T A TR | AR Py

1 1)3
e+ Do =~ @D
X

(y + x)3 =3x3(n|x| + ¢).

3
=1In|x| +¢; w+ 1) = 3(n|x| + ¢); (y + 1) = 3(In|x| + ¢);

X
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u u(u—3) . .
2432,y =ux;u'x +u = —2; Au'x = 27; Since u = 0 and u = 3 are constant solutions
- —u
of (A), y = 0 and y = 3x are solutions of the given equation. The nonconstant solutions of (A) satisfy
2 —uu’ 1 1 2 3
Cow 1, 2w = =2 mu =3+ 2Infu] = <3In|x| +k; wl—3) = —;
u(u —3) x  |u=3 u X x3
y2(y—3x) =c.
1+ u+ 3u? 1
2.4.34.3y =ux; w'x+u= Tz Ut T 1+ 3w = ot ud =In|x| +c;
X+y—3 =In|x|+c.
X X
2 2
— 1 1—
2.4.36. Rewrite the given equation as y’ = m; y=ux;u'x+u =——14u; u'x = u;
xy u u
! 1 1 1
o - |14+ W =——; ut+Inju—1| = —In|x|+k; e*(u—1) = E; X (y—x) =c.
u—1 X u—1 X X

1 1
2438. y =ux; ux+u=14—+u; (A)u'x = i Since (A) has the constant solutionu = —1;
u u

/
. . . . . . uu 1
y = —x is a solution of the given equation. The nonconstant solutions of (A) satisfy 1 = —;
u X

L y y
1- W =— u—Inju+1|=In|x|+c; ——1n‘——1‘=1n|x|+c; y—xIn|ly —x|=cy.
u+1 X x x

d dy dYdx dY )
2j4'40' Ifx.: X — Xo anoll y=Y —Yp, then % = U T dx dr — dx’ so y = y(x) satisfies the
given equation if and only if Y = Y (X) satisfies

dY a(X —Xo)+b(Y —Yo) +

dX (X —Xo) +d(Y —Yo) +

which reduces to the nonlinear homogeneous equation

dY aX +bY
dX X +dY
if and only if
aXo+bYy = «
cXo+dYy = ,3 (B)
We will now show that if ad — bc # 0, then it is possible (for any choice of o and f) to solve (B).
Multiplying the first equation in (B) by d and the second by b yields

daXo+dbYy = dua
bcXo +bdYy = b,B

Subtracting the second of these equations from the first yields (ad —bc)Xo = ad —Bb. Since ad —bc #
ad — Bb

0, this implies that X = ————
P 7 4d —be

. Multiplying the first equation in (B) by ¢ and the second by a yields

caXog+chYy = ca
acXo+adYy = ap.
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Subtracting the first of these equation from the second yields (ad —bc)Yo = ac—fBa. Since ad —bc # 0

ac — Ba
this implies that Yo = ———.
P O 4d —be
2.4.42. For the given equation, (B) of Exercise 2.4.40 is
2Xo+ Yo = 1
Xo+2Yy = —4.
Solving this pair of equations yields Xo = 2 and Yy = —3. The transformed differential equation is
dYy 2X+7Y
- = . (A)
dX X +2Y
2 2u—1 1
Let Y = MX, M/X+ U = +2M’ (B) uwx = _%ffll-’_) Sinceu = landu = —1
u u
satisfy (B), Y = X and ¥ = —X are solutions of (A). Since X = x +2and Y = y — 3, it follows
that y = x + 5and y = —x + 1 are solutions of the given equation. The nonconstant solutions
£ (B) satisfy — 24T DV 2 ! 3w 1 43— 1)
o satisfy ——— = ——; | —— u = ——; Inju nlu —1| =
Y u D+ 1) X |u+1 u-1 b%

. 3 _ ¢ 3 _ . : — —
—4In|X|+k;, +Du—-1) = 5 Y +X)Y —X)’ =c; SettingX =x+2andY =y -3
yields (y + x — 1)(y —x —5)3 = c.

3 3
. . . ;Y tx 13 1/3 1 _ ow+1l
2.4.44. Rewrite the given equation as y’ = 32 y = ux'’’; u'x> 4+ 3x2/3u = 320
1 1w 1
wxlP=—  y2u'=—; — = _(In|x|+¢); u=(n|x|+c)"3 y=x31n|x|+ c)'/3.
s 5 = 3(nlxl o) u = nfx| + )13 y = ¥13(In x| +0)
2(y2? 2. 4
2.4.46. Rewrite the given equation as y’ = O~ + x3y al ); y = ux?; w'x? +2xu = 2x(u? +
x
u—1); (A) u'x%2 = 2x(w? —1). Sinceu = 1 and u = —1 are constant solutions of (A), y = x2
/
and y = —x? are solutions of the given equation. The nonconstant solutions of (A) satisfy 2u 1=
u2 —
2 1 1 , 4 u—1 u—1
= - =1 = 4] ky —— =cx* w—1) = Dex*:
. [u—l u+1:|u . nu+1‘ n|x| + 1 cx®; (u ) = (u+ Dex
1+ cx* x2(1 4 cx*
u(l—cxH)=1+cxtu=——; y= ¥
1 —cx* 1—cx*

/
2.4.48.y = utanx; u'tanx +usec?x = (u? +u + l)sec®x; u'tanx = (u? + 1) sec? x; Pzl =
u
sec? x cotx = cotx +tanx; tan~'u = In|sinx|—In|cosx|+c¢ = In|tanx|+c; u = tan(In | tan x| +
¢); y =tanx tan(In|tanx| + c).

2 1 1 2
2.4.50. Rewrite the given equation as y’ = M; y =ux/?; w/x'/24 U= () ;
2x(y + 24/%) 2/x 2% (u +2)
1 1 (u+2)? 1
I1/2 . Ny = —- — . 2 2 _ 1 .
u'x 72ﬁ(u+2)’ u + 2)u T 2(n|x|+c), u+2) n|x| + c;

u=-=2+Inlx|+c; y=xV2(=2% /In|x|+ o).

1 2
2.4.52. y; = —; is asolution of Y+ —y=0.Lety = 12; then
x x x

W 3x2?/x*) + 6x(u/x?) +2  3(u/x)* +6(u/x)+2

x2 x2 (2x(u/x2) + 3) O x2Qu/x)+3)
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_3(u/x)* +6(u/x) +2

so(A)u' = . Since (A) is a homogeneous nonlinear equation, we now substitute
2u/x)+3
3v2 4+ 6v + 2 1 2 2v + 3’ 1
u = vx into (A). This yields v'x + v = w; vx = w+ D+ ); (2v + 3 =—_;
2v+3 2v+3 w+DHw+2) x

1 1 1
+ v = —; In|(v+ D@ +2)] = Inlx| +k; B) (v+ D+ 2) = cx. Since
v+1 v42 X

y(2) = 2 = u2) = 8 = v(2) = 4, (B) implies that ¢ = 15. (v + 1)(v + 2) = 15x; v? + 3v +

-3+ 1460 -3+ 1460
2 — 15x = 0. From the quadratic formula, v = %; u = = X3+ 7 + x);
_u =34+ /1+60x
Xz 2x '
. . _ylax) . AN o . fn
2.4.54. Differentiating (A) y(x) = —— yields (B) y{(x) = —y'(ax) -a = y'(ax). Since y'(x) =
a

a
q(y(x)/x) on some interval I, (C) y'(ax) = q(y(ax)/ax) on some interval J. Substituting (A) and (B)
into (C) yields y (x) = q(y1(x)/x) on J.

2456. If y = z 4+ 1, thenz’ + z = xz%; z = ue™; we™ = xu?e ?; Z—; = xe™%; —é =
—"(x+1)—ciu= : ;2= 1 s y=1l+ ———
e*(x+1)+c¢ x+14ce* x+1+4ce*
2458. If y = z + 1 thenZ/-l-zZ:ZZ‘ lei‘ z = = u_’:ﬁ u_’:i —l=
’ X ’ x2’ x27 x2 x4 w2 x2
1 l—cx x ] 1
_;—’_C:_ x ’u:_l—cx’zz_x(l—cx)’y: x(1 —cx)

2.5 EXACT EQUATIONS

2.52. M(x,y) = 3ycosx + d4xe* + 2x2e*; N(x,y) =3sinx +3; My(x,y) = 3cosx = Nx(x, y),
so the equation is exact. We must find F such that (A) Fy(x, y) = 3ycosx + 4xe* 4+ 2x2¢* and (B)
F,(x,y) = 3sinx + 3. Integrating (B) with respect to y yields (C) F(x,y) = 3ysinx + 3y + ¥ (x).
Differentiating (C) with respect to x yields (D) Fx(x,y) = 3ycosx + ¥’(x). Comparing (D) with

(A) shows that (E) ¥/(x) = 4xe* + 2x2e*. Integration by parts yields /xex dx = xe* —e”* and

/xzex dx = x%e*—2xe*+2¢*. Substituting from the last two equations into (E) yields ¥ (x) = 2x2e*.

Substituting this into (C) yields F(x, y) = 3y sinx + 3y +2x2e*. Therefore, 3y sinx +3y +2x2e* = c.

2.54. M(x,y) = 2x —2y%; N(x,y) = 12y2 —4xy; My(x,y) = —4y = Nx(x,y), so the equation
is exact. We must find F such that (A) Fy(x,y) = 2x — 2y? and (B) Fy(x,y) = 12y% — 4dxy.
Integrating (A) with respect to x yields (C) F(x,y) = x? —2xy? + ¢(y). Differentiating (C) with
respect to y yields (D) Fy(x,y) = —4xy + ¢'(y). Comparing (D) with (B) shows that ¢'(y) = 12y2,
so we take ¢(y) = 4y3. Substituting this into (C) yields F(x,y) = x? — 2xy? + 4y3. Therefore,
x?—2xy% +4y* =c.

2.5.6. M(x,y) =4x +7y; N(x,y) =3x +4y; M,(x,y) =7 # 3 = Nyx(x,y), so the equation is
not exact.

258. M(x,y) =2x +y; N(x,y) =2y +2x; My(x,y) =1 2 = Ny(x,y), so the equation is not
exact.
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3 3
2.5.10. M(x,y) = 2x2 + 8xy + y%; N(x,y) = 2x% + %; M,(x,y) =8x +2y #4x + y? =

Nyx(x, ), so the equation is not exact.

2.5.12. M(x,y) = ysinxy+xy?cosxy; N(x,y) = xsinxy+xy?cosxy; My (x,y) = 3xycosxy+
(1 —x2y?)sinxy # (xy 4+ y?)cosxy + (1 — xy3)sinxy = Ny(x, y), so the equation is not exact.

2.5.14. M(x,y) = e*(x2y? + 2xy?) + 6x; N(x,y) = 2x2ye* +2; M,(x,y) = 2xye*(x +2) =
Ny (x,y), so the equation is exact. We must find F such that (A) Fy(x, y) = e*(x?y? +2xy?) + 6x and
(B) Fy(x,y) = 2x2ye* +2. Integrating (B) with respect to y yields (C) F(x, y) = x2y2e*+2y+(x).
Differentiating (C) with respect to x yields (D) Fy (x, y) = e*(x2y? + 2xy2) + ¥'(x). Comparing (D)
with (A) shows that ¥/(x) = 6x, so we take ¥ (x) = 3x2. Substituting this into (C) yields F(x,y) =
x2y2e* + 2y + 3x2. Therefore, x2y2e* + 2y + 3x2 = c.

2.5.16. M(x,y) = e (x*y +4x3) +3y; N(x,y) = x°e™ +3x; My(x,y) = x*e(xy +5) +3 =
Nx(x, y), so the equation is exact. We must find F such that (A) Fy(x,y) = e (x*y + 4x3) + 3y and
(B) Fy(x,y) = x°¢*¥ +3x. Integrating (B) with respect to y yields (C) F(x, y) = x*e*” +3xy + ¢ (x).
Differentiating (C) with respect to x yields (D) Fy(x, y) = e*”(x*y + 4x3) + 3y + ¢’(x). Comparing
(D) with (A) shows that ¥'(x) = 0, so we take ¥ (x) = 0. Substituting this into (C) yields F(x, y) =
x*e*? + 3xy. Therefore, x*¢*¥ 4+ 3xy = c.

2.5.18. M(x,y) = 4x3y? —6x2y —2x —3; N(x,y) = 2x*y —2x3; My(x,y) = 8x3y —6x2 =
Ny (x,y), so the equation is exact. We must find F such that (A) Fy(x,y) = 4x3y%? —6x2y —2x — 3
and (B) Fy(x,y) = 2x*y —2x3. Integrating (A) with respect to x yields (C) F(x,y) = x*y? —2x3y —
x2 — 3x + ¢(y). Differentiating (C) with respect to y yields (D) Fy(x,y) = 2x*y — 2x3 + ¢/(y).
Comparing (D) with (B) shows that ¢’(y) = 0, so we take ¢(y) = 0. Substituting this into (C) yields
F(x,y) = x*y? —2x3y —x2 —3x. Therefore, x*y? —2x3y —x2—3x = ¢. Since y(1) = 3 = ¢ = —1,
x*y? —2x3y — x2 — 3x + 1 = 0is an implicit solution of the initial value problem. Solving this for y

x4+ /2x24+3x -1

x2

2.520. M(x,y) = (3> —De*; N(x,y) = 3y%(e* + 1); My(x,y) = 3y%e® = Ny(x,y), so the
equation is exact. We must find F such that (A) Fy(x,y) = (> —1)e* and (B) Fy(x,y) = 3y%(e* +1).
Integrating (A) with respect to x yields (C) F(x, y) = (¥ —1)e*+¢(y). Differentiating (C) with respect
to y yields (D) Fy(x, y) = 3yZe™ + ¢/(y). Comparing (D) with (B) shows that ¢’(y) = 32, so we take
#(y) = y3. Substituting this into (C) yields F(x, y) = (y3—1)e*+ y3. Therefore, (y>—1)e* +y3 = c.
Since y(0) = 0 = ¢ = —1, (y® — 1)e* 4+ y3 = —1 is an implicit solution of the initial value problem.

by means of the quadratic formula yields y =

3 X —1\/3

Theref Y1) =e¥ -1 = .

erefore, y°(e* + 1) =e ,S0 Y (ex+l)

2522. M(x,y) =2x—1(y—1); N(x,y) =(x+2)(x—=3); M,(x,y) =2x—1= Nx(x,y), sothe

equation is exact. We must find F' such that (A) Fx(x,y) = 2x —1)(y —1) and (B) Fy(x,y) = (x +

2)(x —3). Integrating (A) with respect to x yields (C) F(x, y) = (x2—x)(y — 1)+ ¢(»). Differentiating

(C) with respect to y yields (D) Fy(x,y) = x? — x + ¢'(y). Comparing (D) with (B) shows that

¢'(y) = —6, so we take ¢(y) = —6y. Substituting this into (C) yields F(x, y) = (x2 —x)(y — 1) — 6y.

Therefore, (x2—x)(y —1)—6y = c. Since y(1) = —1 = ¢ = 6, (x2—x)(y —1)—6y = 6is an implicit

2 — X + 6 SO — M
VTR 2

2.524. M(x,y) = e*(x*y2 +4x3y2 +1); N(x,y) = 2x*ye™ +2y; M,(x,y) =2x3ye*(x +4) =
N (x, ), so the equation is exact. We must find F such that (A) Fx(x,y) = e*(x*y? + 4x3y% + 1)

solution of the initial value problem. Therefore, (x> — x — 6)y = x
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and (B) Fy(x,y) = 2x*ye* + 2y. Integrating (B) with respect to y yields (C) F(x,y) = x*yZe* +

y2 + ¥(x). Differentiating (C) with respect to x yields (D) Fx(x,y) = e*y2(x* + 4x3) + ¢¥/(x).
Comparing (D) with (A) shows that ¢/ (x) = e*, so we take ¥ (x) = e*. Substituting this into (C) yields
F(x,y) = (x*y% + 1)e* + y2. Therefore, (x*y2 + 1)e* + y2 = c.

2.528. M(x,y) = x2+ y%; N(x,y) = 2xy; My(x,y) = 2y = Ny(x, ), so the equation is exact.
We must find F such that (A) Fy(x,y) = x2 + y? and (B) F,(x,y) = 2xy. Integrating (A) with
3
respect to x yields (C) F(x,y) = % + xy? + ¢(y). Differentiating (C) with respect to y yields (D)
Fy(x,y) = 2xy + ¢'(y). Comparing (D) with (B) shows that ¢'(y) = 0, so we take ¢(y) = 0.
3 3

Substituting this into (C) yields F(x, y) = % + xy?. Therefore, % +xy? =c.

d
2.5.30. (a) Exactness requires that Ny (x,y) = M, (x,y) = a—(x3y2 +2xy +3y?) = 2x3y 4+ 2x + 6y.
y

4
Hence, N(x,y) = % + x2 + 6xy + g(x), where g is differentiable.

0 1
(b) Exactness requires that Ny(x,y) = M,(x,y) = B_(IH Xy + 2ysinx) = — + 2sinx. Hence,
y y

N(x,y) = % — 2cos x + g(x), where g is differentiable.

0
(c) Exactness requires that N (x,y) = M, (x,y) = a—(x sinx + ysiny) = ycosy + siny. Hence,
y
N(x,y) = x(ycosy + siny) + g(x), where g is differentiable.

oM oN oM ON. 0
2.5.32. The assumptions imply that 3—1 = ! and L 2, Therefore, B_(Ml + M) =
y

y ax ay ax
oM, oM. dN; ON 0
L2 T T2 (N + Na), which implies that (M + M») dx + (N1 + N2)dy = 0
ay ay ax ax ax
is exact on R.

2.5.34. Here M(x,y) = Ax>+Bxy+Cy?and N(x,y) = Dx?>+ Exy+ Fy?. Since My, = Bx+2Cy
and N, = 2Dx + Ey, the equation is exact if and only if B = 2D and E = 2C.

y x
2.5.36. Differentiating (A) F(x, y) = / N(xo, ) ds+/ M(t, y) dt withrespect to x yields Fx(x, y) =
Yo X0

M(x, y), since the first integral in (A) is independent of x and M(%, y) is a continuous function of ¢ for

each fixed y. Differentiating (A) with respect to y and using the assumption that M, = N, yields
X oM * ON

Fy(x,y) = N(xo,y) + | ——(@, y)dt = N(xo,y) + [ —=(t,y)dt = N(xo,y) + N(x,y) —
xo 0¥ xo 0X

N(xo,y) = N(x, y).
L. . 2 u
2.5.38. y1 = —; is asolution of Y+ —-y=0.Lety = —; then
x x x

u' 2x (u/x?) . 2xu

X2 (24 2x2u/x2) + 1) x2(x2+2u+ 1)

2xu
] x23+ 2u+1
B—(qu) = 3—()(?2 +2u+1) = 2x, (A) is exact. To solve (A) we must find F such that (A) Fx(x,u) =
u X

sou = , which can be rewritten as (A) 2xu dx + (x> + 2u + 1)du = 0. Since
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2xu and (B) F, (x,u) = x2+42u+ 1. Integrating (A) with respect to x yields (C) F(x,u) = x?u+¢(u).
Differentiating (C) with respect to u yields (D) F,(x,u) = x? + ¢’(u). Comparing (D) with (B) shows
that ¢'(u) = 2u + 1, so we take ¢(u) = u? + u. Substituting this into (C) yields F(x,u) = x?u +
u? +u = u(x? 4+ u + 1). Therefore, u(x? +u + 1) = c. Since y(1) = =2 = u(l) = —2,¢ = 0.

Therefore, u(x? + u + 1) = 0. Since u = 0 does not satisfy u(1) = —2, it follows that u = —x2 — 1
1
and y = —1— 2

3x + 2u
2.540. y; = e~ is a solution of ¥ +2xy=0.Lety = ue_xz; thenu'e™ = —e_xz(i), o)

2x 4+ 3u
, 3x + 2u ) ) ) d
u’ = —————, which can be rewritten as (A) (3x +2u) dx + (2x +3u) du = 0. Since — (3x+2u) =
) 2x 4+ 3u ou
3—(2x + 3u) = 2, (A) is exact. To solve (A) we must find F such that (A) Fx(x,u) = 3x 4+ 2u and
X

3 2
(B) Fu(x,u) = 2x + 3u. Integrating (A) with respect to x yields (C) F(x,u) = % + 2xu + ¢ (u).

Differentiating (C) with respect to u yields (D) F, (x,u) = 2x + ¢'(u). Comparing (D) with (B) shows
2 2

3 3
that ¢’ (u) = 3u, so we take ¢(u) = % Substituting this into (C) yields F(x,u) = % + 2xu +
3u? 3x2 3u? 3
%. Therefore, % + 2xu + % = c. Since y(0) = -1 = u(0) = —1,¢c = > Therefore,
3x2 4 4xu + 3u? = 3 is an implicit solution of the initial value problem. Rewriting this as 3u? + 4xu +

2x+v9—5x2> ©

(3x2 —3) = 0 and solving for u by means of the quadratic formula yields u = —( 3

- e_x2(2x+ «/9—5x2>
e Eee |

2.5.42. Since M dx + N dy = 0 is exact, (A) My, = Ny. Since —N dx + M dy = 0 is exact, (B)
M, = —N,. Differentiating (A) with respect to y and (B) with respect to x yields (C) My, = Ny, and
(D) Myxx = —Nyx. Since Ny, = Ny, adding (C) and (D) yields M,y + M,, = 0. Differentiating
(A) with respect to x and (B) with respect to y yields (E) M,y = Nyxx and (F) My, = —N,,. Since
My, = M,,, subtracting (F) from (E) yields Nxx + Ny, = 0.

2.544. (a) If F(x,y) = x? — yz, then Fyx(x,y) = 2x, F,(x,y) = =2y, Fxx(x,y) = 2, and
F,,(x,y) = —2. Therefore, Fyx + Fy, = 0, and G must satisfy (A) Gx(x,y) = 2y and (B)
Gy (x,y) = 2x. Integrating (A) with respect to x yields (C) G(x, y) = 2xy + ¢(y). Differentiating (C)
with respect to y yields (D) Gy (x, y) = 2x + ¢'(y). Comparing (D) with (B) shows that ¢’(y) = 0, so
we take ¢(y) = c. Substituting this into (C) yields G(x, y) = 2xy + c.

(b) If F(x,y) = e*cosy, then Fx(x,y) = e*cosy, F,(x,y) = —e*siny, Fyx(x,y) = e*cosy,
and Fy,(x,y) = —e*cosy. Therefore, Frx + F),, = 0, and G must satisfy (A) Gx(x,y) = e*siny
and (B) G, (x,y) = e*cosy. Integrating (A) with respect to x yields (C) G(x,y) = e*siny + ¢(y).
Differentiating (C) with respect to y yields (D) G, (x,y) = e*cosy + ¢'(y). Comparing (D) with (B)
shows that ¢’(y) = 0, so we take ¢(y) = c. Substituting this into (C) yields G(x, y) = e*siny + c.

(© If F(x,y) = x> —3xy?, then Fy(x,y) = 3x2 —3y2, Fy(x,y) = —6xy, Fyx(x,y) = 6x,
and Fy,(x,y) = —6x. Therefore, Fxx + Fy, = 0, and G must satisty (A) Gx(x,y) = 6xy and
(B) Gy(x,y) = 3x% — 3y2. Integrating (A) with respect to x yields (C) G(x,y) = 3x2y + ¢(»).
Differentiating (C) with respect to y yields (D) Gy (x,y) = 3x2 + ¢/(y). Comparing (D) with (B)
shows that ¢/(y) = —3y2, so we take ¢(y) = —y> + c¢. Substituting this into (C) yields G(x,y) =
3x2y —y3 +c.

(d) If F(x,y) = cosxcoshy, then Fy(x,y) = —sinxcoshy, Fy(x,y) =cosxsinhy, Fyx(x,y) =
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—cosxcoshy, and F),(x,y) = cosxcoshy. Therefore, Fyx + Fy, = 0, and G must satisfy (A)
Gx(x,y) = —cosxsinhy and (B) G,(x,y) = —sinx cosh y. Integrating (A) with respect to x yields
(C) G(x,y) = —sinxsinhy + ¢(y). Differentiating (C) with respect to y yields (D) G,(x,y) =
—sin x cosh y +¢’(y). Comparing (D) with (B) shows that ¢’ (y) = 0, so we take ¢(y) = c¢. Substituting
this into (C) yields G(x, y) = —sinxsinhy + c.

(e) If F(x,y) = sinxcoshy, then Fy(x,y) = cosxcoshy, F),(x,y) = sinxsinhy, Fyx(x,y) =
—sinxcoshy, and Fy,(x,y) = sinxcoshy. Therefore, Fxy + F,, = 0, and G must satisfy (A)
Gx(x,y) = —sinxsinhy and (B) G, (x,y) = cosxcoshy. Integrating (A) with respect to x yields
(C) G(x,y) = cosxsinhy + ¢(y). Differentiating (C) with respect to y yields (D) G,(x,y) =
cos xcoshy + ¢'(y). Comparing (D) with (B) shows that ¢'(y) = 0, so we take ¢(y) = c. Substi-
tuting this into (C) yields G(x, y) = cosxsinhy + c.

2.6 INTEGRATING FACTORS

1
2.6.2. (a) and (b). To show that u(x, y) = (7)2 is an integrating factor for (A) and that (B) is exact,
X—Y
0 2 d 2
it suffices to observe that — ( ad ) = —yiz and — ( ad ) =7 >+ By Theorem 2.5.1
dx \x—y (x—y) dy \x—y (x=y)

this also shows that (C) is an implicit solution of (B). Since w(x, y) is never zero, any solution of (B) is
a solution of (A).

(¢) If we interpret (A) as —y? + x2y’ = 0, then substituting y = x yields —x2 + x2 -1 = 0.

(NOTE: In Exercises 2.6.3-2.6.23, the given equation is multiplied by an integrating factor to produce
an exact equation, and an implicit solution is found for the latter. For a complete analysis of the relation-
ship between the sets of solutions of the two equations it is necessary to check for additional solutions of
the given equation “along which" the integrating factor is undefined, or for solutions of the exact equation
“along which" the integrating factor vanishes. In the interests of brevity we omit these tedious details
except in cases where there actually is a difference between the sets of solutions of the two equations.)

2.64. M(x,y) = 3x2y; N(xz, y) = 2x3; My(x,y) — Nx(x,y) = 3x2 —6x2 = —3x%; p(x) =
MJ’(an)_Nx(an) 3x 3 . 3 . —3/2.

NG =33 = o [ px)dx = -5 In|x]; u(x) = P(x) = x~3/2; there-
fore 3x1/2y dx + 2x3/2dy = 0 is exact. We must find F such that (A) Fy(x,y) = 3x'/2y and (B)
Fy(x,y) = 2x3/2, Integrating (A) with respect to x yields (C) F(x, y) = 2x*2y + ¢(y). Differenti-
ating (C) with respect to y yields (D) Fy(x,y) = 2x3/2 4 ¢/(y). Comparing (D) with (B) shows that
¢’ (y) = 0, so we take ¢(y) = 0. Substituting this into (C) yields F(x, y) = 2x3/2y, so x3/2y = c.

2.6.6. M(x,y) =5xy+2y+5; N(x,y) =2x; My(x,y)—Nx(x,y) =6x+2)—2=>5x; p(x)=
My(x’y)_Nx(x’y) — 5_)(? — é _ 5_)(? _ _ ,5x/2. 5x/2

NG =5 =7 [ px)dx = 7 w(x) = P(x) = e>*/2; therefore e>*/2(5xy +
2y + 5)dx 4+ 2xe3*/? dy = 0 is exact. We must find F such that (A) Fy(x, y) = >*/2(5xy 4+ 2y +5)
and (B) Fy(x, y) = 2xe>*/2, Integrating (B) with respect to y yields (C) F(x, y) = 2xye>*/2 + ¥ (x).
Differentiating (C) with respect to x yields (D) Fy(x, y) = 5xye>*/2 4+ 2ye>*/2 4 y’(x). Comparing
(D) with (A) shows that ¥'(x) = 5¢°*/2, so we take ¥ (x) = 2¢°*/2. Substituting this into (C) yields
F(x,y) = 2e>/2(xy + 1), 50 e>*/2(xy + 1) = c.

2.6.8. M(x,y) = 27xy? + 8y3; N(x,y) = 18x%y + 12xy%; M, (x,y) — Ni(x,y) = (54xy +
My (x,y) — Nx(x,y) 18xy + 12y 1

24y2) — (36xy + 12%) = 18xy + 12y%; S - _ L
y°) — (36xy + 12y7) xy + 12y%; p(x) NG I8x2y + 12y2x ~ x

[ p(x)dx =1In|x|; u(x) = P(x) = x; therefore (27x2y? + 8xy3) dx + (18x3y + 12x2y?) dy = 0O is

exact. We must find F such that (A) Fx(x, y) = 27x2y% + 8xy3 and (B) Fy(x, y) = 18x3y + 12x2y2.

Integrating (A) with respect to x yields (C) F(x,y) = 9x3y? + 4x2y3 + ¢(y). Differentiating (C)




22 Chapter 2 Integrating Factors

with respect to y yields (D) Fy(x,y) = 18x3y + 12x2y% + ¢'(y). Comparing (D) with (B) shows
that ¢’(y) = 0, so we take ¢(y) = 0. Substituting this into (C) yields F(x, y) = 9x3y? + 4x2y3, so
x2y2(9x +4y) = c.

1
2.6.10. M(x,y) = y*: N(x.y) = (xy2 +3xy + ;); My(x.y) = Nx(x,y) = 2y — (b +3y) =

Na(x,y) —My(x.y) _ yO+1) 1
-y + 1) q(y) = — . = — =14+ = [q()dy = yln|yl; u@y) =
M(x.y) y y
Q(y) = ye?; therefore y3e” dx + e”(xy3 + 3xy? + 1)dy = 0 is exact. We must find F such that
(A) Fx(x,y) = y3¢” and (B) Fy(x,y) = e”(xy* + 3xy? + 1). Integrating (A) with respect to x
yields (C) F(x,y) = xy3e” + ¢(y). Differentiating (C) with respect to y yields (D) Fy(x,y) =
xy3e? + 3xy%e? + ¢'(y). Comparing (D) with (B) shows that ¢'(y) = e”, so we take ¢p(y) = e”.
Substituting this into (C) yields F(x,y) = xy3e” +e”,s0e”(xy3 + 1) = c.

2.6.12. M(x,y) = x2y+4xy+2y; N(x,y) = x>+x; My(x,y)—Nx(x,y) = (x%2+4dx+2)—2x +
My(x’ y) _NX(xv y) — (-x + 1)2 =1 + l; fp(x)dx —
N(x,y) x(x+1) X
x +In|x|; u(x) = P(x) = xe*; therefore e*(x3y + 4x2y + 2xy)dx + e* (x> + x?) dy = 0 is exact.
We must find F such that (A) Fy(x,y) = e*(x3y + 4x2y + 2xy) and (B) Fy(x,y) = e* (x> + x?).
Integrating (B) with respect to y yields (C) F(x,y) = y(x> + x2?)e* + ¥ (x). Differentiating (C) with
respect to x yields (D) Fy(x,y) = e*(x3y + 4x2y + 2xy) + ¥'(x). Comparing (D) with (A) shows
that ¥/(x) = 0, so we take ¥ (x) = 0. Substituting this into (C) yields F(x,y) = y(x3 + x2)e* =
x2y(x + 1)e*, s0 x2y(x + 1)e* = c.

D=x24+2x+1=(x+1D% pkx) =

2.6.14. M(x,y) = cosxcosy; N(x,y) = sinxcosy —sinxsiny + y; M, (x,y) — Nx(x,y) =

i : Nx(x,y) —My(x,y) cosxcosy
—cos x sin y—(cos x cos y—cos x sin y) = —cosx cos y; q(y) = M(x,y) - COS X COS Y -

I, [q»)dy =1; u(y) = Q(y) = e”; therefore e” cos x cos y dx + e?(sinx cos y —sinxsiny +
y)dy = 0 is exact. We must find F such that (A) Fx(x,y) = e’cosxcosy and (B) Fy(x,y) =
e”(sinx cos y —sinx sin y + y). Integrating (A) with respect to x yields (C) F(x, y) = e” sinx cos y +
¢(y). Differentiating (C) with respect to y yields (D) F)(x,y) = e”(sinx cos y — sinx siny) + ¢'(y).
Comparing (D) with (B) shows that ¢’(y) = ye”, so we take ¢(y) = e”(y — 1). Substituting this into
(C) yields F(x,y) =e”(sinxcosy +y —1),s0e’(sinxcosy +y—1) =c.

2.6.16. M(x,y) = ysiny; N(x,y) = x(siny —ycosy); M,(x,y)—Nx(x,y) = (ycosy+siny) —
Ne(riy) = My(x.y)  2cosy

N(x,y) siny

1 1
n(y) = Q(y) = ———; therefore ( ,y )dx + x( — — y.C(;sy) dy = 0 is exact. We must
sin” y sin y siny  sin”y

(siny —ycosy) = 2ycosy; q(y) = : [q(y)dy = —2In|siny|;

1 ycosy .
iny a2 . Integrating (A)
y sin“y

with respect to x yields (C) F(x,y) = i + ¢ (y). Differentiating (C) with respect to y yields (D)
S

find F such that (A) Fx(x,y) = Y and (B) Fy(x,y) = x(
sin y

iny
1 ycosy , . . /
Fy(x,y) =x(——-—= + ¢'(y). Comparing (D) with (B) shows that ¢'(y) = 0, so we take
siny  sin®y
¢(y) = 0. Substituting this into (C) yields F(x,y) = .xy , SO .xy = c¢. In addition, the given
siny siny

equation has the constant solutions y = k, where k is an integer.

2.6.18. M(x,y) = ay +yxy; N(x,y) = px +8xy; My(x,y) — Nx(x.y) = (@ + yx) — (B +8y);
and p(x)N(x,y) —q(y)M(x,y) = px)x(B + 8y) — q(y)y(@ + yx). so exactness requires that
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(@ +yx) = (B +68y) = p(x)x(B + 8y) —q(y)y(@ + yx), which holds if p(x)x = —1 and g(y)y =

1 1 1
L Thus p(x) = =5 40) = =5 [p)dx = —lnlx|; [q()dy = =l|yl; P(x) = =
oW = l; nix,y) = i Therefore, (g + y) dx + (é + 8) dy = 0 is exact. We must find F
y Xy X y

such that (A) Fx(x,y) = at + yand (B) Fy(x,y) = é + §. Integrating (A) with respect to x yields
X y
(C) F(x,y) = aln|x| + yx + ¢(y). Differentiating (C) with respect to y yields (D) F) (x,y) = ¢'(¥).
Comparing (D) with (B) shows that ¢’ (y) = é + 8, so we take ¢(¥) = Bln|y| + §y. Substituting this
y

into (C) yields F(x,y) = aln|x| 4+ yx + B1In|y| + 8y, so |x|¥|y|Pe?*e’? = c. The given equation also
has the solutions x = 0 and y = 0.

2.6.20. M(x,y) = 2y; N(x,y) = 3(x2 + x2y3); My(x,y) — Nx(x,y) = 2 — (6x + 6xy?); and
PON(x,y) —q(y)M(x,y) = 3p(x)(x? + x2y3) — 2¢(y)y. so exactness requires that (A) 2 — 6x —
6xy3 = 3p(x)x(x + xy>) —2¢(y)y. To obtain similar terms on the two sides of (A) we let p(x)x = a
and ¢(y)y = b where a and b are constants such that 2 —6x —6xy3 = 3a(x + xy>)—2b, which holds if

2 1
¢ ==2and b = —1. Thus, p(x) = =3 ¢(») = = [ p(x)dx = =2In|x[; [q(y)dy = —In|yl;
1 1 1 2 1
P(x) = —; O(y) = —; u(x,y) = ——. Therefore, — dx + 3| — + y? | dy = 0 is exact. We must
x? y x2y x? y
2 1
find F such that (B) Fx(x,y) = — and (C) F)(x,y) = 3(— + yz). Integrating (B) with respect to x
X y
2
yields (D) F(x,y) = —— + ¢(y). Differentiating (D) with respect to y yields (E) Fy(x,y) = ¢'(y).
X

1
Comparing (E) with (C) shows that ¢’(y) = 3(— + yz), so we take ¢(y) = y3 + 31In|y|. Substituting
y

2 2
this into (D) yields F(x, y) = —= + y> +3In|y|, so == + y> + 3In|y| = c. The given equation also
X X

has the solutions x = 0 and y = 0.

2.622. M(x,y) = x*y* N(x,y) = x°y3; My(x,y) — Nx(x,y) = 4x*y3 —5x%y3 = —x*y3;
and p(x)N(x,y) — q(y)M(x,y) = p(x)x°y3 — q(y)x*y*. so exactness requires that —x*y3 =
p(x)x3y3 — g(y)x*y*, which is equivalent to p(x)x — g(y)y = —1. This holds if p(x)x = a and
q(y)y = a + 1 where a is an arbitrary real number. Thus, p(x) = %; q(y) = aTH; [ px)dx =
aln|x|; [q(y)dy = (a+ Din|yl; P(x) = |x|* Q(y) = |y|**!; u(x,y) = |x?]|y|**!. Therefore,
|x|[?|y|9T! (x*y* dx + x°y? dy) = 0 is exact for any choice of a. For simplicity we let a = —4, 50 (A)
is equivalent to y dx + x dy = 0. We must find F such that (B) Fx(x,y) = y and (C) F,(x,y) = x.
Integrating (B) with respect to x yields (D) F(x, y) = xy + ¢(»). Differentiating (D) with respect to y
yields (E) Fy(x,y) = x + ¢'(y). Comparing (E) with (C) shows that ¢’(y) = 0, so we take ¢(y) = 0.
Substituting this into (D) yields F(x,y) = xy, soxy = c.

2.6.24. M(x,y) = x*y3 +y; N(x,y) = x°y2—x; My(x,y)— Ne(x,y) = Bx*y? + 1) — (5x*y? -

M, (x,y) — Ny(x, 2x*y%2 -2 2
1) = —2x%y2 42 p(x) = v, y) = Nalx,y) _ 2x y2 = - [p(x)dx = —2In|x|;
N(x,y) x3y% —x X

1 1
nwx) = P(x) = — therefore (x2y3 + %) dx + ()c3y2 - —) dy = 0 is exact. We must find
x x x

1
F such that (A) Fy(x,y) = (x2y3 n 12) and (B) Fy(x.y) = (x3y2 - —). Integrating (A) with
X X
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x3y3 oy

3 x
1
Fy(x,y) = x3y% — — + ¢/(y). Comparing (D) with (B) shows that ¢/(y) = 0, so we take ¢(y) = 0.
x
3,3 3,3
Substituting this into (C) yields F(x, y) = AR X, S0 AERAN c
3 x 3 x
2.6.26. M(x,y) = 12xy + 6y3; N(x,y) = 9x2 + 10xy%; M, (x,y) — Nx(x,y) = (12x + 18y?) —
(18x+10y?) = —6x+8y?;and p(x)N(x, y)=q(»)M(x, y) = p(x)x(9x+10y%)—q(»)y(12x +6y?),
so exactness requires that (A) —6x + 8y2 = p(x)x(9x + 10y2) — g(y)y(12x + 6y?). To obtain similar
terms on the two sides of (A) we let p(x)x = a and ¢(y)y = b where a and b are constants such that
—6x + 8y% = a(9x + 10y?) — b(12x + 6y?), which holds if 9a — 12b = —6, 10a — 6b = 8; that is,

2 2
a=b=2 Thus p(x) = = q(y) = 5 [p()dx =2In|x|; [q(y)dy =2In|y[; P(x) = x*

0(y) = »?%; n(x,y) = x2y2. Therefore, (12x3y3 + 6x2y%) dx + (9x*y? + 10x3y*) dy = 0 is exact.
We must find F such that (B) Fy(x,y) = 12x3y3 4+ 6x2y° and (C) Fy(x,y) = 9x*y? + 10x3y*.
Integrating (B) with respect to x yields (D) F(x,y) = 3x*y3 + 2x3y> + ¢(y). Differentiating (D)
with respect to y yields (E) Fy(x,y) = 9x*y? + 10x3y* + ¢'(y). Comparing (E) with (C) shows that
¢'(y) = 0, so we take ¢(y) = 0. Substituting this into (D) yields F(x,y) = 3x*y3 + 2x3y°, so
x3y3(3x +2y?) =c.

respect to x yields (C) F(x,y) = + ¢(y). Differentiating (C) with respect to y yields (D)

2.6.28. M(x,y) = ax™y+by" 1 N(x,y) = cx™ T 4dxy™; My(x, y)—Nx(x,y) = [ax™t! + (n + 1)by" |-
[(m + Dex™ +dy"]; p(x)N(x,y) —q(»)M(x,y) = xp(x)(cx™ + dy") — yp(y)(ax™ + by"). Let

(A) xp(x) = « and (B) yp(y) = B, where « and § are to be chosen so that [ax””’1 + n+ l)by”] -

[(m 4+ Dex™ 4+ dy™] = a(ex™ + dy™) — B(ax™ + by™), which will hold if

co—af = a—-(m+1)c =g A ©
da—bf = —d+ (n+1b =4 B.
Since ad — bc # 0 it can be verified that @ = M and B = M satisfy (C). From (A) and
ad —bc ad —bc

B), p(x) = ¢ and ¢(y) = é, s0 ju(x, y) = x*y# is an integrating factor for the given equation.
X y

M,y (x, y) — Nx(x.y)

N(x.y)
Theorem 2.6.1 implies that p(x) £ el P@dx jgan integrating factor for (C).
(b) Multiplying (A) through u = tef p(x)dx yields (D) u(x)y" + p'(x)y = u(x)f(x), which is

equivalent to (u(x)y) = u(x)f(x). Integrating this yields u(x)y = ¢ + /p,(x)f(x) dx,soy =

2.6.30. (a) Since M(x,y) = p(x)y — f(x) and N(x,y) = 1,

= p(x) and

1 1
ﬂ (c + / w(x) f(x) dx), which is equivalent to (B) since y; = — is a nontrivial solution of y’ +
nx 12
p(x)y =0.



3.1 EULER’S METHOD

CHAPTER 3
Numerical Methods

3.1.2. y; = 1.200000000, y, = 1.440415946, y3 = 1.729880994

3.1.4. y1 = 2.962500000, y, = 2.922635828, y3 = 2.880205639

3.1.6.

3.1.8.

X h=0.1 h =0.05 h = 0.025 Exact

0.0 2.000000000 2.000000000 2.000000000 2.000000000
0.1 2.100000000 2.169990965 2202114518 2.232642918
0.2 2.514277288 2.649377900 2713011720 2.774352565
0.3 3.317872752 3.527672599 3.628465025 3.726686582
0.4 4.646592772 4.955798226 5.106379369 5.254226636
0.5 6.719737638 7.171467977 7.393322991 7.612186259
0.6 9.876155616 | 10.538384528 | 10.865186799 | 11.188475269
0.7 | 14.629532397 | 15.605686107 | 16.088630652 | 16.567103199
0.8 | 21.751925418 | 23.197328550 | 23.913328531 | 24.623248150
0.9 | 32.399118931 | 34.545932627 | 35.610005377 | 36.665439956
1.0 | 48.298147362 | 51.492825643 | 53.076673685 | 54.647937102

X h =0.05 h = 0.025 h =0.0125 Exact

1.00 | 2.000000000 | 2.000000000 | 2.000000000 2.000000000
1.05 | 2.250000000 | 2.259280190 | 2.264490570 2.270158103
1.10 | 2.536734694 | 2.559724746 | 2.572794280 2.587150838
1.15 | 2.867950854 | 2.910936426 | 2.935723355 2.963263785
1.20 | 3.253613825 | 3.325627715 | 3.367843117 3.415384615
1.25 | 3.706750613 | 3.820981064 | 3.889251900 3.967391304
1.30 | 4.244700641 | 4.420781829 | 4.528471927 4.654198473
1.35 | 4.891020001 | 5.158883503 | 5.327348558 5.528980892
1.40 | 5.678467290 | 6.085075790 | 6.349785943 6.676923077
1.45 | 6.653845988 | 7.275522641 | 7.698316221 8.243593315
1.50 | 7.886170437 | 8.852463793 | 9.548039907 | 10.500000000

25
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X h=0.1 h = 0.05 h = 0.025 h=01]| h=0.05]| h=0.025
1.0 | 1.000000000 | 1.000000000 | 1.000000000 0.0000 0.0000 0.0000
1.1 | 0.920000000 | 0.921898275 | 0.922822717 | -0.0384 -0.0189 -0.0094
1.2 | 0.847469326 | 0.851018464 | 0.852746371 | -0.0745 -0.0368 -0.0183
1.3 | 0.781779403 | 0.786770087 | 0.789197876 | -0.1092 -0.0540 -0.0268
1.4 | 0.722453556 | 0.728682209 | 0.731709712 | -0.1428 -0.0707 -0.0351
3.1.10.| 1.5 | 0.669037867 | 0.676299618 | 0.679827306 | -0.1752 -0.0868 -0.0432
1.6 | 0.621054176 | 0.629148585 | 0.633080163 | -0.2062 -0.1023 -0.0509
1.7 | 0.578000416 | 0.586740390 | 0.590986601 | -0.2356 -0.1170 -0.0583
1.8 | 0.539370187 | 0.548588902 | 0.553070392 | -0.2631 -0.1310 -0.0653
1.9 | 0.504674296 | 0.514228603 | 0.518877246 | -0.2889 -0.1441 -0.0719
2.0 | 0.473456737 | 0.483227470 | 0.487986391 | -0.3129 -0.1563 -0.0781
Approximate Solutions Residuals
X h=0.1 h = 0.05 h =0.025 “Exact"
1.0 0.000000000 | 0.000000000 | 0.000000000 | 0.000000000
1.1 | -0.100000000 | -0.099875000 | -0.099780455 | -0.099664000
1.2 | -0.199000000 | -0.198243434 | -0.197800853 | -0.197315517
1.3 | -0.294996246 | -0.293129862 | -0.292110713 | -0.291036003
3.1.12. 1.4 | -0.386095345 | -0.382748403 | -0.380986158 | -0.379168221
1.5 | -0.470695388 | -0.465664569 | -0.463078857 | -0.460450590
1.6 | -0.547627491 | -0.540901018 | -0.537503081 | -0.534085626
1.7 | -0.616227665 | -0.607969574 | -0.603849795 | -0.599737720
1.8 | -0.676329533 | -0.666833345 | -0.662136956 | -0.657473792
1.9 | -0.728190908 | -0.717819639 | -0.712718751 | -0.707670533
2.0 | -0.772381768 | -0.761510960 | -0.756179726 | -0.750912371
Euler’s method
X h=0.1 h =0.05 h = 0.025 “Exact"
2.0 2.000000000 2.000000000 2.000000000 2.000000000
2.1 2.420000000 2.440610764 2.451962006 2.464119569
2.2 2.922484288 2.972198224 2.999753046 3.029403212
2.3 3.524104434 3.614025082 3.664184099 3.718409925
3.1.14.| 24 4.244823572 4.389380160 4.470531822 4.558673929
2.5 5.108581185 5.326426396 5.449503467 5.583808754
2.6 6.144090526 6.459226591 6.638409411 6.834855438
2.7 7.385795229 7.828984275 8.082588076 8.361928926
2.8 8.875017001 9.485544888 9.837137672 | 10.226228709
2.9 | 10.661332618 | 11.489211987 | 11.969020902 | 12.502494409
3.0 | 12.804226135 | 13.912944662 | 14.559623055 | 15.282004826
Euler semilinear method
X h=0.1 h =0.05 h =0.025 “Exact"
2.0 2.000000000 2.000000000 2.000000000 2.000000000
2.1 2.467233571 2.465641081 2.464871435 2464119569
2.2 3.036062650 3.032657307 3.031011316 3.029403212
2.3 3.729169725 3.723668026 3.721008466 3.718409925
2.4 4.574236356 4.566279470 4.562432696 4.558673929
2.5 5.605052990 5.594191643 5.588940276 5.583808754
2.6 6.862874116 6.848549921 6.841623814 6.834855438
2.7 8.398073101 8.379595572 8.370660695 8.361928926
2.8 | 10.272163096 | 10.248681420 | 10.237326199 | 10.226228709
2.9 | 12.560265110 | 12.530733531 | 12.516452106 | 12.502494409
3.0 | 15.354122287 | 15.317257705 | 15.299429421 | 15.282004826
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Euler’s method

X h=02 h=0.1 h = 0.05 “Exact"
1.0 | 2.000000000 | 2.000000000 | 2.000000000 | 2.000000000
1.2 | 1.768294197 | 1.786514499 | 1.794412375 | 1.801636774
1.4 | 1.603028371 | 1.628427487 | 1.639678822 | 1.650102616
1.6 | 1474580412 | 1.502563111 | 1.515157063 | 1.526935885
3.1.16.| 1.8 | 1.368349549 | 1.396853671 | 1.409839229 | 1.422074283
2.0 | 1.276424761 | 1.304504818 | 1.317421794 | 1.329664953
2.2 | 1.194247156 | 1.221490111 | 1.234122458 | 1.246155344
2.4 | 1.119088175 | 1.145348276 | 1.157607418 | 1.169334346
2.6 | 1.049284410 | 1.074553688 | 1.086419453 | 1.097812069
2.8 | 0.983821745 | 1.008162993 | 1.019652023 | 1.030719114
3.0 | 0.922094379 | 0.945604800 | 0.956752868 | 0.967523153
Euler semilinear method
X h=02 h=0.1 h =0.05 “Exact"
1.0 | 2.000000000 | 2.000000000 | 2.000000000 | 2.000000000
1.2 | 1.806911831 | 1.804304958 | 1.802978526 | 1.801636774
1.4 | 1.659738603 | 1.654968381 | 1.652547436 | 1.650102616
1.6 | 1.540257861 | 1.533652916 | 1.530308405 | 1.526935885
1.8 | 1.438532932 | 1.430361800 | 1.426232584 | 1.422074283
2.0 | 1.348782285 | 1.339279577 | 1.334486249 | 1.329664953
2.2 | 1.267497415 | 1.256876924 | 1.251528766 | 1.246155344
2.4 | 1.192497494 | 1.180958765 | 1.175157264 | 1.169334346
2.6 | 1.122416379 | 1.110147777 | 1.103988310 | 1.097812069
2.8 | 1.056405906 | 1.043585743 | 1.037158237 | 1.030719114
3.0 | 0.993954754 | 0.980751307 | 0.974140320 | 0.967523153
Euler’s method
X h=02 h=0.1 h =0.05 “Exact"
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.2 | 1.200000000 | 1.186557290 | 1.179206574 | 1.171515153
0.4 | 1.333543409 | 1.298441890 | 1.280865289 | 1.263370891
0.6 | 1.371340142 | 1.319698328 | 1.295082088 | 1.271251278
3.1.18.| 0.8 | 1.326367357 | 1.270160237 | 1.243958980 | 1.218901287
1.0 | 1.233056306 | 1.181845667 | 1.158064902 | 1.135362070
1.2 | 1.122359136 | 1.080477477 | 1.060871608 | 1.042062625
1.4 | 1.013100262 | 0.981124989 | 0.965917496 | 0.951192532
1.6 | 0.914000211 | 0.890759107 | 0.879460404 | 0.868381328
1.8 | 0.827848558 | 0.811673612 | 0.803582000 | 0.795518627
2.0 | 0.754572560 | 0.743869878 | 0.738303914 | 0.732638628
Euler semilinear method
X h=02 h=0.1 h =0.05 “Exact"
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.2 | 1.153846154 | 1.162906599 | 1.167266650 | 1.171515153
0.4 | 1.236969953 | 1.250608357 | 1.257097924 | 1.263370891
0.6 | 1.244188456 | 1.258241892 | 1.264875987 | 1.271251278
0.8 | 1.195155456 | 1.207524076 | 1.213335781 | 1.218901287
1.0 | 1.115731189 | 1.125966437 | 1.130768614 | 1.135362070
1.2 | 1.025938754 | 1.034336918 | 1.038283392 | 1.042062625
1.4 | 0.937645707 | 0.944681597 | 0.948002346 | 0.951192532
1.6 | 0.856581823 | 0.862684171 | 0.865583126 | 0.868381328
1.8 | 0.784832910 | 0.790331183 | 0.792963532 | 0.795518627
2.0 | 0.722610454 | 0.727742966 | 0.730220211 | 0.732638628
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Euler’s method

X h=0.1 h =0.05 h = 0.025 “Exact"
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.1 | 0.700000000 | 0.725841563 | 0.736671690 | 0.746418339
0.2 | 0.498330000 | 0.532982493 | 0.547988831 | 0.561742917
0.3 | 0.356272689 | 0.392592562 | 0.408724303 | 0.423724207
3.1.20.| 0.4 | 0.254555443 | 0.289040639 | 0.304708942 | 0.319467408
0.5 | 0.181440541 | 0.212387189 | 0.226758594 | 0.240464879
0.6 | 0.128953069 | 0.155687255 | 0.168375130 | 0.180626161
0.7 | 0.091393543 | 0.113851516 | 0.124744976 | 0.135394692
0.8 | 0.064613612 | 0.083076641 | 0.092230966 | 0.101293057
0.9 | 0.045585102 | 0.060505907 | 0.068068776 | 0.075650324
1.0 | 0.032105117 | 0.043997045 | 0.050159310 | 0.056415515
Euler semilinear method
X h=0.1 h = 0.05 h = 0.025 “Exact"
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.1 | 0.740818221 | 0.743784320 | 0.745143557 | 0.746418339
0.2 | 0.555889275 | 0.558989106 | 0.560410719 | 0.561742917
0.3 | 0.418936461 | 0.421482025 | 0.422642541 | 0.423724207
0.4 | 0.315890439 | 0.317804400 | 0.318668549 | 0.319467408
0.5 | 0.237908421 | 0.239287095 | 0.239902094 | 0.240464879
0.6 | 0.178842206 | 0.179812811 | 0.180239888 | 0.180626161
0.7 | 0.134165506 | 0.134840668 | 0.135133367 | 0.135394692
0.8 | 0.100450939 | 0.100918118 | 0.101117514 | 0.101293057
0.9 | 0.075073968 | 0.075396974 | 0.075532643 | 0.075650324
1.0 | 0.056020154 | 0.056243980 | 0.056336491 | 0.056415515
Euler’s method
X h=0.1 h = 0.05 h = 0.025 “Exact"
2.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
2.1 | 1.000000000 | 1.005062500 | 1.007100815 | 1.008899988
2.2 | 1.020500000 | 1.026752091 | 1.029367367 | 1.031723469
2.3 | 1.053489840 | 1.059067423 | 1.061510137 | 1.063764243
3.1.22.| 2.4 | 1.093521685 | 1.097780573 | 1.099748225 | 1.101614730
2.5 | 1.137137554 | 1.140059654 | 1.141496651 | 1.142903776
2.6 | 1.182269005 | 1.184090031 | 1.185056276 | 1.186038851
2.7 | 1.227745005 | 1.228755801 | 1.229350441 | 1.229985178
2.8 | 1.272940309 | 1.273399187 | 1.273721920 | 1.274092525
2.9 | 1.317545833 | 1.317651554 | 1.317786528 | 1.317967533
3.0 | 1.361427907 | 1.361320824 | 1.361332589 | 1.361383810
Euler semilinear method
X h=0.1 h = 0.05 h = 0.025 “Exact"
2.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
2.1 | 0.982476904 | 0.996114142 | 1.002608435 | 1.008899988
2.2 | 0.988105346 | 1.010577663 | 1.021306044 | 1.031723469
2.3 | 1.009495813 | 1.037358814 | 1.050731634 | 1.063764243
2.4 | 1.041012955 | 1.071994816 | 1.086964414 | 1.101614730
2.5 | 1.078631301 | 1.111346365 | 1.127262285 | 1.142903776
2.6 | 1.119632590 | 1.153300133 | 1.169781376 | 1.186038851
2.7 | 1.162270287 | 1.196488725 | 1.213325613 | 1.229985178
2.8 | 1.205472927 | 1.240060456 | 1.257146091 | 1.274092525
2.9 | 1.248613584 | 1.283506001 | 1.300791772 | 1.317967533
3.0 | 1.291345518 | 1.326535737 | 1.344004102 | 1.361383810
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3.2 THE IMPROVED EULER METHOD AND RELATED METHODS

3.2.2. y; = 1.220207973, y, = 1.489578775 y3 = 1.819337186
3.24. y1 = 2.961317914; y, = 2.920132727; y3 = 2.876213748.
X h =0.1 h =0.05 h =0.025 Exact
0.0 2.000000000 | 2.000000000 2.000000000 | 2.000000000
0.1 2.257138644 | 2.238455342 2.234055168 2.232642918
0.2 2.826004666 | 2.786634110 2.777340360 | 2.774352565
0.3 3.812671926 3.747167263 3.731674025 3.726686582
3.2.6. 0.4 5.387430580 | 5.285996803 5261969043 5.254226636
0.5 7.813298361 7.660199197 7.623893064 | 7.612186259
0.6 | 11.489337756 | 11.260349005 | 11.206005869 | 11.188475269
0.7 | 17.015861211 | 16.674352914 | 16.593267820 | 16.567103199
0.8 | 25.292140630 | 24.783149862 | 24.662262731 | 24.623248150
0.9 | 37.662496723 | 36.903828191 | 36.723608928 | 36.665439956
1.0 | 56.134480009 | 55.003390448 | 54.734674836 | 54.647937102
X h =0.05 h =0.025 h =0.0125 Exact
1.00 2.000000000 | 2.000000000 | 2.000000000 2.000000000
1.05 2.268367347 2.269670336 | 2.270030868 2.270158103
1.10 2.582607299 2.585911295 2.586827341 2.587150838
1.15 2.954510022 | 2.960870733 2.962638822 2.963263785
32.8. 1.20 3.400161788 3411212150 3.414293964 3.415384615
1.25 3.942097142 3.960434900 3.965570792 3.967391304
1.30 4.612879780 | 4.642784826 | 4.651206769 4.654198473
1.35 5.461348619 5.510188575 5.524044591 5.528980892
1.40 6.564150753 6.645334756 | 6.668600859 6.676923077
1.45 8.048579617 8.188335998 8.228972215 8.243593315
1.50 | 10.141969585 | 10.396770409 | 10.472502111 | 10.500000000
X h=0.1 h =0.05 h =0.025 h=0.11]h=0.05|h=0.025
1.0 | 1.000000000 | 1.000000000 | 1.000000000 | 0.00000 | 0.000000 0.000000
1.1 | 0.923734663 | 0.923730743 | 0.923730591 | 0.00004 | 0.000001 | -0.000001
1.2 | 0.854475600 | 0.854449616 | 0.854444697 | 0.00035 | 0.000068 0.000015
1.3 | 0.791650344 | 0.791596016 | 0.791584634 | 0.00078 | 0.000167 0.000039
1.4 | 0.734785779 | 0.734703826 | 0.734686010 | 0.00125 | 0.000277 0.000065
3.2.10.| 1.5 | 0.683424095 | 0.683318666 | 0.683295308 | 0.00171 | 0.000384 0.000091
1.6 | 0.637097057 | 0.636973423 | 0.636945710 | 0.00213 | 0.000483 0.000115
1.7 | 0.595330359 | 0.595193634 | 0.595162740 | 0.00250 | 0.000572 0.000137
1.8 | 0.557658422 | 0.557513000 | 0.557479947 | 0.00283 | 0.000650 0.000156
1.9 | 0.523638939 | 0.523488343 | 0.523453958 | 0.00311 | 0.000718 0.000173
2.0 | 0.492862999 | 0.492709931 | 0.492674855 | 0.00335 | 0.000777 0.000187
Approximate Solutions Residuals
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X h=0.1 h =0.05 h =0.025 “Exact”
1.0 | 0.000000000 | 0.000000000 [ 0.000000000 | 0.000000000
1.1 | -0.099500000 | -0.099623114 | -0.099653809 | -0.099664000
1.2 | -0.196990313 | -0.197235180 | -0.197295585 | -0.197315517
1.3 | -0.290552949 | -0.290917718 | -0.291006784 | -0.291036003
32.12. 1.4 | -0.378532718 | -0.379013852 | -0.379130237 | -0.379168221
1.5 | -0.459672297 | -0.460262848 | -0.460404546 | -0.460450590
1.6 | -0.533180153 | -0.533868468 | -0.534032512 | -0.534085626
1.7 | -0.598726853 | -0.599496413 | -0.599678824 | -0.599737720
1.8 | -0.656384109 | -0.657214624 | -0.657410640 | -0.657473792
1.9 | -0.706530934 | -0.707400266 | -0.707604759 | -0.707670533
2.0 | -0.749751364 | -0.750637632 | -0.750845571 | -0.750912371
Improved Euler method
X h=0.1 h =0.05 h =0.025 “Exact”
2.0 2.000000000 | 2.000000000 | 2.000000000 2.000000000
2.1 2461242144 | 2.463344439 2.463918368 2464119569
22 3.022367633 3.027507237 3.028911026 3.029403212
23 3.705511610 3.714932709 3.717507170 3.718409925
3.2.14.| 24 4.537659565 4.553006531 4.557202414 | 4.558673929
25 5.551716960 | 5.575150456 | 5.581560437 5.583808754
2.6 6.787813853 6.822158665 6.831558101 6.834855438
2.7 8.294896222 8.343829180 8.357227947 8.361928926
2.8 | 10.132667135 | 10.200955596 | 10.219663917 | 10.226228709
2.9 | 12.373954732 | 12.467758807 | 12.493470722 | 12.502494409
3.0 | 15.107600968 | 15.234856000 | 15.269755072 | 15.282004826
Improved Euler semilinear method
X h=0.1 h =0.05 h =0.025 “Exact”
2.0 2.000000000 2.000000000 | 2.000000000 | 2.000000000
2.1 2.464261688 2.464155139 2464128464 | 2.464119569
22 3.029706047 3.029479005 3.029422165 3.029403212
23 3.718897663 3.718531995 3.718440451 3.718409925
24 4.559377397 4.558849990 | 4.558717956 | 4.558673929
2.5 5.584766724 5.584048510 | 5.583868709 5.583808754
2.6 6.836116246 6.835170986 | 6.834934347 6.834855438
2.7 8.363552464 8.362335253 8.362030535 8.361928926
2.8 | 10.228288880 | 10.226744312 | 10.226357645 | 10.226228709
2.9 | 12.505082132 | 12.503142042 | 12.502656361 | 12.502494409
3.0 | 15.285231726 | 15.282812424 | 15.282206780 | 15.282004826
Improved Euler method
X h=02 h=0.1 h =0.05 “Exact”
1.0 | 2.000000000 | 2.000000000 | 2.000000000 | 2.000000000
1.2 | 1.801514185 | 1.801606135 | 1.801629115 | 1.801636774
1.4 | 1.649911580 | 1.650054870 | 1.650090680 | 1.650102616
1.6 | 1.526711768 | 1.526879870 | 1.526921882 | 1.526935885
3.2.16.| 1.8 | 1.421841570 | 1.422016119 | 1.422059743 | 1.422074283
2.0 | 1.329441172 | 1.329609020 | 1.329650971 | 1.329664953
2.2 | 1.245953205 | 1.246104819 | 1.246142713 | 1.246155344
24 | 1.169162994 | 1.169291515 | 1.169323639 | 1.169334346
2.6 | 1.097677870 | 1.097778523 | 1.097803683 | 1.097812069
2.8 | 1.030626179 | 1.030695880 | 1.030713305 | 1.030719114
3.0 | 0967473721 | 0.967510790 | 0.967520062 | 0.967523153
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Improved Euler semilinear method
X h =02 h=0.1 h =0.05 “Exact”
1.0 | 2.000000000 | 2.000000000 | 2.000000000 | 2.000000000
1.2 | 1.801514185 | 1.801606135 | 1.801629115 | 1.801636774
1.4 | 1.649911580 | 1.650054870 | 1.650090680 | 1.650102616
1.6 | 1.526711768 | 1.526879870 | 1.526921882 | 1.526935885
1.8 | 1.421841570 | 1.422016119 | 1.422059743 | 1.422074283
2.0 | 1.329441172 | 1.329609020 | 1.329650971 | 1.329664953
2.2 | 1.245953205 | 1.246104819 | 1.246142713 | 1.246155344
24 | 1169162994 | 1.169291515 | 1.169323639 | 1.169334346
2.6 | 1.097677870 | 1.097778523 | 1.097803683 | 1.097812069
2.8 | 1.030626179 | 1.030695880 | 1.030713305 | 1.030719114
3.0 | 0967473721 | 0.967510790 | 0.967520062 | 0.967523153
Improved Euler method
X h=02 h=0.1 h =0.05 “Exact”
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.2 | 1.166771705 | 1.170394902 | 1.171244037 | 1.171515153
0.4 | 1.255835116 | 1.261642355 | 1.262958788 | 1.263370891
0.6 | 1.263517157 | 1.269528214 | 1.270846761 | 1.271251278
3.2.18.1 0.8 | 1.212551997 | 1.217531648 | 1.218585457 | 1.218901287
1.0 | 1.130812573 | 1.134420589 | 1.135150284 | 1.135362070
1.2 | 1.039104333 | 1.041487727 | 1.041938536 | 1.042062625
1.4 | 0.949440052 | 0.950888923 | 0.951132561 | 0.951192532
1.6 | 0.867475787 | 0.868263999 | 0.868364849 | 0.868381328
1.8 | 0.795183973 | 0.795523696 | 0.795530315 | 0.795518627
2.0 | 0.732679223 | 0.732721613 | 0.732667905 | 0.732638628
Improved Euler semilinear method
X h =02 h=0.1 h =0.05 “Exact”
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.2 | 1.170617859 | 1.171292452 | 1.171459576 | 1.171515153
04 | 1.261629934 | 1.262938347 | 1.263262919 | 1.263370891
0.6 | 1.269173253 | 1.270734290 | 1.271122186 | 1.271251278
0.8 | 1.216926014 | 1.218409355 | 1.218778420 | 1.218901287
1.0 | 1.133688235 | 1.134944960 | 1.135257876 | 1.135362070
1.2 | 1.040721691 | 1.041728386 | 1.041979126 | 1.042062625
1.4 | 0.950145706 | 0.950931597 | 0.951127345 | 0.951192532
1.6 | 0.867573431 | 0.868179975 | 0.868331028 | 0.868381328
1.8 | 0.794899034 | 0.795364245 | 0.795480063 | 0.795518627
2.0 | 0.732166678 | 0.732521078 | 0.732609267 | 0.732638628
Improved Euler method
X h=0.1 h =0.05 h =0.025 “Exact”
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.1 | 0.749165000 | 0.747022742 | 0.746561141 | 0.746418339
0.2 | 0.565942699 | 0.562667885 | 0.561961242 | 0.561742917
0.3 | 0.428618351 | 0.424803657 | 0.423978964 | 0.423724207
3.2.20.| 0.4 | 0.324556426 | 0.320590918 | 0.319732571 | 0.319467408
0.5 | 0.245417735 | 0.241558658 | 0.240723019 | 0.240464879
0.6 | 0.185235654 | 0.181643813 | 0.180866303 | 0.180626161
0.7 | 0.139546094 | 0.136310496 | 0.135610749 | 0.135394692
0.8 | 0.104938506 | 0.102096319 | 0.101482503 | 0.101293057
0.9 | 0.078787731 | 0.076340645 | 0.075813072 | 0.075650324
1.0 | 0.059071894 | 0.056999028 | 0.056553023 | 0.056415515
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Improved Euler semilinear method
X h=0.1 h =0.05 h =0.025 “Exact”
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.1 | 0.745595127 | 0.746215164 | 0.746368056 | 0.746418339
0.2 | 0.560827568 | 0.561515647 | 0.561686492 | 0.561742917
0.3 | 0.422922083 | 0.423524585 | 0.423674586 | 0.423724207
0.4 | 0318820339 | 0.319306259 | 0.319427337 | 0.319467408
0.5 | 0.239962317 | 0.240339716 | 0.240433757 | 0.240464879
0.6 | 0.180243441 | 0.180530866 | 0.180602470 | 0.180626161
0.7 | 0.135106416 | 0.135322934 | 0.135376855 | 0.135394692
0.8 | 0.101077312 | 0.101239368 | 0.101279714 | 0.101293057
0.9 | 0.075489492 | 0.075610310 | 0.075640381 | 0.075650324
1.0 | 0.056295914 | 0.056385765 | 0.056408124 | 0.056415515
Improved Euler method
X h=0.1 h =0.05 h =0.025 “Exact”
2.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
2.1 | 1.010250000 | 1.009185754 | 1.008965733 | 1.008899988
2.2 | 1.033547273 | 1.032105322 | 1.031811002 | 1.031723469
2.3 | 1.065562151 | 1.064135919 | 1.063849094 | 1.063764243
3.2.22.1 2.4 | 1.103145347 | 1.101926450 | 1.101685553 | 1.101614730
2.5 | 1.144085693 | 1.143140125 | 1.142957158 | 1.142903776
2.6 | 1.186878796 | 1.186202854 | 1.186075600 | 1.186038851
2.7 | 1.230530804 | 1.230088035 | 1.230007943 | 1.229985178
2.8 | 1.274404357 | 1.274147657 | 1.274104430 | 1.274092525
2.9 | 1.318104153 | 1.317987551 | 1.317971490 | 1.317967533
3.0 | 1.361395309 | 1.361379259 | 1.361382239 | 1.361383810
Improved Euler semilinear method
X h =0.1 h =0.05 h =0.025 “Exact”
2.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
2.1 | 1.012802674 | 1.009822081 | 1.009124116 | 1.008899988
2.2 | 1.038431870 | 1.033307426 | 1.032108359 | 1.031723469
2.3 | 1.072484834 | 1.065821457 | 1.064263950 | 1.063764243
24 | 1.111794329 | 1.104013534 | 1.102197168 | 1.101614730
2.5 | 1.154168041 | 1.145554968 | 1.143547198 | 1.142903776
2.6 | 1.198140189 | 1.188883373 | 1.186728849 | 1.186038851
2.7 | 1.242762459 | 1.232984559 | 1.230712361 | 1.229985178
2.8 | 1.287441845 | 1.277221941 | 1.274850828 | 1.274092525
2.9 | 1.331821976 | 1.321210992 | 1.318753047 | 1.317967533
3.0 | 1.375699933 | 1.364730937 | 1.362193997 | 1.361383810
X h=0.1 h =0.05 h =0.025 Exact
1.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
1.1 | 1.151019287 | 1.153270661 | 1.153777957 | 1.153937085
1.2 | 1.238798618 | 1.241884421 | 1.242580821 | 1.242799540
1.3 | 1.289296258 | 1.292573128 | 1.293313355 | 1.293546032
3.2.24. 1.4 | 1.317686801 | 1.320866599 | 1.321585242 | 1.321811247
1.5 | 1.333073855 | 1.336036248 | 1.336705820 | 1.336916440
1.6 | 1.341027170 | 1.343732006 | 1.344343232 | 1.344535503
1.7 | 1.345001345 | 1.347446389 | 1.347998652 | 1.348172348
1.8 | 1.347155352 | 1.349355473 | 1.349852082 | 1.350008229
1.9 | 1.348839325 | 1.350816158 | 1.351261995 | 1.351402121
2.0 | 1.350890736 | 1.352667599 | 1.353067951 | 1.353193719
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X h =0.05 h =0.025 h =0.0125 Exact
1.00 2.000000000 2.000000000 | 2.000000000 | 2.000000000
1.05 2.268496358 2269703943 2.270043628 2270158103
1.10 2.582897367 2.585985695 2.586855275 2.587150838
1.15 2.954995034 2.960992388 2.962683751 2.963263785
3.2.26. 1.20 3.400872342 3.411384294 3.414355862 3.415384615
1.25 3.943047906 3.960651794 3.965644965 3.967391304
1.30 4.614039436 4.643018510 4.651277424 4.654198473
1.35 5462568051 5.510357362 | 5.524069547 5.528980892
1.40 6.564985580 6.645224236 | 6.668472955 6.676923077
1.45 8.047824947 8.187384679 8.228413044 8.243593315
1.50 | 10.136329642 | 10.393419681 | 10.470731411 | 10.500000000
X h=0.1 h =0.05 h =0.025 “Exact"
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.1 | 0.984142840 | 0.984133302 | 0.984130961 | 0.984130189
0.2 | 0.965066124 | 0.965044455 | 0.965039117 | 0.965037353
0.3 | 0.942648578 | 0.942611457 | 0.942602279 | 0.942599241
3.2.28. 0.4 | 0916705578 | 0.916648569 | 0.916634423 | 0.916629732
0.5 | 0.886970525 | 0.886887464 | 0.886866778 | 0.886859904
0.6 | 0.853066054 | 0.852948011 | 0.852918497 | 0.852908668
0.7 | 0.814458249 | 0.814291679 | 0.814249848 | 0.814235883
0.8 | 0.770380571 | 0.770143777 | 0.770083998 | 0.770063987
0.9 | 0.719699643 | 0.719355385 | 0.719267905 | 0.719238519
1.0 | 0.660658411 | 0.660136630 | 0.660002840 | 0.659957689
X h=0.1 h =0.05 h =0.025 “Exact"
1.0 | 0.000000000 | 0.000000000 [ 0.000000000 | 0.000000000
1.1 | -0.099666667 | -0.099665005 | -0.099664307 | -0.099674132
1.2 | -0.197322275 | -0.197317894 | -0.197316222 | -0.197355914
1.3 | -0.291033227 | -0.291036361 | -0.291036258 | -0.291123993
3.2.30. 1.4 | -0.379131069 | -0.379160444 | -0.379166504 | -0.379315647
1.5 | -0.460350276 | -0.460427667 | -0.460445166 | -0.460662347
1.6 | -0.533897316 | -0.534041581 | -0.534075026 | -0.534359685
1.7 | -0.599446325 | -0.599668984 | -0.599721072 | -0.600066382
1.8 | -0.657076288 | -0.657379719 | -0.657450947 | -0.657845646
1.9 | -0.707175010 | -0.707553135 | -0.707641993 | -0.708072516
2.0 | -0.750335016 | -0.750775571 | -0.750879100 | -0.751331499

3232. (@ Let x;, = a+ih,i = 0,1,...,n. If y is the solution of the initial value problem
y' = f(x), y(@) = 0, then y(b) = fab f(x)dx. The improved Euler method yields y;+1 = y; +
Sh(fa@a+ih)+ f(a+ @+ Dh)),i =0,1,...,n— 1, where yo = a and y, is an approximation to

b
/ f(x)dx. But

n—1 n—1
yu =Y (ie1 =) = Sh(f@+ f®) +h Y fla+ih).
i=0 i=1

(¢) The local truncation error is a multiple of y"”(%;) = f”(%;), where x; < X; < X;4+1. Therefore,
the quadrature formula is exact if f is a polynomial of degree < 2.

b
@) Let E(f) = / f(x)dx — yn. Note that E is linear. If f is a polynomial of degree 2, then
a
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f(x) = fo(x) + K(x —a)? where deg( fo) < 1. Since E( fo) = 0 from (c) and

(b —a)? B (b —a)h B

2 3 -2
E((x —a)?) 3 > h Z_j i
_ h3|:ﬁ_ﬁ_n(n—l)(2n—l)i|:_E:_(b—a)h2
3 2 6 6 6 '
2
E(f)= —M; therefore the error is proportional to /2.
3.3 THE RUNGE-KUTTA METHOD
3.3.2. y1 = 1.221551366, y, = 1.492920208
3.34. y1 =2.961316248; y, = 2.920128958.
X h=0.1 h =0.05 h =0.025 Exact
0.0 2.000000000 2.000000000 2.000000000 2.000000000
0.1 2.232752507 2.232649573 2.232643327 2.232642918
0.2 2.774582759 2.774366625 2.774353431 2.774352565
0.3 3.727068686 3.726710028 3.726688030 3.726686582
33.6. 0.4 5.254817388 5.254263005 5.254228886 5.254226636
0.5 7.613077020 7.612241222 7.612189662 7.612186259
0.6 | 11.189806778 | 11.188557546 | 11.188480365 | 11.188475269
0.7 | 16.569088310 | 16.567225975 | 16.567110808 | 16.567103199
0.8 | 24.626206255 | 24.623431201 | 24.623259496 | 24.623248150
0.9 | 36.669848687 | 36.665712858 | 36.665456874 | 36.665439956
1.0 | 54.654509699 | 54.648344019 | 54.647962328 | 54.647937102
X h =0.05 h =0.025 h =0.0125 Exact
1.00 2.000000000 2.000000000 2.000000000 2.000000000
1.05 2.270153785 2.270157806 2.270158083 2.270158103
1.10 2.587139846 2.587150083 2.587150789 2.587150838
1.15 2.963242415 2.963262317 2.963263689 2.963263785
33.8. 1.20 3.415346864 3.415382020 3.415384445 3.415384615
1.25 3.967327077 3.967386886 3.967391015 3.967391304
1.30 4.654089950 4.654191000 4.654197983 4.654198473
1.35 5.528794615 5.528968045 5.528980049 5.528980892
1.40 6.676590929 6.676900116 6.676921569 6.676923077
1.45 8.242960669 8.243549415 8.243590428 8.243593315
1.50 | 10.498658198 | 10.499906266 | 10.499993820 | 10.500000000
b h=0.1 h =0.05 h =0.025 h=0.1 h =0.05 h =0.025
1.0 | 1.000000000 | 1.000000000 | 1.000000000 | 0.000000000 | 0.0000000000 | 0.00000000000
1.1 | 0.923730622 | 0.923730677 | 0.923730681 | -0.000000608 | -0.0000000389 | -0.00000000245
1.2 | 0.854443253 | 0.854443324 | 0.854443328 | -0.000000819 | -0.0000000529 | -0.00000000335
1.3 | 0.791581155 | 0.791581218 | 0.791581222 | -0.000000753 | -0.0000000495 | -0.00000000316
1.4 | 0.734680497 | 0.734680538 | 0.734680541 | -0.000000523 | -0.0000000359 | -0.00000000233
3.3.10.| 1.5 | 0.683288034 | 0.683288051 | 0.683288052 | -0.000000224 | -0.0000000178 | -0.00000000122
1.6 | 0.636937046 | 0.636937040 | 0.636937040 | 0.000000079 | 0.0000000006 | -0.00000000009
1.7 | 0.595153053 | 0.595153029 | 0.595153028 | 0.000000351 | 0.0000000171 | 0.00000000093
1.8 | 0.557469558 | 0.557469522 | 0.557469520 | 0.000000578 | 0.0000000309 | 0.00000000179
1.9 | 0.523443129 | 0.523443084 | 0.523443081 | 0.000000760 | 0.0000000421 | 0.00000000248
2.0 | 0.492663789 | 0.492663738 | 0.492663736 | 0.000000902 | 0.0000000508 | 0.00000000302
Approximate Solutions Residuals
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X h=0.1 h =0.05 h =0.025 “Exact”
1.0 | 0.000000000 | 0.000000000 [ 0.000000000 | 0.000000000
1.1 | -0.099663901 | -0.099663994 | -0.099664000 | -0.099664000
1.2 | -0.197315322 | -0.197315504 | -0.197315516 | -0.197315517
1.3 | -0.291035700 | -0.291035983 | -0.291036001 | -0.291036003
33.12. 1.4 | -0.379167790 | -0.379168194 | -0.379168220 | -0.379168221
1.5 | -0.460450005 | -0.460450552 | -0.460450587 | -0.460450590
1.6 | -0.534084875 | -0.534085579 | -0.534085623 | -0.534085626
1.7 | -0.599736802 | -0.599737663 | -0.599737717 | -0.599737720
1.8 | -0.657472724 | -0.657473726 | -0.657473788 | -0.657473792
1.9 | -0.707669346 | -0.707670460 | -0.707670529 | -0.707670533
2.0 | -0.750911103 | -0.750912294 | -0.750912367 | -0.750912371
Runge—Kutta method
X h=0.1 h =0.05 h =0.025 “Exact”
2.0 2.000000000 | 2.000000000 | 2.000000000 2.000000000
2.1 2.464113907 2.464119185 2.464119544 2.464119569
22 3.029389360 3.029402271 3.029403150 3.029403212
23 3.718384519 3.718408199 3.718409812 3.718409925
33.14.| 24 4.558632516 | 4.558671116 | 4.558673746 | 4.558673929
25 5.583745479 5.583804456 | 5.583808474 5.583808754
2.6 6.834762639 6.834849135 6.834855028 6.834855438
2.7 8.361796619 8.361919939 8.361928340 8.361928926
2.8 | 10.226043942 | 10.226216159 | 10.226227891 | 10.226228709
2.9 | 12.502240429 | 12.502477158 | 12.502493285 | 12.502494409
3.0 | 15.281660036 | 15.281981407 | 15.282003300 | 15.282004826
Runge—Kutta semilinear method
X h=0.1 h =0.05 h =0.025 “Exact”
2.0 2.000000000 2.000000000 | 2.000000000 | 2.000000000
2.1 2.464119623 2.464119573 2464119570 | 2.464119569
22 3.029403325 3.029403219 3.029403212 3.029403212
23 3.718410105 3.718409936 3.718409925 3.718409925
24 4.558674188 4.558673945 4.558673930 | 4.558673929
25 5.583809105 5.583808776 | 5.583808755 5.583808754
2.6 6.834855899 6.834855467 6.834855440 | 6.834855438
2.7 8.361929516 8.361928963 8.361928928 8.361928926
2.8 | 10.226229456 | 10.226228756 | 10.226228712 | 10.226228709
2.9 | 12.502495345 | 12.502494468 | 12.502494413 | 12.502494409
3.0 | 15.282005990 | 15.282004899 | 15.282004831 | 15.282004826
Runge—Kutta method
X h=02 h=0.1 h =0.05 “Exact”
1.0 | 2.000000000 | 2.000000000 | 2.000000000 | 2.000000000
1.2 | 1.801636785 | 1.801636775 | 1.801636774 | 1.801636774
1.4 | 1.650102633 | 1.650102617 | 1.650102616 | 1.650102616
1.6 | 1.526935904 | 1.526935886 | 1.526935885 | 1.526935885
3.3.16.| 1.8 | 1.422074302 | 1.422074284 | 1.422074283 | 1.422074283
2.0 | 1.329664970 | 1.329664954 | 1.329664953 | 1.329664953
2.2 | 1.246155357 | 1.246155345 | 1.246155344 | 1.246155344
24 | 1.169334355 | 1.169334347 | 1.169334346 | 1.169334346
2.6 | 1.097812074 | 1.097812070 | 1.097812069 | 1.097812069
2.8 | 1.030719113 | 1.030719114 | 1.030719114 | 1.030719114
3.0 | 0967523147 | 0.967523152 | 0.967523153 | 0.967523153
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Runge—Kutta semilinear method
X h =02 h=0.1 h =0.05 “Exact”
1.0 | 2.000000000 | 2.000000000 | 2.000000000 | 2.000000000
1.2 | 1.801636785 | 1.801636775 | 1.801636774 | 1.801636774
14 | 1.650102633 | 1.650102617 | 1.650102616 | 1.650102616
1.6 | 1.526935904 | 1.526935886 | 1.526935885 | 1.526935885
1.8 | 1.422074302 | 1.422074284 | 1.422074283 | 1.422074283
2.0 | 1.329664970 | 1.329664954 | 1.329664953 | 1.329664953
2.2 | 1.246155357 | 1.246155345 | 1.246155344 | 1.246155344
2.4 | 1.169334355 | 1.169334347 | 1.169334346 | 1.169334346
2.6 | 1.097812074 | 1.097812070 | 1.097812069 | 1.097812069
2.8 | 1.030719113 | 1.030719114 | 1.030719114 | 1.030719114
3.0 | 0967523147 | 0.967523152 | 0.967523153 | 0.967523153
Runge—Kutta method
X h=02 h=0.1 h =0.05 “Exact”
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.2 | 1.171515610 | 1.171515156 | 1.171515152 | 1.171515153
0.4 | 1.263365845 | 1.263370556 | 1.263370869 | 1.263370891
0.6 | 1.271238957 | 1.271250529 | 1.271251232 | 1.271251278
3.3.18.| 0.8 | 1.218885528 | 1.218900353 | 1.218901230 | 1.218901287
1.0 | 1.135346772 | 1.135361174 | 1.135362016 | 1.135362070
1.2 | 1.042049558 | 1.042061864 | 1.042062579 | 1.042062625
1.4 | 0951181964 | 0.951191920 | 0.951192495 | 0.951192532
1.6 | 0.868372923 | 0.868380842 | 0.868381298 | 0.868381328
1.8 | 0.795511927 | 0.795518241 | 0.795518603 | 0.795518627
2.0 | 0.732633229 | 0.732638318 | 0.732638609 | 0.732638628
Runge—Kutta semilinear method
X h =02 h=0.1 h =0.05 “Exact”
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.2 | 1.171517316 | 1.171515284 | 1.171515161 | 1.171515153
0.4 | 1.263374485 | 1.263371110 | 1.263370904 | 1.263370891
0.6 | 1.271254636 | 1.271251485 | 1.271251291 | 1.271251278
0.8 | 1.218903802 | 1.218901442 | 1.218901297 | 1.218901287
1.0 | 1.135363869 | 1.135362181 | 1.135362077 | 1.135362070
1.2 | 1.042063952 | 1.042062706 | 1.042062630 | 1.042062625
1.4 | 0.951193560 | 0.951192595 | 0.951192536 | 0.951192532
1.6 | 0.868382157 | 0.868381378 | 0.868381331 | 0.868381328
1.8 | 0.795519315 | 0.795518669 | 0.795518629 | 0.795518627
2.0 | 0.732639212 | 0.732638663 | 0.732638630 | 0.732638628
Runge—Kutta method
X h=0.1 h =0.05 h =0.025 “Exact”
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.1 | 0.746430962 | 0.746418992 | 0.746418376 | 0.746418339
0.2 | 0.561761987 | 0.561743921 | 0.561742975 | 0.561742917
0.3 | 0.423746057 | 0.423725371 | 0.423724274 | 0.423724207
3.3.20. 0.4 | 0319489811 | 0.319468612 | 0.319467478 | 0.319467408
0.5 | 0.240486460 | 0.240466046 | 0.240464947 | 0.240464879
0.6 | 0.180646105 | 0.180627244 | 0.180626225 | 0.180626161
0.7 | 0.135412569 | 0.135395665 | 0.135394749 | 0.135394692
0.8 | 0.101308709 | 0.101293911 | 0.101293107 | 0.101293057
0.9 | 0.075663769 | 0.075651059 | 0.075650367 | 0.075650324
1.0 | 0.056426886 | 0.056416137 | 0.056415552 | 0.056415515
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Runge—Kutta semilinear method
X h=0.1 h =0.05 h =0.025 “Exact”
0.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
0.1 | 0.746416306 | 0.746418217 | 0.746418332 | 0.746418339
0.2 | 0.561740647 | 0.561742780 | 0.561742908 | 0.561742917
0.3 | 0.423722193 | 0.423724084 | 0.423724199 | 0.423724207
0.4 | 0319465760 | 0.319467308 | 0.319467402 | 0.319467408
0.5 | 0.240463579 | 0.240464800 | 0.240464874 | 0.240464879
0.6 | 0.180625156 | 0.180626100 | 0.180626158 | 0.180626161
0.7 | 0.135393924 | 0.135394645 | 0.135394689 | 0.135394692
0.8 | 0.101292474 | 0.101293021 | 0.101293055 | 0.101293057
0.9 | 0.075649884 | 0.075650297 | 0.075650322 | 0.075650324
1.0 | 0.056415185 | 0.056415495 | 0.056415514 | 0.056415515
Runge—Kutta method
X h=0.1 h =0.05 h =0.025 “Exact”
2.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
2.1 | 1.008912398 | 1.008900636 | 1.008900025 | 1.008899988
2.2 | 1.031740789 | 1.031724368 | 1.031723520 | 1.031723469
2.3 | 1.063781819 | 1.063765150 | 1.063764295 | 1.063764243
3.3.22.1 2.4 | 1.101630085 | 1.101615517 | 1.101614774 | 1.101614730
2.5 | 1.142915917 | 1.142904393 | 1.142903811 | 1.142903776
2.6 | 1.186047678 | 1.186039295 | 1.186038876 | 1.186038851
2.7 | 1.229991054 | 1.229985469 | 1.229985194 | 1.229985178
2.8 | 1.274095992 | 1.274092692 | 1.274092535 | 1.274092525
2.9 | 1.317969153 | 1.317967605 | 1.317967537 | 1.317967533
3.0 | 1.361384082 | 1.361383812 | 1.361383809 | 1.361383810
Runge—Kutta semilinear method
X h =0.1 h =0.05 h =0.025 “Exact”
2.0 | 1.000000000 | 1.000000000 | 1.000000000 | 1.000000000
2.1 | 1.008913934 | 1.008900843 | 1.008900041 | 1.008899988
2.2 | 1.031748526 | 1.031725001 | 1.031723564 | 1.031723469
2.3 | 1.063798300 | 1.063766321 | 1.063764371 | 1.063764243
24 | 1.101656264 | 1.101617259 | 1.101614886 | 1.101614730
2.5 | 1.142951721 | 1.142906691 | 1.142903955 | 1.142903776
2.6 | 1.186092475 | 1.186042105 | 1.186039051 | 1.186038851
2.7 | 1.230043983 | 1.229988742 | 1.229985397 | 1.229985178
2.8 | 1.274156172 | 1.274096377 | 1.274092762 | 1.274092525
2.9 | 1.318035787 | 1.317971658 | 1.317967787 | 1.317967533
3.0 | 1.361456502 | 1.361388196 | 1.361384079 | 1.361383810
X h=.1 h=.05 h =.025 Exact
1.00 | 0.142854841 | 0.142857001 | 0.142857134 | 0.142857143
1.10 | 0.053340745 | 0.053341989 | 0.053342066 | 0.053342071
1.20 | -0.046154629 | -0.046153895 | -0.046153849 | -0.046153846
1.30 | -0.153363206 | -0.153362764 | -0.153362736 | -0.153362734
33.24. 1.40 | -0.266397049 | -0.266396779 | -0.266396762 | -0.266396761
1.50 | -0.383721107 | -0.383720941 | -0.383720931 | -0.383720930
1.60 | -0.504109696 | -0.504109596 | -0.504109589 | -0.504109589
1.70 | -0.626598326 | -0.626598268 | -0.626598264 | -0.626598264
1.80 | -0.750437351 | -0.750437320 | -0.750437318 | -0.750437318
1.90 | -0.875050587 | -0.875050574 | -0.875050573 | -0.875050573
2.00 | -1.000000000 | -1.000000000 | -1.000000000 | -1.000000000
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X h=.1 h = .05 h = .025 Exact
0.50 | -8.954103230 | -8.954063245 | -8.954060698 | -8.954060528
0.60 | -5.059648314 | -5.059633293 | -5.059632341 | -5.059632277
0.70 | -2.516755942 | -2.516749850 | -2.516749465 | -2.516749439
0.80 | -0.752508672 | -0.752506238 | -0.752506084 | -0.752506074
0.90 | 0.530528482 | 0.530529270 | 0.530529319 | 0.530529323
1.00 1.500000000 | 1.500000000 | 1.500000000 | 1.500000000
1.10 2.256519743 2.256519352 2.256519328 2.256519326
1.20 2.863543039 2.863542454 2.863542417 2.863542415
1.30 | 3.362731379 | 3.362730700 | 3.362730658 | 3.362730655
1.40 3.782361948 3.782361231 3.782361186 3.782361183
1.50 4.142171279 4.142170553 4.142170508 4.142170505

3.3.26.

3328. (@ Let x;, = a+ih,i = 0,1,...,n. If y is the solution of the initial value problem
= f(x), y(@) = 0, then y(b) = fab f(x)dx. The Runge-Kutta method yields y;4+1 = y; +

h

g(f(a+ih)+4f(a+(2i+1)h/2)+f(a+(i+l)h)),i =0,1,...,n—1, where yo = a and y,
b

is an approximation to / f(x)dx. But

n—1

Yo=Y (yit1—yi) = —(f(a) +0) + Zf(a il + 2 Zf (a+ (2i —Dh/2).

i=0 1_1 i=1

(c¢) The local truncation error is a multiple of y(s) x)=f ) (X;), where x; < X; < X;j+1. Therefore,

the quadrature formula is exact if f is a polynomial of degree < 4.
b

@) Let E(f) = / f(x)dx — y,. Note that E is linear. If f is a polynomial of degree 4, then
a
f(x) = fo(x) + K(x —a)* where deg( fo) < 3 and K is constant. Since E( fy) = 0 from (¢) and

EPRY: 4 -1 5 n
E(—a)) — (b 5a) b a)h hs Z 2h 2(1—1/2)4
i=1 i=1
B O (N A S A &AL
- [5_6_(15_6 9 90)_(15_ +360)]

nh® _ (b—a)h*

120 120 °

(b —a)h*

20 ; thus, the error is proportional to 44,

E(f) =~



CHAPTER 4
Applications of First Order Equations

4.1 GROWTH AND DECAY

412. kt = n2andt =2 = k = > : 0(@t) = Qoe 22 if O(T) = & then Qo =

10
Tin2 210
Qo T2 In10 = —=; 7 = ==
2 n2

4.1.4. Let t; be the elapsed time since the tree died. Since p(r) = e~ "7 it follows that p; =

t 1
poe— 12/ 5o ln(pl) = U n2ands =< n(po/p1).
Po T In2

41.6. Q = Qoe_kt; 0 = Qoe_ktl; 0, = Qoe_ktz; & = e_k(t2_tl); In (%) = k(2 — 11);
2

()
Ip—11 02

4.18. Q' = 060, Q(0) = Q¢; O = Qoe%’. We must find 7 such that Q(r) = 2Qy; that is,
In2  50In2
00697 = 20, 50 067 = In2 and 7 = % - 3“

yI.

4.1.10. (a) If T is the time to triple the value, then Q(T) = Qe %7 = 3Qy, so e*°T = 3. Therefore,
05T =In3and T = 201n3.
(b) If 0(10) = 100000, then Qge-> = 100000, so Qo = 100000e >

Q2 Q 1 1 t 11
4112. O’ = _ _ 1 1t _ o1
Q' = . Q(0) = 50; ERREAT) 5+ 20) =50 =c¢ % D

ro1 1+25z 50 1
b= L0 = N TY=25=51+25T =2 =5 25T = 1 = T = — years.
2750 50 525 Now Q1) =25= 1425 =2 = 1= g5 years

In2 3
4.1.14. Since t = 1500,k = 12%- hence Q = Qoe—<'1ﬂ2>/15°°. IfO(t) = %,then e~ (111n2)/1500 _

3 In2 3 4 (4) 4
= - =In(>)=-1 =1 . Finally, Q(2 —3n2 = 27439,
y t 1500 n(4) n(3) t 500 inally, Q(2000) = Qgpe™ 3 Qo

39
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S S
4.1.16.(A)S' ' =1- 0’ S(0) = 20. Rewrite the differential equation in (A) as (B) S’ + To = 1. Since

S1 = e*/19 is a solution of the complementary equation, the solutions of (B) are given by § = ue™*/10,
where u/e7!/10 = 1. Therefore, u’ = ¢!/1% u = 10e!/1° 4+ ¢; S = 10 + ce™*/1%, Now §(0) = 20 =
c=10,508 =10 + 10e7*/1% and lim; o, S(t) = 10 g.

|4
41.18. (A) V' = =750 + 20’ V(0) = 25000. Rewrite the differential equation in (A) as (B) V' —

20 = —750. Since V; = e'/?% is a solution of the complementary equation, the solutions of (B) are
given by V = ue?/?%, where u’e!/20 = —750. Therefore, u’ = —750e/2%; u = 15000e~*/20 4 ¢;
V = 15000 + ce'/?%; V(0) = 25000 = ¢ = 10000. Therefore, V = 15000 + 10000e’/2°.

2 1 ! 1 1 1 1 1 1 1
4.1.20. p’ = P_P_ ——p(p—4); _r ——y | —— === | — == |p =
2 8 8 p(p—4) 8 4|p—4 p 8 |p—4 p
1 |p—4 t p—4 _ 24 p—4 24 _
| =tk P = p0) =100 = o = e p—d =
2 } 2 PR ‘T2 T, Tt 0t
24 ) 24 ) 4 100
25Pe P T s P22 T 24240
4.1.22. ()P’ =rP —12M.
12M 12M
(b) P = ue;u'e™ = —12M;u' = —12Me"™';u = ——e "'+ ¢; P = —— + ce'’; P(0) =
r r
12M 12M
Po=c=Py———;P=—"—"——(1—-e"")+ Pye"".
r r
P,
(¢) Since P(N) = 0, the answer to (b) implies that M = ﬁ
4.1.24. The researcher’s salary is the solution of the initial value problem S’ = aS, S(0) = So.
Therefore, S = Sge?’. If P = P(t) is the value of the trust fund, then P’ = —Sge%’ + rP, or
P’ —rP = —Spe?. Therefore, (A) P = ue’, where u'e” = —Spe?, so (B) u’ = —Spe@ "t If
S S
a # r, then (B) implies that u = 20 @i 4 ¢ 5o (A) implies that P = 20 4" 4+ ce™. Now
S S S
PO) = Py = ¢c = Py — O . therefore P = —2 ¢ 4 (PO— 0 )e”. We must choose
r—a r—a r—a

S S
Py so that P(T) = 0; that is, P = —>—e47T 4 (P - —0) ¢’T = 0. Solving this for Py yields

So(1 — e@nT) , .
Py = —— . Ifa = r, then (B) becomes u’ = —Sy, so u = —Spt + ¢ and (A) implies that

r—a
P = (=Sot +¢)e". Now P(0) = Py = ¢ = Py; therefore P = (—Sot + Po)e"’. To make P(T) =0
we must take Py = ST .

at
1+ btQ?
4.2 COOLING AND MIXING

4.1.26. Q' = —kQ: limy 0o Q1) = (a/bk)'/3.

4.2.2. Since Ty = 100 and Ty = —10, T = —10 + 110e**. Now T(1)=80=80=—-10+ 110e*,
9 11
soe k= T and k = In 5 Therefore, T = —10 + 110e~tn %,

4.2.4. Let T be the thermometer reading. Since 7o = 212 and Ty = 70, T = 70 + 142¢7kt. Now
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L 142

70 + 14272055, i
55
(@) T(2) = 70 + 142¢720 5% = 70 + 142(@) ~ 91.30°F.

(b) Let t be the time when T'(t) = 72,5072 = 70 + 142¢~5Mn %, or e_%ln% = T Therefore,
1n71

=2—— 2~ 8.99 min.
In 142

(c) Since (A) implies that 7 > 70 for all ¢ > 0, the thermometer will never read 69°F.

4.2.6. Since Tyy = 20, T = 20 + (Tp — 20)e . Now Ty — 5 = 20 + (Tp — 20)e *K and Ty — 7 =
To — 25 To — 27 To—27 (To—25\°
20+ (Ty —20)e 8% Therefore, 0 — e * and [ 22 =% g0 0 0 ,
To — 20 To — 20 To—20 \Tp—20
which implies that (Ty — 20)(Ty — 27) = (Tp — 25)2, or TO2 — 47Ty + 540 = T2 50Ty + 625; hence
3To = 85and Ty = (85/3)°C.

3
428. O’ =3— —Q Q(0) = 0. Rewrite the differential equation as (A) Q" + —Q = 3. Since

40
Q1 = e 3/*0 j5 solutlon of the complementary equation, the solutions of (A) are given by Q =

ue3/40 where u'e=3!/40 = 3. Therefore’ = 3e3/40, y = 40e3/%° 4 ¢, and 0 = 40+ co—31/40
Now Q(0) = 0 = ¢ = —40,s0 Q = 40(1 — ¢ 731/49),

3 3
4210. Q' = = — g, Q(0) = 10. Rewrite the differential equation as (A) Q' + g = —. Since

2 20 20 2
Q1 = e*/?% is a solution of the complementary equation, the solutions of (A) are given by Q = ue~*/20

3 3
where u'e /20 = 3 Therefore,u’ = Ee’/zo, u = 30et/20 4 ¢, and Q = 30 + ce /2%, Now

0(0) = 10 = ¢ = —20,50 Q = 30 —20e /2 and K = % =3— 27120

0

42.12. Q' = 10— 2 or (A) Q' + = = 10. Since Q; = e~*/* is a solution of the complementary

Q
5

equation, the solutions of (A) are given by QO = ue™*/> where u’e™/> = 10. Thereforeu’ = 10e'/>,
u = 50e/1° + ¢, and Q = 50 + ce™*/>. Since lim; o, Q(t) = 50, the mininum capacity is 50 gallons.

4.2.14. Since there are 2¢ + 600 gallons of mixture in the tank at time ¢ and mixture is being drained

2
at 4 gallons/min, Q' = T 3OOQ 0Q(0) = 40. Rewrite the differential equation as (A) Q' +
2
r 3OOQ = 3. Since Q; = W‘W is a solution of the complementary equation, the solutions
/

of (A) are given by 0 = (t-l—uw where (t-l—uw = 3. Therefore, u’ = 3(¢t + 300)%, u =
(t +300)> +c,and Q = ¢ + 300 + 007 Now Q(0) = 40 = ¢ = —234x 10°,s0 Q =
(4 300— 4310 ) <300

(t +3002"  — )

4.2.16. (a) S’ = —km(S — Tpn), S(0) = 0,50 (A) S = T + (So — T)e ¥ T/ = —k(T — §) =
—k (T —Tm — (So — Tm)e_k’”’), from (A). Therefore, T’ +kT = kT +k(So—Tn)e ¥t T = ue %,

B)u' = kTpne*" + k(So — Tw)e®*m)t; y = T, ekt + Tm)e®Fm" 4 ¢:T(0) = Ty =

k—km

k
(So—Tm)eEFm L Ty — T — ———(So—Tin);

—Tm);u = Tmekt+ k—kn,

Cc = T()—Tm—

k—km k —km
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— k(SO - Tm) —k —k
T =T, To — Tom kt TV TmJ mt __ 1)
+ (o= Typertt o i (e =)

(b) If k = k,, (B) becomes (B) u’ = kTjeX* + k(So — Tpn); u = Tppe*? + k(So — Tt + ¢; T(0) =
To=>c=To—Tpn;u = Tmek’+k(S0—Tm)t+(To—Tm); T = Tm+k(S0—Tm)te_k’+(To—Tm)e_k’.
(©) limy 00 T(t) = limy 5o S(¢) = T}, in either case.

V! 1 1
4218. V' = aV —bV? = —bV(V —bja); =~ = —b; | ——— |V = —a;
¢ T [V—a/b V} ¢
V—a/b ) V—al/b at. a 1 )
In T = —at + k; (A) T =ce;B)V = Em Since V(0) = Vy, (A)
Vo—a/b 4
== % Substituting this into (B) yields V = %Vo — _Oa Tyear %0 limioo V() =

alb

r
4.2.20. If Q,(¢) is the number of pounds of salt in 7}, at time ¢, then Q;H_l + WQ,,H =rcp(t), n =

0,1,..., where co(t) = c. Therefore,Qni1 = uUprie"/?; (A) Upq = re"/We,(t). In particular,
withn = 0,u; = cW(e™'W —1),50 01 = cW(l — e_”/W) and ¢; = c(1 — e "*/W). We will shown

e )
L (reY/
by inductionthat ¢, = c| 1 — e Tt Z - (%) . This is true for n = 1; if it is true for a given n,

then, from (A),

g BTN 1)
oy =cre™W 11— N _ [ — =creW—cr) —(—=]) .
ntl ; jt\w ; jt\w

so (since Q,+1(0) = 0),

/W S Lot a
Upp1 =cW(E™" —1)—c S
n1 = cW( ) ;0 G W

Therefore,
1 —rt/W —rt/W . 1 rt /
Cpy1 = Wu,H_le =c|l—e /Z_;) F W s

which completes the induction. From this, lim; o0 ¢, (¢) = c.

4.2.22. Since the incoming solution contains 1/2 Ib of salt per gallon and there are always 600 gal-

lons in the tank, we conclude intuitively that lim;—. Q(t) = 300. To verify this rigorously, note
t

1
that Q1(t) = exp (—m a(r)d ‘L’) is a solution of the complementary equation, (A) Q1(0) =

and (B) hm,_,ole(t) = O (since limy, oo a(t) = 1). Therefore,Q = Qlu Qlu = 2;u =

é; W= Qo 42 % (see (A). and Q@) = Q001(1) +2Q1(t)/ G From (B

lirn o) =2 lirn Ql(t)/ —t, a 0 - oo indeterminate form. By L’Hospital’s rule, lim Q(¢) =
o Q1(7) 1—00

(z)) 0
2 le/ ( 02 ) = 2% o =

vspace*10pt
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4.3 ELEMENTARY MECHANICS

. 192 k
4.3.2. The firefighter’s mass is m = = 6 5sl, s0 6v/ = —192 — kv, or (A) v + gv = —32.

32
—kt/6 —kt/6

Since v = e is a solution of the complementary equation, the solutions of (A) are v = ue

192
where u/e¥1/6 = —32. Therefore,y’ = —32e¥1/6;y = —Tekt/G +c; v= % + ce ¥/ Now

192 192 192
v0)=0=c = T Therefore,v = —7(1 — e_k'/G) and lim; 00 V() = % = —16 ft/s, so

k = 121Ib-s/ftand v = —16(1 — e2).

64000 . . .
433.m = 5 = 2000, so 2000v” = 50000—2000v, or (A) v/ +v = 25. Since v; = e is a solution

of the complementary equation, the solutions of (A) are v = ue™" where u’e™" = 25. Therefore,u’ =
25¢'u = 25¢' +¢; v =25+ ce'. Nowv(0) = 0 = ¢ = —25. Therefore,uv = 25(1 —e™?) and
lim; o0 V() = 25 ft/s.

1 1 1
4.34. 200" = 10 — Ev, or (A) v + %v =3 Since v; = e~*/4% is a solution of the complementary
et/40

1
—1/40 5 Therefore,u’ = ;U=

e 1/40 —

equation, the solutions of (A) are v = ue where u’

20e!/40 4 ¢; v =20 4 ce /%0 Now v(0) = —7 = ¢ = —27. Therefore,y = 20 — 27¢ /40,
3200 o . S Lo
4.3.6. m = SV 100 sl. The component of the gravitational force in the direction of motion is

v/

—3200 cos(r/3) = —16001b. Therefore, 100v” = —1600+v2. Separating variables yields m =

1 1 1 4 —40 4t —40
——,or — = —. Therefore, In v = —+k and v = ce*'/>. Now v(0) =
100 v—40 v 440 5 v+ 40 5 v+ 40
13 v—40  13e%/5 40(3 + 13e%1/%) 40(13 4 3e74/5)
—64:>C=?;theref0rev+4()= 3 ’SOUZW,OTUZ—W
__mg Mg\ —kt/m . - _
4.3.8. From Example 4.3.1, (A) v = % + (vo + T e . Integrating this yields (B) y =
t
—% _z vo + %)e‘k'/”’ +c. Now y(0) = yo = ¢ = yo + % (vo + %) Substituting this
into (B) yields
_ _mst _m ( E) —kt/m mn ( E)
y = A B U0+k e +y0+k U0+k
m m m —
= y0+?(v0—gt+7g—(vo+7g)e k’/’”)
m
= yo+?(vo—v—gt)
where the last equality follows from (A).
256 . - . !
4.3.10. m = = 8 sl. Since the resisting force is 1 1b when |v| = 4 ft/s, k = 6 Therefore,
1 1 v/ 1
8v = —256 + —v? = — (v — (64)?). Separating variables yields ————— = — or
16 76 (V2 — (647). Separating NS W6+ 64) 128
1 1 , v—64 v—64 P
— ——— |v" = 1. Therefore,In =t +kand =ce'.Nowv(0) =0=c =
v—64 v+ 64 64 v+ 64
— 64 64(1—¢' 64(1 —e™!
—1; therefore v = —¢',s0v = M, orv = —ﬁ. Therefore, lim; 00 V(1) =
+ 64 1+ ¢! 1+4+et

—64.
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k /
4.3.12. (a) mv’ = —mg — kv? = —mg(1 + y?v?), where y = ,/ —. Therefore,(A) S —g.
mg 1 + y2v?
d 1 d 1 1
With the substitution u = pv, / _@v / - tan ' u = —tan~!(yv). There-
1 + y2v? yJ 1+u? % %

1
fore, —tan"!(yv) = —gt + c. Now v(0) = v9 = ¢ = —tan” (yvg), so —tan" ' (yv) = —gt +
14 4 4

1 . . 1 1 m. k
—tan™ " (yvop). Since v(T) = 0, it follows that T = — tan™ " yvy = ,/— tan Vo — |-
4 124 kg mg

(b) Replacing ¢ by ¢+ — T and setting v9 = 0in the answer to the previous exercise yields v =
\/nTg 1= e 2/5 D
k 1+ e_z‘/%('_n
4.3.14. (a) mv' = —mg + f(|v]); since s = |v| = —v, (A) ms’ = mg — f(s).

(b) Since f is increasing and lim; .o f(s) < mg, mg — f(s) > 0 for all 5. This and (A) imply that s
is an increasing function of #, so either (B) limy_, o s(#) = 00 or (C ) lim; . $(f) = 5 < co. However,
(A) and (C) imply that s'(t) > K = g — f(5)/m for all t > 0. Consequently, s(¢) > so + Kt for all
t > 0, which contradicts (C) because K > 0.

(c) There is a unique positive number st such that f(s7) = mg, and s = st is a constant solution of
(A). Now suppose that s(0) < s7. Then Theorem 2.3.1 implies that (D) s(¢) < st forall t > 0, so (A)
implies that s is strictly increasing. This and (D) imply that lim; e 5(¢) =5 < s7. If § < sr then (A)
implies that s'(t) > K = g — f(5)/m. Consequently, s(t) > s(0) + K¢, which contradicts (D) because

K > 0. Therefore, s(0) < st = limy—o0 5(t) = s7. A similar proof with inequlities reversed shows
that s(0) > s7 = limy 00 S(¢) = sT.

4.3.16. (a) (A) mv' = —mg + k\/m; since the magnitude of the resistance is 64 1b when v = 16 ft/s,
4k = 64,50 k = 16 1b-s'/2/ft'/2. Since m = 2 and g = 32, (A) becomes 2v" = —64 + 16,/|v], or
v = —32+8/]vl.

(b) From Exercise 4.3.14(c), v is the negative number such that —32 4 8 \/W = 0; thus, v = —16
ft/s.

4.3.18. With h = 0, v, = +/2gR, where R is the radius of the moon and g is the acceleration due to

5.31 /2-5.31-1080
gravity at the moon’s surface. With length in miles, g = 3280 mi/s2, s0 v = 530 ~ 1.47

miles/s.

RZ
4.3.20. Suppose that there is a number y,, such that y(t) < y,, forallz > 0 and let @ = 872
2 (ym + R)
d
Then W;} < —a for all # > 0. Integrating this inequality from# = Otot = 7 > Oyields v(T) — vy <

—aT,orv(T) <vg—aT,sov(T) <0forT > U—O. This implies that the vehicle must eventually fall
o

back to Earth, which contradicts the assumption that it continues to climb forever.
4.4 AUTONOMOUS SECOND ORDER EQUATIONS

d
4.4.1. y = 0 1is a stable equilibrium. The phase plane equivalent is v d_v + y3 = 0, so the trajectories are
y

4
2+l =
4
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d
4.4.2. y = 01is an unstable equilibrium. The phase plane equivalent is v d_v + y2 = 0, so the trajectories
y
2 3
are v2 + % =cC.

d
4.4.4. y = Ois a stable equilibrium. The phase plane equivalent is vd—v + ye™” =0, so the trajectories
y
arevZ—eV(y +1)=c.
4.4.6. p(y) = y3>—4y = (y +2)y(y — 2), so the equilibria are —2, 0, 2. Since

Yy -2)(y+2) <0 ify<—-2o0r0<y<2,
>0 if —2<y<Oory>2,

d
0 is unstable and —2, 2 are stable. The phase plane equivalent is v d_v + y3 —4y =0, so the trajectories
y

are 2v% + y* — 8y = ¢. Setting (y,v) = (0,0) yields ¢ = 0, so the equation of the separatrix is
202 — y* +8y2 = 0.

448. p(y) =y —2)(y — 1)(y + 2), so the equilibria are —2, 0, 1, 2. Since

yo-2)-1H(y+2) >0 ify<—-2o00<y<lory>2,
<0 if -2<y<Qorl<y<?2,

d
0, 2 are stable and —2, 1 are unstable. The phase plane equivalentis v d_v +y(y—-2)(y—-1)(y+2) =0,s0
y

the trajectories are 30v2+y2(12y3—15y2—80y+120) = c. Setting (y, v) = (=2,0) and (y,v) = (1,0)
yields ¢ = 496 and ¢ = 37 respectively, so the equations of the separatrices are 30v2 + y2(12y3 —15y2 —
80y + 120) = 496 and 30v2 + y2(12y3 — 15y2 — 80y + 120) = 37.

4.4.10. p(y) = y3> —ay. Ifa < 0, then p(0) = 0, p(y) > 0if y > 0,and p(y) <0if y < 0,s00is
stable. If @ > 0, then

y3—ay =y(y —va)(y ++a) > 0if —Ja<y<0ory> a,
< 0ify<—aor0<y< a,

so0 —/a and /a are stable and 0 is unstable. We say that a = 0 is a critical value because it separates
the two cases.

4.4.12. p(y) =y —ay3. Ifa < 0, then p(0) = 0, p(y) > 0if y > 0,and p(y) <0if y < 0,s00is
stable. If @ > 0, then

y—ay? =—ay(y —1/Ja)(y + 1//a) > 0ify <—1/Ja<y <0or0<y<1/a
< 0if —1//a<y<0Oory>1/a,

so0 —/a and /a are unstable and 0 is stable. We say that a = 0 is a critical value because it separates
the two cases.

4.4.24. (a) Since v/ = —p(y) > k and v(0) = 0, v > kt and therefore y > yo + kt?/2for0 <t < T.

(b) Let 0 < € < p. Suppose that y is the solution of the initial value problem (A) y” + p(y) =
0, y(©0) =yo, »'(0) =0 wherey < yo <y+e. NowletY = y—yand P(Y) = p(Y +
y). Then P(0) = Oand P(Y) < 0if 0 < Y < p. Morover, Y is the solution of Y” + p(Y) =
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0, Y(0)=Yy, Y”(0)=0,whereYy= yo—7V,s00 < Yy <e.From(a), Y(t) > ¢ for some ¢ > 0.
Therefore,y(t) > J + ¢ for some ¢t > 0, so ¥ is an unstable equilibrium of y” 4+ p(y) = 0.

4.5 APPLICATIONS TO CURVES

xy
4.5.2. Differentiating (A) e*” = cy yields (B) (xy’ + y)e*” = c¢y’. From (A), ¢ = e—. Substituting
y

/ 2

this into (B) and cancelling ¢*” yields xy’ + y = y—, soy = .
y (xy—=1
4.5.4. Solvi _ .1/2 . ) -1/2 . .. . _ y oy x~3/2
54 Solving y = x/“+cx for ¢ yields ¢ = ——x""/7, and differentiating yields 0 = ———+ 7
12 X X X
orxy —y=——.
y =y )

4.5.6. Rewriting y = x> + ¢ as xy = x* + ¢ and differentiating yields xy’ + y = 4x3.
x

. y e* . o Y
4.5.8. Rewritin =e* 4+ (1 + x?) as = + ¢ and differentiating yields
&y ( ) 1+ x2 1+ x2 &y 1

so (1 +x2)y’ —2xy = (1 — x)%e~.

2xy  e* 2xe*
A+x2)2  14+x2  (14x2)2

4.510. If (A) y = f + cg, then (B) y/ = f’ + cg’. Mutiplying (A) by g’ and (B) by g yields (C)
veg = fg'+cgg’ and (D) y'g = f'g+cg’g, and subtracting (C) from (D) yields y'g—vg’ = f'g— fg'.

4.5.12. Let (xo, yo) be the center and r be the radius of a circle in the family. Since (—1, 0) and (1, 0) are
on the circle, (xo + 1)® + y(z) = (xo— 1)+ y(z), which implies that xo = 0. Therefore,the equation of
the circle is (A) x2 + (y — yo)* = r2. Since (1,0) is on the circle, 7> = 1 + y2. Substituting this into
2 2
-1
(A) shows that the equation of the circle is x2 + y2 —2yyo = 1,50 2yp = L Differentiating
y
y2x +2yy) =y (x2+y2=1) =0,50 y'(y%> —x% + 1) + 2xy = 0.

4.5.14. From Example 4.5.6 the equation of the line tangent to the parabola at (xo, x(z)) is(A)y =
—x2 + 2x0x.

(a) From (A), (x, y) = (5,9) is on the tangent line through (xo, x3) if and only if 9 = —x2 + 10xo,
or x2 — 10x9 + 9 = (xo — 1)(xo — 9) = 0. Letting xo = 1 in (A) yields the line y = —1 + 2x, tangent
to the parabola at (xo, x3) = (1, 1). Letting xo = 9 in (A) yields the line y = —81 + 18, tangent to the
parabola at (xo, x2) = (9, 81).

(b) From (A), (x, y) = (6, 11) is on the tangent line through (xo, xg) ifandonlyif 11 = —x% + 12xo,
or x2—12x9+ 11 = (xo — 1)(xo — 11) = 0. Letting xo = 1 in (A) yields the line y = —1 + 2x, tangent
to the parabola at (xg, x3) = (1, 1). Letting xo = 11 in (A) yields the line y = —121 + 22x, tangent to
the parabola at (xp, x2) = (11, 21).

(¢) From (A), (x, y) = (=6, 20) is on the tangent line through (xg, x2) if and only if 20 = —x2 —12x,,
or x2 + 12x9 + 20 = (xp + 2)(xo + 10) = 0. Letting xo = —2 in (A) yields the line y = —4 — 4x,
tangent to the parabola at (xo, x2) = (—2,4). Letting xo = —10in (A) yields the line y = —100 — 20x,
tangent to the parabola at (xg, x2) = (—10, 100).

(d) From (A), (x,y) = (=3,5) is on the tangent line through (x¢, x3) if and only if 5 = —x2 — 6xo,
or x3 4+ 6x9 +5 = (xo + 1)(xo + 5) = 0. Letting xo = —1 in (A) yields the line y = —1 — 2x, tangent
to the parabola at (xo, xg) = (—1,1). Letting xo = —5 in (A) yields the line y = —25 — 10x, tangent to
the parabola at (xo, x2) = (=5, 25).
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4.5.15. (a) If (xo, yo) is any point on the circle such that xo # =1 (and therefore yo # 0), then

differentiating (A) yields 2x¢ + 2yoy, = 0, s0 y; = _x_o. Therefore,the equation of the tangent line is

Yo
Yy =yo— @(x — Xo). Since x2 + y2 = 1, this is equivalent to (B).
Yo

1 1
(b) Since y' = _o on the tangent line, we can rewrite (B) as y —xy’ = —. Hence (F) 0 =
Yo " ) Yo (v —xy")
- -1
y2and (G) x2 = 1—y2 = % Since (/)2 = ~0, (F) and (G) imply that (y')? =
(y—xy) N

(y — xy")? — 1, which implies (C).
(c) Using the quadratic formula to solve (C) for y’ yields

,xyEx24+y2—1
x2—1

(H)

1 1 2
if (x, y) is on a tangent line with slope y'. If y = allhd ,then x2 +y2—1 = x2 + ( xox) —1=

) Yo Yo
(x — o (since x(z) + y(z) = 1). Since y’ = —x—o, this implies that (H) is equivalent to T
y Yo Yo
1 1— - -
5 [x( XoX) + *— Yo :|, which holds if and only if we choose the “+" so that £+ ‘ A1)
x%—1 Yo Yo Yo
_(x — Yo . Therefore,we must choose + = — if X0 > 0, so (H) reduces to (D), or £ = + if
Yo Yo
all < 0, so (H) reduces to (E).
Yo
(d) Differentiating (A) yields 2x + 2yy’ = 0, s0 y = 2 on either semicircle. Since (D) and (E)
y
both reduce to y’ = lx—yz S (since x2 + y2 = 1) on both semicircles, the conclusion follows.
, , 25+ /49
(e) From (D) and (E) the slopes of tangent lines from (5,5) tangent to the circle are y’ = o1 =
4 . 3 1+ 3x/5 4 1—4x/5
—, —. Therefore, t tl =5+-x-5=———ady=5+-(x—5=———,
13 erefore, tangent lines are y + 4(x ) 15 and y + 3(x ) =35

which intersect the circle at (—3/5,4/5) (4/5,—3/5), respectively. (See (B)).

4.5.16. (a) If (xo, yo) is any point on the parabola such that xo > O (and therefore yo # 0), then

1
differentiating (A) yields 1 = 2yoyg, 80 yy = I Therefore,the equation of the tangent line is y =

Yo
1
Yo + 2—(x — Xp). Since xp = y(z), this is equivalent to (B).
Yo
1
(b) Since y’ = —— on the tangent line, we can rewrite (B) as % = y—xy’. Substituting this into (B)
Yo
yields y = (y — xy’) + —————~, which implies (C).
4(y —xy")

(c) Using the quadratic formula to solve (C) for y’ yields

/:yivyz_x (F)
2x

\2
(YO——) so (F)
Yo

y

if (x, y) is on a tangent line with slope y’. If y = % + ZL’ then y2 — x =
Yo

=
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X X
Yo+ — £ |(yo— —
is equivalent to = o A Y01 Wwhich holds if and only if we choose the “£" so that
Yo X
X by
+iyo——| = —(yo — —) Therefore,we must choose + = + if x > y(z) = Xo, so (F) reduces to (D),
Yo Yo
or+ =—ifx < y(z) = X, 80 (F) reduces to (E).

1
(d) Differentiating (A) yields 1 = 2yy’, so y’ = 7 on either half of the parabola. Since (D) and (E)
y
both reduce to this if x = y2, the conclusion follows.

4.5.18. The equation of the line tangent to the curve at (xg, y(xo)) is y = y(x0) + ¥’ (x0)(x — xo)-
- ¥’ (x0)xo . o . 2y y 2
Since y(x0/2) = 0, y(x0) — — = 0. Since xy is arbitrary, it follows that y/ = —, s0o — = —,

x y x
In|y| = 2In|x| + k, and y = cx?. Since (1, 2) is on the curve, ¢ = 2. Therefore,y = 2x2.

4.5.20. The equation of the line tangent to the curve at (xg, y(xo)) is y = y(x0) + »'(x0)(x — x0).
Since (x1, y1) is on the line, y(xo) + ¥'(xo)(x1 — Xo) = y1. Since x¢ is arbitrary, it follows that
/

1
¥+ y'(x1 —x) = y1, so Y - ,nly—yi|=In|x —x1| +k,and y — y1 = c(x — x1).
y—>n X — X1

4.5.22. The equation of the line tangent to the curve at (xg, y(xg)) is y = y(x0) + ¥'(x0)(x — x0). Since

¥(0) = x9, x0 = y(x0)—Y'(x0)X0. Since xg is arbitrary, it follows that x = y—xy’,s0(A) y'—= = —1.
x
1
The solutions of (A) are of the form y = ux, where u’x = —1, sou’ = ——. Therefore,u = —In|x|+ ¢
x
and y = —xIn|x| + cx.
4.5.24. The equation of the line normal to the curve at (xo, yo) is y = y(xo) — —; ( ) . Since y(0) =
y2  x? ¢
2y(xo), y(x0) + —— /( 5 = 2y(xp). Since xg is arbitrary, it follows that y"y = x, so (A) T =7 + 3
and y2 = x2 + ¢. Now y(2) = 1 <> ¢ = —3. Therefore,y = +~/x2 — 3.
. o . o , , ) X +2y
4.5.26. Differentiating the given equation yields 2x + 4y 4 4xy’ + 2yy’ = 0, s0 )’ = BT
Xy

is a differential equation for the given family, and (A) y’ ty

is a differential equation for the

24+ u , 2u?—1)

th I trajectories. Substituti = in (A) yields u’ = , =—-""—  “and
orthogonal trajectories. Substituting y = ux in (A) yields u'x 4+ u Yy sou'x 5 20 an

L+ __2 34U =22 Therefore, 3In ju—1|+Inju+1] = —41n |x|+
— U = ——,0r u = ——. ererore, nu— n\u = —41n
w—Du+1) Pl PP R X o

K,sou—1)3u+1) = —7- Substitutingu = X yields the orthogonal trajectories (y —x)3(y +x) =

1
4.5.28. Differentiating yields yexz(l +2x2)+xe y' =0,50y = M is a differential equation
x

for the given family. Therefore,(A) y' = is a differential equation for the orthogonal

x
y(1 4 2x2)
2 k
trajectories. From (A), yy’' = —1_’_)672)62, SO y? =7 In(1 +2x%) + > and the orthogonal trajectories

1
are given by y? = —3 In(1 + 2x2) + k.
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-1
4.5.30. Differentiating (A) y = 1 + cx? yields (B) y' = 2¢x. From (C), ¢ = Y >
x

2(y =1
X

. Substituting this

into (B) yields the differential equation y’ = for the given family of parabolas. Therefore,y’ =

—ﬁ is a differential equation for the orthogonal trajectories. Separating variables yields 2(y —
y —_—
2

2 9 9
1)y = —x,s0(y—1)2 = —% +k.Now y(—1) =3« k = 5750 y—-1?%= —%+§. Therefore,(D)

[9 _ x2
y =1+ 2x . This curve interesects the parabola (A) if and only if the equation (C) cx? =
9—x2

has a solution x2 in (0, 9). Therefore,c > 0 is a necessaary condition for intersection. We will

show that it is also sufficient. Squaring both sides of (C) and simplifying yields 2¢?x*+x2—9 = 0. Using

=14 /14 72¢?
4c?

and only if —14+/1 + 72¢2 < 36¢*, which is equivalent to 1 +72¢2? < (1+36¢2%)? = 14+72¢2+1296¢*,

which holds for all ¢ > 0.

the quadratic formula to solve this for x? yields x? = . The condition x? < 9 holds if

4.5.32. The angles 6 and 6, from the x-axis to the tangents to C and C; satisfy tan 6 = f(xo, yo) and
can 0 f(x0, yo) + tanw tan 6 + tan o
antp = —

"~ 1— f(xo,yo)tana 1 —tanf tana
[0,27),0; = 60 + «.

= tan(f + «). Therefore, assuming 6 and 6; are both in

4.5.34. Circles centered at the origin are given by x? 4+ y2 = r2. Differentiating yields 2x + 2yy’ = 0,
—(x/y) + tan

I+ (x/y)tana
—l/u+tanae -1+ utanc

1+ (/u)tane  u +tana

soy = X is a differential equation for the given family, and y’ = is a differential

equation for the desired family. Substituting y = ux yieldsu’x +u =

1+u? u+tana
u+tane’ 14 u?

1 1
u' = —— and Eln(l +u?) +tanatan 'y = —In|x| + k.
x

Therefore,u’x = —

1
Substituting u = Y yields 3 In(x? 4 y?) + (tana) tan™! Y.
X

=






CHAPTER 5
Linear Second Order Equations

5.1 HOMOGENEOUS LINEAR EQUATIONS

5.1.2. (a) If y; = e* cosx, then y] = e*(cosx —sinx) and y] = e*(cosx —sinx — sinx — cosx) =
—2e¥sinx, so y{ —2y| 4+ 2y; = e*(—2sinx —2cosx + 2sinx 4+ 2cosx) = 0. If y, = e”* sinx, then
¥, = e*(sinx + cos x) and y) = e*(sinx + cosx + cosx —sinx) = 2e* cosx, s0 y5 — 2y, + 2y, =
e*(2cosx —2sinx —2cosx + 2sinx) = 0.

(b) If (B) y = e*(c1 cos x + c; sinx), then

y' = e* (c1(cos x — sinx) + ¢»(sin x + cos x)) ©)
and
y" = c1e®(cosx —sinx — sin x — cos x)
+cre(sinx + cosx + cosx — sin x)
= 2e*(—cysinx + ¢ cos x),
o)

y' =2y +2y = c1e*(=2sinx —2cosx + 2sinx + 2cos x)
+cpe*(2cosx —2sinx —2cosx + 2sinx) = 0.
(¢) We must choose ¢1 and ¢; in (B) so that y(0) = 3 and y’(0) = —2. Setting x = 0 in (B) and (C)
shows that c; = 3 and ¢ + c2 = —2, so ¢, = —5. Therefore, y = e*(3 cos x — 5sinx).
(d) We must choose ¢ and ¢, in (B) so that y(0) = ko and y’(0) = k;. Setting x = 0 in (B) and (C)
shows that ¢; = k¢ and ¢; + ¢2 = k1, so ¢c; = k1 — kg. Therefore, y = e* (kg cos x + (k1 — ko) sin x).
2
————.,50
(x—1)3
2(x2-1) 4x N 2
x-13 (x-=-12% x-1

"
> and yj =

1 1
5.14. Ify,=——th A —
(@) If y1 7 then vy oD

(2= Dyf +4xy; +2y1 =

2+ 1) —4x+2(x—1)

0.
(x —1)?
Similar manipulations show that (x? — 1) vy + 4xy) + 2y, = 0. The general solution on each of the
intervals (—oo, —1), (—1, 1), and (1,00) is (B) y = a + e .
x—1 x+1

51
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C1 (&)
x—=12 (x+ D%
that y(0) = —5 and y’(0) = 1. Setting x = 0 in (B) and (C) shows that —c; + ¢ = =5, —c1 —cz = 1.

(b) Differentiating (B) yields (C) y' = — We must choose ¢; and ¢; in (B) so

Therefore,c; =2and ¢, = —3,s0 y = — on (—1,1).
x—1 x+1
(d) The Wronskian of {y1, y2} is
1 1
_ x—1 x+1 | _ 2
Wi(x) = 1 1 - (x2—1)2 (D)

_(x— 1)2 _(x + 1)2

4 x X 4
so W(0) = 2. Since p(x) = 2—x1, SO/ p@)dt = / P dt = In(x? — 1), Abel’s formula
xs = 0 0 -

implies that W(x) = W(O)e_ln(xz_l)2 = consistent with (D).

5.1.6. From Abel’s formula, W(x) = W(rx)e 3/ (>+Ddt — (. o=3/z@+Ddi —

1 o * dt
5.18. p(x) = —; therefore/ pt)dt = / - = In x, so Abel’s formula yields W(x) = W(l)e~"* =
X 1 1

X
K —P(x) K 2x
51.10. p(x) = =2; P(x) = —2x; y, = uy; = ue; ' = ez( ) = ix = Ke %%,
yi(x e
K
u= —Te_“. Choose K = —4; then y, = eTH4xe3r = o7X,
K —P(x) K 2ax
5.1.12. p(x) = —2a; P(x) = —2ax; y», = uy; = ue**; v = ¢ = ¢ =K; u = Kx.

Y e2ax
Choose K = 1; then y, = xe?*.

1 Ke P®  Kx K
51.14. p(x) = —;; P(x) = —Inx; y» = uy; = ux; u = T == u= Klnx.
yi(x) x X
Choose K = 1; then y, = xInx.
1 Ke P& K
5.1.16. p(x) = ——; P(x) = —In|x|; y» = uy; = ux'/2e?*; v’ = 6‘2 = f = e %,
\ X yi(x) xe*x
K —4x
w=—-Y"" Choose K = —4; then y, = e *¥(x1/2e2%) = x1/2¢72x,
2 Ke P Kx?
51.18. p(x) = —;; P(x) = —2In|x|; y2 = uy; = uxcosx; u = > =5 5= =
yi(x) x2cos? x

Kseczx; u = Ktanx. Choose K = 1; then y, = tanx(x cos x) = x sinx.

3x +2

51.20. p(x) = — = —1-— ; P(x) = —x —In]3x — 1|} y2 = uy; = ue?*;
o 3x—1 3x —1
Ke ¥ K(3x —1)e*
"= 6‘2 = (x4 e = KGBx — 1)e™*; u = —Kxe™3*. Choose K = —1; then
yi(x) e

V2 = xe 3¥e?* = xe™*.
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202x2 - 1) 2 2
5.1.22. = - = -2 — — P = —2x —1In|2 1 21 ; =
pe) = Lo o7 o3 P = —2x—Inf2x 4 1]+ 2Inlx]: ys
Ke™P®  K(x + 1)e**
uy; = z; u = 6‘2 = ( x+2 e x2 = KQ2x + 1)e?*; u = Kxe?*. Choose K = 1; then
x2 yi(x) X
X
Yy = xe™ _ 2%
X

5.1.24. Suppose that y = 0 on (a,b). Then y’ = 0 and y” = 0 on (a, b), so y is a solution of (A)
Y+ px)y +qx)y =0, y(x0) =0, y'(x0) = 0on (a,b). Since Theorem 5.1.1 implies that (A) has
only one solution on (a, b), the conclusion follows.

5.1.26. If {z1, z»} is a fundamental set of solutions of (A) on (a, b), then every solution y of (A) on (a, b)
is a linear combination of {z1, z»}; that is, y = c121 + ¢222 = ci1(@y1 + By2) + ca(yy1 + 6y2) =
(c1 + cay)y1 + (c1B + c28)y2, which shows that every solution of (A) on (a, b) can be written as a
linear combination of {y1, y2}. Therefore,{y1, y»} is a fundamental set of solutions of (A) on (a, b).

5.1.28. The Wronskian of {y;, y,} is

Y1 kyi
1 ki

yi 2
i

W = =k(y1y] —yiy1) =0.

nor y, can be a solution of y” + p(x)y’ + q(x)y = O on (a, b).

5.1.30. W(xg) = (yl(xo)y’z(xo)—y’l(xo)yz(xo)) = 0 if either y1(xo) = y2(x0) = 0 or y|(x0) =
¥5(x0) = 0, and Theorem 5.1.6 implies that {y1, y,} is linearly dependent on (a, b).

5.1.32. Let x¢ be an arbitrary point in (a, b). By the motivating argument preceding Theorem 5.1.4, (B)
W(xo) = y1(x0)y5(x0) — ¥1(x0)y2(x0) # 0. Now let y be the solution of y” + p(x)y" + q(x)y =
0, y(xo) = y1(x0), ¥'(x0) = yi(xo). By assumption, y is a linear combination of {y1, y»} on (a, b);
thatis, y = ¢1y1 + ¢c2y2, where

c1y1(x0) +c2y2(x0) = y1(xo)
c1y1(xo) + c2y5(x0) =y (xo0).

Solving this system by Cramers’ rule yields

1 y1(xo)  y2(xo) 1 y1(xo)  y1(xo)
1= =landc, = =
W(xo) | yj(xo) y3(x0) W(xo) | yj(xo) y1(xo0)
Therefore,y = y;, which shows that y; is a solution of (A). A similar argument shows that y, is a

solution of (A).

5.1.34. Expanding the determinant by cofactors of its first column shows that the first equation in the
exercise can be written as

y [ Y10 ‘ y| Yy 2 N yi Y oy | 0
WAy v Wiy v Wn »n
which is of the form (A) with
1|yt » 1| Y »
p = _W " " and q = W " "
Y1 V2 Y1 2
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5.1.36. Theorem 5.1.6 implies that that there are constants ¢; and ¢, such that (B) y = ¢1y1 + ¢2y2 on
(a, b). To see that ¢; and ¢, are unique, assume that (B) holds, and let x¢ be a point in (@, b). Then (C)
¥ = c1y] + c2¥5. Setting x = x¢ in (B) and (C) yields

c1y1(xo) + c2y2(x0) = y(xo)
c1y1(x0) + c2¥5(x0) = y'(x0).

Since Theorem 5.1.6 implies that y;(xo)y5(x0) — ¥} (x0)y2(xo) # 0, the argument preceding Theo-
rem 5.1.4 implies that ¢; and c; are given uniquely by

_ y5(x0)y(x0) — y2(x0)y’ (o) y1(x0)y"(x0) — ¥ (x0)y(x0)

b y1(x0)y5(x0) — ¥} (x0)y2(xo) 2= y1(x0)y5(x0) — ¥ (x0)y2(x0) -

5.1.38. The general solution of y” = 0is y = ¢1 + c2x, so ' = ¢». Imposing the stated initial
conditions on y; = ¢1 + ¢2x yields ¢; + ¢2x9 = 1 and ¢, = 0; therefore c; = 1, so y; = 1. Imposing
the stated initial conditions on y, = ¢ + c2x yields ¢1 + ¢2x9 = 0 and ¢, = 1; therefore ¢; = —xo, so
¥2 = X — xo. The solution of the general initial value problem is y = ko + k1(x — Xo).

5.1.40. Let y; = a1 cos wx + ap sinwx and y, = by coswx + by sinwx. Then

aicoswxg + a sinwxg =

w(—ay sinwxg + azcoswxg) = 0
and
bicoswxg + bysinwxy = 0
w(—by sinwxg + by coswxg) = 1.
. . . sin wxo COS WXy
Solving these systems yields a; = coswxg, dz = sinwxg, by = ———, and b, = .
w w

Therefore, y; = coswxgcoswx + sinwxg sinwx = cosw(x — xg) and y, = —(—sinwxgcos wx +

@

1
cos wXp sinwx) = — sinw(x—xyp). The solution of the general initial value problemis y = ko cos w(x—
1)
k
Xo) + 2L gin w(x — xp).
1)

5.1.42. (a) If y; = x2, then y} = 2x and y| = 2, s0 x2y} —4xy} + 6y = x?(2) —4x(2x) + 6x2 =0
for x in (—o0o0,00). If y» = x3, then y, = 3x2 and y} = 6x, so x2y} — 4xy, + 6y, = x?(6x) —
4x(3x2) + 6x3 = 0 for x in (—o0,00). If x # 0, then y,(x)/y1(x) = x, which is nonconstant on
(—00,0) and (0, 00), so Theorem 5.1.6 implies that {y;, y»} is a fundamental set of solutions of (A) on
each of these intervals.

(b) Theorem 5.1.6 and (a) imply that y satisfies (A) on (—oo,0) and on (0, co) if and only if y =

ar1x® +ax3, x>0,

bi1x2 4+ byx3, x<O.
(—00, 00) by showing that y’(0) and y”(0) both exist if and only if a; = by. Since

Since y(0) = 0 we can complete the proof that y is a solution of (A) on

Yx) =) | aix +axx? ifx >0,
x—0 o b1x+b2x2, if x <0,
. ron e Yx)—y(©0) ;| 2a1x +3axx?, x>0, .
it follows that y'(0) = )11_[)% ——0 - 0. Therefore, y' = 2bix + 3bax?. x <O. Since
y'(x)=y'©0) | 2a; +3ax, ifx>0, y'(x) = y'(0)

it follows that y”(0) = lin(l) exists if and
x—

x—0 T | 2b1 +3byx, ifx <O, X —
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only if a; = b;. By renaming a; = by = c1, ax = ¢3, and b, = ¢3 we see that y is a solution of (A) on
c1x% 4+ c3x3, x>0,
c1x2 +c3x3, x<0O.

(c) We have shown that y(0) = y’(0) = 0 for any choice of ¢; and ¢, in (C). Therefore,the given
initial value problem has a solution if and only if kg = k1 = 0, in which case every function of the form
(C) is a solution.

(d) If xo > 0, then ¢; and ¢, in (C) are uniquely determined by k¢ and ki, but ¢3 can be chosen
arbitrarily. Therefore,(B) has a unique solution on (0, co), but infinitely many solutions on (—oo, c0). If
Xxo < 0, then ¢ and ¢3 in (C) are uniquely determined by k¢ and k, but ¢, can be chosen arbitrarily.
Therefore,(B) has a unique solution on (—o0, 0), but infinitely many solutions on (—o0, 00).

(—o0,00) ifand only if y =

5.1.44. (a) If y; = x3, then y} = 3x2 and y} = 6x, so x2y} — 6xy| + 12y; = x2(6x) — 6x(3x?) +
12x3 = 0 for x in (—00, 00). If y, = x*, then y, = 4x3 and yJ = 12x2, so x2y) — 6xy, + 12y, =
x2(12x2) — 6x(4x3) + 12x* = 0 for x in (—00,00). If x # 0, then y,(x)/y1(x) = x, which is
nonconstant on (—oo,0) and (0, c0), so Theorem 5.1.6 implies that {y;, y»} is a fundamental set of
solutions of (A) on each of these intervals.

(b) Theorem 5.1.2 and (a) imply that y satisfies (A) on (—o0,0) and on (0, co) if and only if (C)

_ a1x3 + axx*, x>0,
Y= { bix3 + byx*, x <O.
(A) on (—00, 00) by showing that y'(0) and y”(0) both exist for any choice of aj, as, by, and b,.

Since y(0) = 0 we can complete the proof that y is a solution of

() =y0) | a;x?+axx?, ifx>0, . ron e Y(x) = y(0)
Since 10 ) bux?+boxd ifx <0, it follows that y"(0) = )11_[)% S = 0.
Therefore. v/ — 3a1x% + dax3, x>0, Since Y'(x)=y'(0) | 3aix +4ax?, ifx >0,

YT 3byx? + 4byx3, x <. x—0 | 3bix+4byx?  ifx <0,

/ /
- (0
M = 0. Therefore,(B) is a solution of (A) on (—o0, 00).

it follows that y”(0) = lir%
x—

(c) We have shown that y(0) = y’(0) = 0 for any choice of ay, as, by, and by in (B). Therefore,the
given initial value problem has a solution if and only if kg = k; = 0, in which case every function of the
form (B) is a solution.

(d) If xo > 0, then a; and a5 in (B) are uniquely determined by k¢ and k1, but 5 and b, can be chosen
arbitrarily. Therefore,(C) has a unique solution on (0, co), but infinitely many solutions on (—oo, 00).
If xo < 0, then by and b, in (B) are uniquely determined by ko and k1, but a¢; and a; can be chosen
arbitrarily. Therefore,(C) has a unique solution on (—oo, 0), but infinitely many solutions on (—oo, 00).

5.2 CONSTANT COEFFICIENT HOMOGENEOUS EQUATIONS
522.p(r)=r2—4r+5=(r—-2)2+1; y = e*(cycosx + ¢ sinx).

524. p(ry=r2—4r+4=(r —2)% y = e*(cy + c2x).

526. p(r)=r2+6r+10=(r +3)>+1; y = e 3*(c1 cos x + 3 sin x).

528. p(ry=r’4+r=r(r+1); y=cy+cre ™.

52.10. p(r) =r2+6r +13y = (r +3)2 +4; y = e 3%(c1 cos 2x + ¢ sin2x).

5212. p(r) =10r2=3r—1=Q2r —=1D)Gr+ 1) = 10(r — 1/2)(r + 1/5); y = c1e™/° + c,e*/2.

5214. p(r) = 6r2—r—1=Q2r—D@r+1) = 6(r —1/2)(r +1/3); y = cre /3 4 ce*/?;
y = _%le—m + %exfz; Y(0) =10= ¢ +c2 =10, y'(0) = 0 = —%1 + CZ—Z =0:c1=6.c0=4
y = 4e*/? 4 6e™*/3.
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52.16. p(r) = 4r2 —4r =3 = Q2r —=3)Qr + 1) = 4(r —3/2)(r + 1/2); y = cre™*/2 + c,e3*/2;

’ €1 _x/2 3c2 3x/2. 0 13 ’ 23 C1 3¢ 23‘
= —— _ ; = — = = —, O = — = —— — = —
Y ¢ Tt YO = = ate=1070 =2 2" 2 T ;
1 3 e—x/Z 3e3x/2
Cl—g,Cz—Z,y— 3 + 1

5218. p(r) =r?>+Tr+ 12 = +3)r +4); y =cre ™ + 2073, y = —dcie ™ —3cpe73%;
yO0)=—-1=ci+cr=—1,y(0)=0= —4c; —3c2 =0; ¢c; =3,c0 = —4; y =374 —4e73~,

x/6
5.2.20. p(r) =36r2 — 12r + 1 = (6r — 1)> = 36(r — 1/6)%; y = e*/%(c1 + cax); Y = gt
5 5
c2x) 4+ 2% y(0) =3 = ¢, =3, y/(0) = 3 = % +c2 = 3 =0 =2; y=e*%3 4 2x).

5.2.22. (a) From (A), ay”(x) + by’(x) + cy(x) = 0 for all x. Replacing x by x — x¢ yields (C)
ay” (x — xg) + by’ (x — x¢) + cy(x —x0) = 0. If z(x) = y(x — xo), then the chain rule implies that
Z/(x) = y'(x — x0) and z”'(x) = y”(x — xp), so (C) is equivalent to az” + bz’ + cz = 0.

(b) If {y1, y>} is a fundamental set of solutions of (A) then Theorem 5.1.6 implies that y,/y; is
22(x) _ ya(x —xo)
z1(x)  y1(x —xo)
is a fundamental set of solutions of (A).

(¢) Let p(r) = ar? + br + ¢ be the characteristic polynomial of (A). Then:

nonconstant. Therefore, is also nonconstant, so Theorem 5.1.6 implies that {z1, z»}

e If p(r) = 0 has distinct real roots r1 and ry, then the general solution of (A) is

y = Clerl(x—)m) + Czerz(x—)m).

e If p(r) = 0 has a repeated root r1, then the general solution of (A) is

y =10 (e) 4 oa(x — Xo)).

e If p(r) = 0 has complex conjugate roots r1 = A +iw andr, = A — iw (Where w > 0), then the
general solution of (A) is

y = e’l(x_x(’)(cl cos w(x — xg) + ¢z sinw(x — xp)).

5224. p(ry=r*—6r—7=(—-7)(r +1);

y = Cle_(x_2)+C2€7(x_2);
Yy = —c1e” D 4 70,7072,
1 1 1 2
y2) = —3 = 1+ = 3 Y2 = -5= —c1+Tcz = =5 ¢c1 = g,cz = —g; y =
1 2
—(x—2) 7(x—2)
—e — —e .
3 3

5226. p(r) =9r2+6r +1=03r+1)2 =9(r +1/3)%;

y = e~ (=23 (c1+ ca(x —2));

y = _%e—(x—Z)/3 ~(x-2)/3,

(c1 + c2(x — 2)) + cze
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14 c 14
y2)=2=c1=2,)'(2) = 3 = —?1 +c = ey =y =4 y=e DB 2 -4(x -2)).

5.2.28. p(r) =r? +3;
y = Clcosﬁ(x—%)+czsin«/§(x—%);
Y= _‘/gclsm“/g(x—%)+«/§Czcos«/§(x—%);

1
y(#@/3)=2=c1=2,yYx/3)=-1=cr=——;
V3
b4 1 /4
:2003«/§(x——)——sin«/§(x——).
Y 3) 7/ 3
5.2.30. y is a solution of ay” + by’ + cy = 0 if and only if
y = Clerl(x—)m) 4+ er2le—x0)
Y= riere" 0T e’ (x — xo).
roko —k
Now y1(xo) = ko and y|(xo) = k1 = ¢1 + ¢2 = ko, ric1 + raca = ky. Therefore,c; = 2t
r,—r;
k1 —riko . . . .
and c; = — . Substituting ¢; and ¢, into the above equations for y and y’ yields
—r
y = rako — ki e 1(x=x0) | ki — rlkoerz(x—)m)
rp —rip rp —ri
_ ko (rzerl(x—xo) _ rlerz(x—xo)) + ky (erz(x—xo) _ erl(x—xo)) )
rp —ri rp —ri

5.2.32. yisasolutionof ay” + by’ + cy = 0if and only if

y = er(x—x0) (c1cosw(x — xg) + ¢z sinw(x — xg)) (A)
and

y' = AeME0) (¢ cos w(x — xo) + 2 sinw(x — Xg))
+werx—%0) (—cy sinw(x — xg) + ¢z cos w(x — xg)) .
ki — Ak
Now y1(x0) = ko = ¢1 = ko and y|(x9) = k1 = Aci + wea = k1,50 ¢, = MLy Substituting
1)

c1 and c; into (A) yields

ki1 — Ak
y = er(x—x0) [ko cosw(x — xg) + (Q) sinw(x — xo):| .
W

5.2.34. (b)

e1e1% = (cosO; +isinf;)(cos O, + i sin 6,)
= (cos 0 cos B — sin by sinB,) + i(sin O1 cos 6, + cos Oy sin O5)
= cos(f) + 6,) + isin(f) + 6,) = /@1 192)
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(©)
et1tz2  —  plartiBHex+iB2) — ,(e1+a2)+i(B1+82)

= e@+@)i(Bi+h2) (from (F) with o = ay + @z and B = B1 + B2)
= %2/ (Bith2) (property of the real-valued exponential function)
= eYe®eP1e!P2 (from (b))

% oiB1o®2 1B — pa1+iBl e tiBy _ 21,22

=e (A+iw)x Ax Ax

(d) The real and imaginary parts of z; are u1 = e’ coswx and v; = e sinwx, which
are both solutions of ay” + by’ + ¢y = 0, by Theorem 5.2.1(c). Similarly, the real and imaginary parts
of 7o = ePIOX gre 4y = H* cos(—wx) = eM coswx and vy = e** sin(—wx) = —e sin wx, which
are both solutions of ay” + by’ + ¢y = 0, by Theorem 5.2.1,(c).

5.3 NONHOMOGENEOUS LINEAR EQUATIONS

5.3.2. The characteristic polynomial of the complementary equation is p(r) = r2—4r+5 = (r —=2)2+1,
so {e?* cos x, e?* sinx} is a fundamental set of solutions for the complementary equation. Let y, =
A+ Bx;then y —4y), + 5y, = —4B +5(A+ Bx) = 1 + 5x. Therefore,5B = 5, —4B + 54 = 1,50
B =1, A = 1. Therefore,y, = 1 + x is a particular solutionand y =1 4+ x + e?*(cy cos x + ¢ sinx)
is the general solution.

5.3.4. The characteristic polynomial of the complementary equationis p(r) = r>—4r+4 = (r —2)2, so
{e2*, xe?*} is a fundamental set of solutions for the complementary equation. Let y, = 4 + Bx + Cx?;
then yj — 4y, +4y, = 2C —4(B +2Cx) +4(A+ Bx + Cx?) = 2C —4B +4A4)+ (-8C +4B)x +
4Cx? = 2 + 8x — 4x2. Therefore4C = —4, —8C + 4B = 8, 2C —4B + 44 = 2,50 C = —1,
B =0,and A = 1. Therefore,y, = 1 — x? is a particular solution and y = 1 — x2 + ¢2¥(cq + cox) is
the general solution.

5.3.6. The characteristic polynomial of the complementary equation is p(r) = r2 4+ 6r + 10 = (r +
3)2 + 1, so {e73¥ cos x, e 3* sinx} is a fundamental set of solutions for the complementary equation.
Let y, = A + Bx; then y) + 6y, + 10y, = 6B + 10(4 + Bx) = 22 + 20x. Therefore,10B =
20, 6B + 104 = 22,s0 B = 2, A = 1. Therefore,y, = 1 4 2x is a particular solution and (A)
y = 142x 4+ e73%(cy cos x + ¢ sin x) is the general solution. Now y(0) =2 =2 =1+4c¢; = ¢; = 1.
Differentiating (A) yields y' = 2 —3e™3*(c; cos x + ¢ sinx) + e 3¥(—cy sinx + ¢ cos x), so y'(0) =
—2=-2=2-3c1+c2=c=—-1.y=1+2x+ e_3x(cosx — sinx) is the solution of the initial
value problem.

A 2 —1 8 6
538. If y, = = then x2y” + 7xy, + 8y, = A(x2 (F) + 7x (x_z) + (;)) =T =3 if

A = 2. Therefore,y, = — is a particular solution.
x

1
5.3.10.If y, = Ax>, then x2y) — xy), + yp, = A (x2(6x) — x(3x?) + x?) = 44x> =2x3if 4 = 5

3
Therefore,y, = % is a particular solution.
_Dx—5/3 x—2/3
53.12. If y, = Ax'/3, then x2y) + xy), + yp, = A x? —5 | +t*( +x13| =

104
194 v

9 3=10x"3if 4 =0. Therefore,y, = 9x1/3 is a particular solution.
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A 12 -3 3
53.14.If y, = pel then x2y7 + 3xy), — 3y, = A(x2 (F) + 3x (x_4) + F) = 0. Therefore,y,,

is not a solution of the given equation for any choice of A.

5.3.16. The characteristic polynomial of the complementary equationis p(r) = r2+5r—6 = (r +6)(r —
1), so {e7%*, ¥} is a fundamental set of solutions for the complementary equation. Let y, = Ae3*; then
1 3x
Yy + 5y, =6y, = p(3)Ae3* = 184e3* = 6e3~ if A = 3 Therefore,y, = % is a particular solution
3x

and y = eT + c1e7%% 4 cpe” is the general solution.

5.3.18. The characteristic polynomial of the complementary equationis p(r) = r2+8r+7 = (r+1)(r +
7), so {e~7%, e7*} is a fundamental set of solutions for the complementary equation. Let y, = Ae™2*;
then y7 + 8y, + 7y, = p(=2)Ae ™2 = —54¢72* = 10e™2* if A = —2. Therefore,y, = —2¢2* is

a particular solution and (A) y = —2e™2* + cje™ > + cpe ™ is the general solution. Differentiating (A)
yields y' = 4e™2¥ —7c1e™ ¥ — cpe™™. Now y(0) = —2 = —2 = -2+ ¢; + ¢z and y’(0) = 10 =
10 = 4 — 7¢y — ¢5. Therefore,c; = —land c; = 1,50 y = —2e72* — e~ 7* 4 ¢~* is the solution of the

initial value problem.

5.3.20. The characteristic polynomial of the complementary equation is p(r) = r2 +2r + 10 = (r +
1)2 4+ 9, s0 {e™* cos 3x, e ¥ sin 3x} is a fundamental set of solutions for the complementary equation.

45 4
If y, = Ae*/?, then Yy + 2y, + 10y, = p(1/2)Ae*/? = TAex/2 =e2if A = 5 Therefore,

4

4
= —¢¥/2] ticular solutionand y = —e*/2
yp 456‘ 1S a particular solution and y 456‘

+e7*(cy cos 3x + ¢, sin 3x) is the general solution.

5.3.22. The characteristic polynomial of the complementary equation is p(r) = r2 —7r + 12 = (r —
4)(r=3). If y, = Ae**, then y)) =7y, + 12y, = p(4)Ae** = 0-e** = 0,50 y) =Ty, + 12y, # 5¢**
for any choice of A.

5.3.24. The characteristic polynomial of the complementary equation is p(r) = r2—8r + 16 = (r —4)2,
so {e**, xe**} is a fundamental set of solutions for the complementary equation. If y, = Acosx +
B sin x, then y;,—8y),+16y, = —(A cos x + B sin x)—8(—A sin x + B cos x) +16(A cos x + B sin x) =
(15A—8B)cosx + (84 + 15B)sinx,so 154 —8B = 23, 84 + 15B = —7, which implies that A = 1
and B = —1. Hence y, = cos x —sinx and y = cos x — sinx + e**(c; + c2x) is the general solution.

5.3.26. The characteristic polynomial of the complementary equationis p(r) = r?—2r+3 = (r—1)2+2,
50 {e* cos v/2x, e* sin 4/2x} is a fundamental set of solutions for the complementary equation. If y p =
Acos3x + Bsin3x, then y) — 2y}, + 3y, = —9(Acos3x + Bsin3x) — 6(—Asin3x + B cos3x) +
3(Acos3x + Bsin3x) = —(6A+ 6B)cos3x + (64— 6B)sin3x,s0 —64A— 6B = —6, 64— 6B =6,
which implies that A = 1 and B = 0. Hence y, = cos3x is a particular solution and y = cos3x +
e*(c1 cos v/2x + ¢; sin +/2x) is the general solution.

5.3.28. The characteristic polynomial of the complementary equation is p(r) = r2 + 7r + 12 = (r +
3)(r + 4), so {e=**,e73*} is a fundamental set of solutions for the complementary equation. If y, =
Acos2x + Bsin2x, then y7 +7y’, + 12y, = —4(A cos 2x + Bsin 2x) + 14(—Asin 2x + B cos 2x) +
12(Acosx+ Bsinx) = (84+14B)cos2x + (8 B—14a) sin2x,s0 8A+14B = -2, —14A+8B = 36,
which implies that A = —2 and B = 1. Hence y, = —2cos2x + sin2x is a particular solution and
(A) y = —2c0s2x + sin2x + cie™** 4 cpe73* is the general solution. Differentiating (A) yields
y' = 2sin2x 4+ 2cos 2x — 4cje™** — 3cpe™3% . Now y(0) = —3 = —3 = —2 4 ¢; + ¢p and y/'(0) =
3 = 3 =2—4c; —3cy. Therefore, c; = 2and ¢y = —3,50 y = —2c0s2x + sin2x 4 2¢ 4% — 3¢73%
is the solution of the initial value problem.
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5.3.30. {coswpx,sinwox} is a fundamental set of solutions of the complementary equation. If y, =

Acos wx + Bsinox, then y) + w}y, = —0*(Acoswx + Bsinwx) + wj(Acos wx + Bsinwx) =
M N

(a)(z) — w?)(Acoswx + Bsinwx) = M coswx + Nsinwx if A = ——— and B = —/———.

w§ — w? w§ — w?
Therefore,

1
Yp = ﬁ(M coswx + N sinwx)
wf —w

is a particular solution of the given equation and

1

y = ﬁ(M coswx + N sinwx) + ¢1 coswoXx + ¢ Sinwpx
wi —w
is the general solution.
53.32. If y, = Acoswx + Bsinwx, then ay)) + by, + cy, = —aw*(Acoswx + Bsinwx) +

bw(—Asinwx+ B cos wx)+c(A cos wx+ B sinwx) = [(c —aw?)A + boB]cos wx+[—bwA + (c — aw?)B]sinwx.
Therefore, y, is a solution of (A) if and only if the set of equations (B) (¢ — aw®)A + bwB =

M, —bwA + (c — aw?)B = N has a solution. If (¢ — aw?)? + (bw)?> # 0, then (B) has the so-

lution A (c —aw*)M — boN (c —aw*)N + boM q A B .

ution A = Cc—ar P T bR T C—awrE + bo)l and y, = Acoswx + Bsinwx is a

solution of (A). If (¢ — aw?)? + (ba))2 = 0 (which is true if and only if the left side of (A) is of the form

a(y” + w? ¥), then the coefficients of A and B in (B) are all zero, so (B) does not have a solution, so (A)

does not have a solution of the form y, = A coswx + B sinwx.

5.3.34. From Exercises 5.3.2 and 5.3.17, yp, = 1 + x and y,, = e>* are particular solutions of
V" —4y"4+5y = 1+5x and y” —4y’ + 5y = e?* respectively, and {e?* cos x, €2~ sin x} is a fundamental
set of solutions of the complementary equation. Therefore,y, = yp, + ¥p, = 1 +x + ¢2¥ is a particular
solution of the given equation, and y = 1 + x + e¢2*(1 4 ¢1 cos x + ¢ sin x) is the general solution.

5.3.36. From Exercises 5.3.4 and 5.3.19, y,, = 1 —x? and y,, = e* are particular solutions of
V" —4y" +4y =24 8x —4x? and y” — 4y’ + 4y = e* respectively, and {e2*, xe*} is a fundamental
set of solutions of the complementary equation. Therefore,y, = yp, + ¥p, = 1 —x? + e~ is a particular
solution of the given equation, and y = 1 — x2 + e* + e¢?¥(c1 + c2x) is the general solution.

5.3.38. From Exercises 5.3.6 and 5.3.21, y,, = 1 + 2x and y,, = e >* are particular solutions of
y" 4+ 6y" 4+ 10y = 22 4 20x and y” + 6y’ + 10y = e 3~ respectively, and {e~3* cos x, e~ 3¥ sin x} is a
fundamental set of solutions of the complementary equation. Therefore,y, = yp, +Vp, = [ +2x+e 3%
is a particular solution of the given equation, and y = 1 4+ 2x + e ™3¥*(1 + ¢1cos x + ¢ sinx) is the
general solution.

5.3.40. Letting ¢1 = ¢z = 0 shows that (A) y) + p(x)y), + q(x)yp = f. Lettingc; = land ¢ = 0
shows that (B) (y1 + ¥,)" + p(x)(y1 + yp) + ¢(x)(y1 + yp) = f. Now subtract (A) from (B) to see
that y{ + p(x)y; + ¢(x)y1 = 0. Letting ¢; = 0 and ¢ = 1 shows that (C) (y2 + yp)” + p(x)(y2 +
yp) +q(x)(y2 + yp) = f. Now subtract (A) from (C) to see that y5 + p(x)y5 + q(x)y> = 0.

5.4 THE METHOD OF UNDETERMINED COEFFICIENTS I

54.2.1fy = ue 3% then y" —6y’ +5y = e3* [(u” — 6u’ + 9u) — 6(u’ — 3u) + 5u] = e~3*(35—8x),
sou”—12u’'+32u = 35—8x andu, = A+ Bx, where —12B+32(A+ Bx) = 35—8x. Therefore,32B =

I
8,324 128 =3550 B=—7. A= Landu, = | - %. Therefore, y, = e (1 - %)
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544.1f y = ue?, then y” +2y" +y = e2* [(u” + 4u’ + 4u) + 2’ + 2u) + u] = e>*(=7— 15x +
9x2) sou” + 6u’ +9u = =7 — 15x + 9x? and u, = A + Bx + Cx?, where 2C + 6(B + 2Cx) +
9(A 4+ Bx + Cx?) = —7 — 15x + 9x2. Therefore,9C =9, 9B + 12C = —15,94 4+ 6B +2C = —7,
soC=1,B=-3,A=1,andu, =1-3x + x2. Therefore,y, = er(l —3x + x2).

5.4.6. If y = ue*, then y" —y' —2y = e* [(u” 4+ 2u’ + u) — (' + u) — 2u] = e*(9 + 2x — 4x2) so
u”"+u'—2u =9+2x—4x2 andu, = A+ Bx + Cx?, where 2C + (B +2Cx)—2(A+ Bx +Cx?) =
9+ 2x —4x2. Therefore,—2C = —4, —2B+2C =2,-2A+ B+2C =9,50C =2, B =1, 4 = -2,
and u, = —2 + x + 2x2. Therefore, y, = e*(=2 + x + 2x?).

54.8. If y = ue*, then y”" — 3y’ + 2y = e*[(u” + 2u’' + u) — 3w’ + u) + 2u] = e*(3 — 4x), so
u” —u' =3 —4xandu, = Ax + Bx?, where 2B — (A + 2Bx) = 3 — 4x. Therefore,—2B = —4,
—A+2B=3,50B=2,4=1,and u, = x(1 + 2x). Therefore,y, = xe*(1 + 2x).

5.4.10. If y = ue?*, then 2y” — 3y’ — 2y = e 2(u” + 4u’ + 4u) — 3’ + 2u) — 2u] = e>*(—6 +
10x), so 2u” + 5u’ = —6 + 10x and u, = Ax + Bx2, where 2(2B) + 5(4 + 2Bx) = —6 + 10x.
Therefore,10B = 10,54 + 4B = —6,s0 B = 1, A = —2, and u, = x(—2 + x). Therefore,y, =
xe?* (=2 + x).

5412, If y = ue*, then y" — 2y +y = *[(u” + 20 +u) =2’ + u) +u] = ¢*(1 — 6x), so

u” = 1—6x Integrating twice and taking the constants of integration to be zero yields u , = x?(z—x).

2
1
Therefore, y, = x%e* (5 - x).

/

2
54.14. If y = ue /3 then 9y” + 6y’ + y = e‘x/3|:9 (u” 2y z) +6 (u’ - %) + u:| =

3 9
1
e 32 — 4x 4 4x?), so " = 2 — 4x + 4x2, or u” = 5(2 — 4x + 4x?). Integrating twice
2
and taking the constants of integration to be zero yields u, = ;—7(3 —2x + x2). Therefore, y p =
2,—x/3
x“e
3—2x + x?).
27 ( )

5.4.16. If y = ue®, then y” — 6y’ + 8y = e* [(u” 4+ 2u' + u) — 6(u’ + u) + 8u] = e*(11 — 6x), so
u’'—4u’ +3u = 11—6x and u, = A+ Bx, where —4B +3(A+ Bx) = 11 —6x. Therefore,3B = —6,
34—4B =11,s0 B = -2, A = landu, = 1 — 2x. Therefore,y, = e*(1 — 2x). The characteristic
polynomial of the complementary equation is p(r) = r? — 6r + 8 = (r — 2)(r — 4), so {e?*,e**}isa
fundamental set of solutions of the complementary equation. Therefore, y = e*(1 —2x)+c1e?* +cpe**
is the general solution of the nonhomogeneous equation.

54.18. If y = ue*, then y” 4+ 2y' — 3y = e*[(u” + 2u’ +u) + 2 + u) — 3u] = —16xe¥, so
u” + 4y’ = —16x and u, = Ax + Bx?, where 2B + 4(A + 2Bx) = —16x. Therefore,8B = —16,
4A4+2B =0,s0 B = -2, 4 = 1,andu, = x(1—2x). Therefore,y, = xe*(1 —2x). The characteristic
polynomial of the complementary equation is p(r) = r2 4+ 2r —3 = (r + 3)(r — 1), s0 {e*, e 3*}isa
fundamental set of solutions of the complementary equation. Therefore, y = xe*(1—2x)+cie*+coe3*
is the general solution of the nonhomogeneous equation.

5.4.20.If y = ue, then y” —4y’ —5y = e2* [(u” + 4u’ + 4u) — 4(u’ + 2u) — 5u] = 9¢>*(1 +x), so
u’' —9u =94 9x and u, = A + Bx, where —9(A4 + Bx) = 9 4 9x. Therefore,—9B = —9, —94 = 9,
so B=—1,4=—1,andu, = —1 — x. Therefore,y, = —e?*(1 + x). The characteristic polynomial
of the complementary equationis p(r) = r?> —4r —5 = (r — 5)(r + 1), so {e ™, e>*} is a fundamental
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set of solutions of the complementary equation. Therefore,(A) y = —e?*(1 + x) + c1e™ + e~ is
the general solution of the nonhomogeneous equation. Differentiating (A) yields y’ = —2e?*(1 + x) —
e%* —cre™ + 5ce*. Now y(0) =0, y(0)=—-10=0=—1+4c¢; +¢2, =10 = =3 —¢1 + 5¢3, 50
c¢1 =2, ¢y = —1. Therefore,y = _er(l + x) 4 2e7* — ¢ is the solution of the initial value problem.

54.22.1f y = ue ™, then y”" + 4y’ +3y = e [(u” —2u’ + u) + 4’ —u) + 3u] = —e*(2+8x), s0
u” +2u' = -2 —8xandu, = Ax + Bx?, where 2B + 2(A + 2Bx) = —2 — 8x. Therefore,4B = —8,
244+2B = -2,50 B = =2, A = 1, and u, = x(1 — 2x). Therefore,y, = xe *(1 — 2x). The
characteristic polynomial of the complementary equation is p(r) = r2 +4r +3 = (r + 3)(r + 1),
so {e™*,e73*} is a fundamental set of solutions of the complementary equation. Therefore,(A) y =
xe *(1—2x)+c1e™™ + cye 3% is the general solution of the nonhomogeneous equation. Differentiating
(A)yields y' = —xe (1 —2x) + e (1 —4x) —cre ™ —3ce 3. Now y(0) = 1, y/(0) =2 = 1 =
c1+c3, 2=1—c;—3c2,50c1 =2,c, = —1. Therefore,y = e *(2+ x —2x2) — e™3* is the solution
of the initial value problem.

5.4.24. We must find particular solutions y,, and y,, of (A) y” + y' + y = xe* and (B) y" +
y' 4+ y = e *(1 + 2x), respectively. To find a particular solution of (A) we write y = ue*. Then
Yi+y+y=e W +2u" +u)+ @ +u)+ul =xe*sou’ +3u' +3u=xandu, = A + Bx,
1 1
where 3B + 3(A 4+ Bx) = x. Therefore,3B = 1,34+ 3B = 0,50 B = 3 A= 3 and u, =
1 X
—g(l —X), S0 yp, = —e—(l — x). To find a particular solution of (B) we write y = ue™. Then
Y+y +y=e W -2u"4+u)+ W —u)+ul =e*(1 +2x),sou’ —u' +u =1+ 2x and
up, = A+ Bx, where —B + (4 + Bx) = 1 + 2x. Therefore, B =2, A— B = 1,50 A = 3, and

ex
Up =24+3x,50yp, =€ ¥3+2x). Now yp, = yp, + Vp, = —?(1 —x)+e (3 + 2x).

5.4.26. We must find particular solutions y,, and yp, of (A) y” — 8y’ + 16y = 6xe** and (B) y” —
8y’ 4+ 16y = 2+ 16x + 16x2, respectively. To find a particular solution of (A) we write y = ue**. Then
y" — 8y + 16y = ™ [(u” + 8u’ + 16u) — 8(u' + 4u) + 16u] = 6xe**, sou” = 6x,u, = x3. and
yp, = x3e**. To find a particular solution of (B) we write y, = A+ Bx+Cx2. Then yZ—Sy;,+l6yp =
2C —8(B+2Cx)+16(A+Bx+Cx?) = (16A—8B +2C)+ (16 B—16C)x+16Cx? = 2+16x +16x2
if 16C = 16, 16B — 16C = 16, 16A — 8B + 2C = 2. Therefore,C = 1, B = 2, A = 1, and
Voo =14 2x +x2 Now yp = yp, + ¥p, = x3* + 14 2x + x2.
5.4.28. We must find particular solutions y,, and yp, of (A) y” — 2y’ 4+ 2y = e*(1 4+ x) and (B)
V" —2y"+2y = e~*(2—8x + 5x2), respectively. To find a particular solution of (A) we write y = ue*.
Then y” — 2y’ + 2y = e* [(w" +2u' +u) =2’ + u) +2u] = e*(1 + x),sou” +u = 1 + x and
up =14 x,s0 yp, = e*(1 + x). To find a particular solution of (B) we write y = ue™*. Then
V' =2y 42y = e[ —2u' +u) — 2’ —u) + 2u] = e ¥ (2 — 8x + 5x2), sou” —4u’' + 5u =
2—8x+5x2andu, = A+ Bx+ Cx?, where 2C —4(B +2Cx) +5(A+ Bx + Cx?) = 2—8x + 5x2.
Therefore,5C = 5,5B —8C = —8,54—-4B+2C =2,50C =1,B=0,4=0,andu, = x2.
Therefore,y,, = x2¢™*. Now y, = yp, + ¥p, = €*(1 + x) + x2e™*.
54.30. (a) If y = ue®, then ay” + by’ + cy = €** [a(u” + 20’ + a®u) + b(u' + au) + cu] =
e® [au" + Qaa + b))’ + (ae® + ba + c)u]| = e** (au” + p'(a)u’ + p(a)u). Therefore.ay” +by’ +
cy = e**G(x) if and only if au” + p’(e)v’ + p(@)u = G(x).

(b) Substitutingu, = 4 + Bx + Cx? + Dx? into (B) yields

a(2C 4+ 6Dx) + p'(@)(B +2Cx +3Dx?) + p(a)(4 + Bx + Cx? 4+ Dx?)
=[p@)A+ p'(@)B +2aC] + [p(@)B + 2p'(a)C + 6aD]x
+[p(@)C +3p'(@)D]x? + p(a)Dx> = go + g1x + g2x* + gax>
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if
pl@D = g3
pl)C +3p (@)D = g ©
p@)B +2p'(@)C +6aD = g
p@)A+ p'(@)B + 2aC = go.

Since e** is not a solution of the complementary equation, p(«) # 0. Therefore,the triangular system
(C) can be solved successively for D, C, B and A.

(c) Since e** is a solution of the complementary equation while xe®* is not, p(«¢) = 0 and p’(«) # 0.
Therefore, (B) reduces to (D) au” + p’(a¢)u = G(x). Substitutingu, = Ax + Bx? + Cx> + Dx*into
(D) yields

a(2B + 6Cx + 12Dx?) + p'(a)(A + 2Bx + 3Cx* + 4Dx?)
= (p (@)A +2aB) + 2p'(@)B + 6aC)x + 3p'(@)C + 12aD)x?
+4p'(@)Dx? = go + g1x + g2x* + g3x>

if
ap'(@)D = g3
3p/(@)C +12aD = g»
2p'(@)B + 6aC = g
p'(@)A + 2aB = go.
Since p’(«) # 0 this triangular system can be solved successively for D, C, B and A.
(d) Since e** and xe** are solutions of the complementary equation, p(¢) = 0 and p’(e) = 0.
Therefore, (B) reduces to (D) au” = G(x), so u” = hAy Integrating this twice and taking the
a

constants of integration yields the particular solution 1, = x2 (g_o + g—lx + g—2x2 + &x3 )

2 6 12 20
54.32.1f y, = Axe**, then y) — 7y, + 12y, = [(8 + 16x) — 7(1 4 4x) + 12x]de*™ = Ae** = 5¢**
if A =1,s0 y, = 5xe**.
5434.1fy, = 3*(A + Bx + Cx?), then
Yo =3y, +2y, = €*[(94+ 6B +2C) + (9B + 12C)x + 9Cx?
—3e3¥[(34 + B) + (3B 4+ 2C)x + 3Cx?]
+2¢3*(A + Bx + Cx?)
e3*[(2A +3B +2C) + (2B + 6C)x + 2Cx?)
= (=14 2x+x?)

1 1 1
if 2C =1, 2B+ 6C = 2, 2A + 3B 4+ 2C = —1. Therefore,C = X B = —5 A= T and
e3x
Yp = —T(l +2x —2x?).
5.4.36. If y, = e ¥/2(Ax? + Bx> + Cx*), then
4+ 4y +yp, = e /?[8A— (84 —24B)x + (A — 12B + 48C)x?]

+e *2[(B —16C)x> + Cx*
+e7¥/2[84x — 2A — 12B)x®> — (2B — 16C)x> — 2Cx*]
+e7¥2(Ax? 4+ Bx® + Cx*)
= ¢ /2(8A +24Bx + 48Cx?) = ¢ */2(—8 + 48x + 144x?)
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if 48C = 144,24B = 48, and 84 = —8. Therefore,C =3, B =2, 4 =—1,and y, = xze_x/z(—l +
2x + 3x2).

5438.1fy = [e** P(x)dx,theny’ = e** P(x). Let y = ue®™; then (u’ +au)e®™ = ¢** P(x), which
implies (A). We must show that it is possible to choose Ay, ..., Ag so that (B) (Ao + A1 x---+ Arxky +
a(Ag + Arx -+ Agx*) = po + p1x + --- + prxk. By equating the coefficients of x¥, x*¥~1 ... 1
(in that order) on the two sides of (B), we see that (B) holds if and only if €Ay = pi and (k — j +

1)Ak—j+1 + aAyx = Pk—j. 1 <j = k.

5440. If y = kae"‘x dx, then y' = xke®* et y = ue®; then (' + au)e®* = xke®* so
u' + au = x*. This equation has a particular solution u, = Ao + A1x -+ + Akxk, where (A) (4 +
Arx -+ Arxky + a(Adg + Ayx--- + Arxky = xk. By equating the coefficients of xkoxk= o
on the two sides of (A), we see that (A) holds if and only if «dy = 1 and (k — j + D)Ar_j41 +

1 k k(k —1
aAr —j =0, 1 < j <k. Therefore, Ay = —, Ap_1 = —— Ap_p = (73), and, in general,
o o o
k(k—1)---(k—j+1) (=1)/ k! . . .
— (—1)/ — ;
Ap—j = (=1 s = Tk 1 < j < k. By introducing the index
— 1Tkt —1)fk! & (—ax)”
r = k — j we can rewrite this as A, = (ak—)’i*'lr!’ 0 <r < k. Therefore, u, = (ak)+1 Z ( (:f!x)
r=0
- CDFkle * (—ax)
ey =Tk r!
r=0
5.5 THE METHOD OF UNDETERMINED COEFFICIENTS II
5.5.2. Let
yp = (Ao + A1x)cosx + (Bp + Bix)sinx; then
y; = (Ay + Bo + Bix)cosx + (By — Ag — A1x) sinx
yg = (2By— Ag— A1x)cosx — (241 + By + Bix)sinx, so

(341 +3Bp + 2By + 3Bjx)cosx
+(3Bl — 3A0 — 2A1 — 3A1x) sin x

= (2—6x)cosx —9sinx

Yo+ 3y, +

if 3By = —6, =341 = 0, 3By + 341 + 2By = 2, —3A4¢ + 3B1 + 241 = —9. Therefore,A1 = 0,
By =-2,40=1,Bo=2,and y, = cosx + (2 — 2x) sinx.

5.5.4.Let y = ue?*. Then
Yy +3y =2y = e[ + 4+ 4u) + 3 + 2u) — 2u|
= X" + Tu' + 8u) = —e®*(5cos2x + 9sin2x)
ifu” + 7u’ + 8u = —5cos 2x — 9sin2x. Now let u, = Acos2x + Bsin2x. Then

uy +7u, 4+ 8up, = —4(Acos2x + Bsin2x) 4 14(=Asin2x + B cos2x)
+8(A cos2x + Bsin2x)

(44 + 14B)cos2x — (144 — 4B) sin 2x

= —5cos2x —9sin2x



Section 5.5 The Method of Undetermined Coefficients II 65
. 1 1
if44A 4+ 14B = —5, —14A4 4+ 4B = —9. Therefore,A = > B = —5
1 e?*
Up = E(COS 2x —sin2x), and y, = T(COS 2x — sin2x).
5.5.6. Let y = ue~2*. Then
Y 43y =2y = e[ —4u' + 4u) + 30’ —2u) —2u]
= e —u —4u)
= e 2 [(4 + 20x)cos3x + (26 — 32x) sin 3x]
ifu” —u' —4u = (4 4+ 20x) cos 3x + (26 — 32x) sin 3x. Let
up = (Ao + Ai1x)cos3x + (Bo + B1x)sin3x; then
u’p = (A1 +3Bo + 3B1x)cos3x + (B —3A4¢9 —3A1x)sin3x
uy = (6B1— 949 —9A41x)cos3x — (241 + 9Bo + 9B1x) sin3x, so
u’; — u’p —4du, = - [1349 + A1 + 3By — 6B1 + (1341 + 3B1)x] cos 3x
—[13Bo + B1 —3A4¢ + 641 + (13B; —3A1)x]sin3x
= (4 + 20x)cos3x + (26 — 32x) sin3x if
—134;— 3B; = 20 and —13490— 3By— A1 +6B; = 4
34, —13B; = -32 349 —13By— 64, — By = 26.
From the first two equations, A; = —2, By = 2. Substituting these in the last two equations yields
—13A4¢9 — 3By = —10,3A4¢ — 13By = 16. Solving this pair yields A9 = 1, By = —1. Therefore,
up = (1 —2x)(cos 3x —sin3x) and y, = e~ 2*(1 — 2x)(cos 3x — sin3x).
5.5.8. Let
yp = (Aox+ A1x?)cosx + (Box + Byx?)sinx; then
v, = [Ao+ (241 + Bo)x + Bix*]cosx + [Bo + (2B — Ag)x — Bix?*]sinx
Yo = [241 + 2By — (Ao — 4By)x — Alxz] cos X
+ [231 —2A9— (Bo +4A41)x — lez] sin x, so
y; +yp, = (A1 +2By+4Bix)cosx + (2B; —2A9 —4A;x)sinx
(—4 4+ 8x)cosx + (8 — 4x) sinx
if4By =8, —4A4; = —4,2By + 24, = —4, —2Ay + 2B = 8. Therefore, A1 =1, By = 2, Ag = —2,

By =-3,and y, = —x [(2— x)cosx + (3 —2x)sinx].
5.5.10. Let y = ue™. Then

V' 42y +2y = e[ —2u +u) + 20 —u) + 2u]
= e W' 4+u) =e*(8cosx —6sinx)
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if u” +u = 8cosx — 6sinx. Now let

up = Axcosx + Bxsinx; then
u, = (A+ Bx)cosx + (B — Ax)sinx
uy = (2B — Ax)cosx — (2A + Bx)sinx, so

u’; +up =2Bcosx —2Asinx = 8cosx — 6sinx

if2B = 8, —2A = —6. Therefore,A =3, B =4, u, = x(3cosx + 4sinx),and y, = xe *(3cosx +
4 sin x).

5.5.12. Let
yp = (Ao+ Aix+ Axx?)cosx + (Bo + Bix + B>x?)sinx; then
v, = [A1+ Bo+ (242 + By)x + Byx?]cosx
+ [31 — Ao+ (2B — Ap)x — Azxz] sin x,
yg = [—Ao + 245 +2B1 — (A1 — 4By)x — Azxz] coSs X
+[—Bo + 2B2 — 241 — (B + 442)x — B>x?]sinx, so
Vo 42y, +yp = 2[A1+ Az + Bo + Bi + (242 + By + 2B3)x + Byx*|cosx
+2[B1 + By — Ao — A1 + (2B2 — Ay — 2A2)x — Apx?]sinx
= 8x%cosx —4xsinx if
@ 2B, = 8 i) 2By +442+4B, = 0 ’
—24, = 0 —2A41—44,+4B, = —4
(iid) 2By +2A, +2B1+24, = 0 ‘
—240—2A1+2B1+2B, = 0
From (i), A, = 0, B, = 4. Substituting these into (ii) and solving for A; and B; yields 4; = 10,
B; = —8. Substituting the known coefficients into (iii) and solving for Ag and By yields A9 = —14,
Bo = —2. Therefore,y, = —(14 — 10x) cos x — (2 + 8x — 4x?) sin x.
5.5.14. Let
yp = (Ao+ Aix + A2x?)cos2x 4+ (B + Bix + Byx?)sin 2x; then
v, = [A1+2Bo+ (242 + 2B1)x + 2Byx?] cos 2x
+[B1 =240 + (2B> — 241)x — 2A45x?]sin 2x
yg = [—4A0 +2A45 + 4By — (441 —8By)x — 4A2x2] cos 2x
+[-4Bo — 2B, — 441 — (4By + 8Az)x — 4B,x?]sin2x, so
Vo3V, +2y, = [-240+ 341+ 442+ 6By + 4B,

—(2A41 — 642 — 6By —8B3)x — (242 — 6B2)x?] cos 2x

+[-2Bo + 3B, + 4B, — 64y — 44,

—(2B1 — 6B; + 641 + 842)x — (2B, + 6A45)x*] sin2x
= (1 —x—4x%)cos2x — (1 + 7x 4 2x?) sin 2x if
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(i) —2A4,+6B, = —4 (ii) —2A41+6B;1 +64, +8B, = -1
—6A, —2B, = -2~ —6A; —2B1 — 84, + 6B, = -7
(iif) —2A0 + 6By +3A1 +4B1 +24, =
—6A4A9 —2Bg— 449+ 3B1 +2B, = -1
1 1

From (i), A, = 3 B, = ——. Substituting these into (ii) and solving for A; and B; yields A; = 0,
B; = 0. Substituting the known coefficients into (iii) and solving for Ay and By yields A9 = 0, Bg = 0.

2

Therefore, y, = %(cos 2x —sin2x).

5.5.16. Let y = ue*. Then

y'=2y'+y = e[ +2u +u) 20 +u) +u] =e*u”
= —e*[(3+4x —x*)cosx + (3 —4x —x?)sinx]
ifu” = —(3 4 4x — x?)cos x — (3 — 4x — x2) sin x. Now let
up = (Ado+ A1x + Azx?)cos x + (Bo + B1x + B>x?)sinx; then
”/p = [A1 + Bo + (242 + B1)x + Bzxz] coS X
+ [31 — Ao+ (2B — Ap)x — Azxz] sin x,
u’; = [—Ao + 245 +2B1 — (A1 —4Bs)x — Azxz] coS X

+ [=Bo + 2By — 241 — (By + 4A2)x — Byx?]sinx

= —(B+4x—x?)cosx — (3 —4x —x?)sinx if

. —Ay = 1 ... —A1+4B, = —4
O o= 10 _p 44, = 4
(i) —Ag+2By+24, = -3
"W By—24,+2B, = -3°

From (i), A, = —1, B, = —1. Substituting these into (ii) and solving for A; and B, yields A; = 0,
B; = 0. Substituting the known coefficients into (iii) and solving for Ay and By yields A9 = 1, Bg = 1.
Therefore,u, = (1 — x2)(cos x + sinx) and y, = e*(1 — x2)(cos x + sin x).

5.5.18. Let y = ue™™. Then

Y'+2y +y = e[ —2u' +u)+ 20’ —u) +u
e *u" =e ¥ [(5—2x)cosx — (3 + 3x)sinx]

ifu” = (5—2x)cosx — (3 + 3x)sinx. Let

up = (Ao+ A1x)cosx + (Bo + Byx)sinx; then
u, = (A1 + Bo+ Bix)cosx + (B; — Ag — Ayx)sinx
uy = (2B1—Aop— Aix)cosx — (241 + Bo + Bx)sinx

(5—2x)cosx — (3 + 3x)sinx

if —A1 = —2, —Bl = —3, —A() + 231 = 5, —B() —2A1=-3. Therefore, A1 = 2, Bl = 3, A() = 1,
By =—-1Lu, =e[(1 +2x)cosx — (1 —3x)sinx],and y, = e *[(1 4+ 2x)cosx — (1 — 3x) sin x].
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5.5.20. Let
yp = (Aox + A;x? 4+ Azx3)cosx + (Box + B1x* + Box?)sinx; then
v, = [Ao+ (241 + Bo)x + (342 + By)x? + Box*| cosx
+[Bo + (2B1 — Ao)x + (3B2 — A1)x* — Axx?]sinx
vy = [241+2Bo— (Ao — 642 — 4B)x — (A1 — 6B3)x? — Axx*] cosx
+[2B1 — 240 — (Bo + 6By + 4A41)x — (By + 642)x*> — Byx?]sinx, so
yg +yp, = [2A1 +2Bo + (64 + 4B1)x + 6Bzx2] cOs X
+[2B1 — 240 + (6B, — 4A1)x — 6A4,x*] sinx
= (24 2x)cosx + (4 + 6x?)sin x if
) 6B, = 0 (ii) 4B + 64, = 2 (i) 2Bo+2417 = 2
V64, = 6" —a4,+6B, = 0" 240+2B, = 4°

From (i), A, = —1, B, = 0. Substituting these into (ii) and solving for A; and B;j yields 4; = 0,
B; = 2. Substituting the known coefficients into (iii) and solving for Ay and By yields A9 = 0, Bo = 2.
Therefore,y, = —x3 cos x + (x + 2x?2) sin x.

5.5.22. Let y = ue*. Then

yi=Ty' +6y = [ +2u +u)—T0 + u) + 6u|
e*(u' —5u’) = —e*(17 cos x — 7 sin x)
ifu” —5u’" = —17cosx + 7sinx. Now let u, = Acosx + B sinx. Then
uy —5u’, = —(Acosx+ Bsinx)—5(—Asinx + B cosx)

(—A—=5B)cosx — (B —5A4)sinx = —17cosx + 7sinx

if —A—-5B = —17,5A - B = 7. Therefore,A = 2, B = 3, u, = 2cosx + 3sinx, and y, =
e*(2cos x + 3sinx). The characteristic polynomial of the complementary equation is p(r) = r? —
Tr + 6 = (r — 1)(r — 6), so {e*, e®*} is a fundamental set of solutions of the complementary equation.
Therefore, (A) y = e*(2cos x + 3sinx) + c1e™ + c2¢%* is the general solution of the nonhomogeneous
equation. Differentiating (A) yields y’ = e*(2cos x +3sinx) +e* (=2 sin x +3 cos x) +c1e* + 6¢2e5%,
s0y(0) =4,y 0)=2=4=24+c1+¢2,2=24+3+c1+6¢c; =c1+c2 =2, c1+6cr =-3,
soc; =3,cp =—1,and y = e*(2cos x + 3sinx) + 3e* — %%,

5.5.24. Let y = ue*. Then

y" + 6y + 10y e[ +2u" + u) + 6(u’ + u) + 10u]

= (' +8u' + 17u) = —40e* sinx
ifu” + 8u’ + 17u = —40sinx. Let u, = Acos x + Bsinx. Then

uy 4+ 6ul, +17u, = —(Acosx + Bsinx) + 8(—Asinx + B cos x)
+17(Acos x + B sinx)
(16A + 8B)cosx — (84— 16B)sinx = —40sinx
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if 164 + 8B = 0, =84 + 16B = —40. Therefore,A = 1, B = —2, and y, = e*(cosx — 2sinx).
The characteristic polynomial of the complementary equation is p(r) = r2 + 6r + 10 = (r + 3)% + 1,
s0 {e™3* cosx, e 3*sin x} is a fundamental set of solutions of the complementary equation, and (A)
y = e¥(cosx — 2sinx) + e 3¥(cy cos x + ¢ sinx) is the general solution of the nonhomogeneous
equation. Therefore,y(0) = 2 = 2 = 1 + ¢1, so ¢; = 1. Differentiating (A) yields y’ = e*(cos x —
2sinx)—e* (sin x +2 cos x)—3e >*(c1 cos x 45 sin x) +e ¥ (—cy sin x +c cos x). Therefore,y’ (0) =
—3=-3=1—-2—-3c1+c¢3,%¢c =1,and y = e*(cosx —2sinx) + e_3x(cosx + sin x).

5.5.26. Let y = ue3*. Then
Yy =3y +2y = e[ +6u +9%u)—30 +3u)+ 2ul
= ¥ +3u' +2u) = > [21cosx — (11 + 10x) sin x]

ifu” 4+ 3u’ + 2u = 21 cosx — (11 4 10x) sin x. Now let

up, = (Ao+ A1x)cosx + (Bg + Bjx)sinx; then

u’p = (A1 + Bo + Bix)cosx + (By — Ag — A1x) sinx

u’; = (B;—Ag— A1x)cosx — (24, + By + Byx)sinx, so
u” +3u'+2u = [Ag+ 341+ 3Bo + 2By + (41 + 3B1)x]cosx

+[Bo +3B1 —349 —2A; + (B1 —3A1)x]sinx
= 2lcosx — (11 4+ 10x) sinx if

Ay +3B; = 0 and Ao+ 3Bg+341 +2B; = 21
341+ By = -10 —3A9+ Bo—241+3B; = -—-11°
From the first two equations A; = 3, By = —1. Substituting these in last two equations yields and

solving for Ag and By yields A9 = 2, Bo = 4. Therefore, u, = (2 + 3x)cosx + (4 — x)sinx and
yp = e3* [(2 + 3x) cos x + (4 — x) sin x]. The characteristic polynomial of the complementary equation
is p(r) = r2=3r+2 = (r—1)(r—2), so {e*, e**} is a fundamental set of solutions of the complementary
equation, and (A) y = e3* [(2 + 3x) cos x + (4 — x) sin x] + c1e™ + c2e2~ is the general solution of the
nonhomogeneous equation. Differentiating (A) yields

y' = 3e3*[(2 +3x)cosx + (4 — x)sinx]
+e>¥[(7 — x)cosx — (3 + 3x)sinx] + ce* + 2c2e>*.

Therefore,y(0) =0, Y/ (0) =6 = 0=2+c1+¢3, 6 =6+7+c1+2c2,80¢c1+c2 =2, c1+2¢ =
—7. Therefore, ¢; = 3, ¢, = —5,and y = e3* [(2 + 3x) cosx + (4 — x) sinx] + 3e* — 5e2~.

5.5.28. We must find particular solutions y,,, ¥p,, and yp, of (A) " + y = 4cosx — 2sinx and (B)
Y +y =xe*,and (C) y” + y = e™*, respectively. To find a particular solution of (A) we write

Yo = Axcosx 4+ Bxsinx; then
¥p, = (A+ Bx)cosx + (B — Ax)sinx
¥y, = (2B —Ax)cosx — (24 + Bx)sinx, so

ygl + yp, =2Bcosx —2Asinx =4cosx —2sinx if 2B = 4, —24 = —2. Therefore, A =1, B = 2,
and y,, = x(cosx + 2sinx). To find a particular solution of (B) we write y = ue*. Then
yi+y = e[ +2u' +u)+ul
= e +2u +2u) = xe*
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ifu” +2u’ 4+ 2u = x. Now up, = A + Bx, where 2B + 2(A + Bx) = x. Therefore, 2B = 1,
1 1 1 *
2A+2B =0,50 B = o A= 5 Up = —E(l —x),and y,, = —%(1 — x). To find a particular
1

solution of (C) we write yp, = Ae™ . Then y7. + yp, = 24e™ = e T if24 = 1,50 4 = 3 and
e e e

Yps = 5 Now yp = ¥p, + ¥py + ¥p; = x(cosx + 2sinx) — 7(1 —x)+ -

5.5.30. We must find particular solutions y,,, yp, and y,, of (A) y” —2y" + 2y = 4xe* cosx, (B)

y" —2y" 4+ 2y = xe ¥, and (C) y"" —2y" + 2y = 1 + x2, respectively. To find a particular solution of

(A) we write y = ue®. Then y” —2y' +2y = e* [0 +2u' +u) = 2(u' + u) + 2u] = e* (W’ + u) =

4xe* cosx if u” + u = 4x cos x. Now let

u, = (Aox+ A1x?)cos x + (Box + Bi1x?)sinx; then
w, = [Ao+ (241 + Bo)x + Bix*]|cosx + [By + (2B1 — Ag)x — B1x?]sinx
u, = [24, +ZBO—(A0—4Bl)x—A1x2] cos x

+ [231 —2A0—(Bo +4A41)x — lez] sin x, so

uy +up = (241 +2Bo +4B1x)cosx + (2B — 249 —4A4;x)sinx
= 4xcosx

if4dB; = 4, —4A4, = 0,2By + 2471 = 0, =249 + 2B1 = 0. Therefore, A; = 0, By = 1, A9 = 1,
By =0,u, = x(cosx + xsinx), and y,, = xe*(cosx + x sinx). To find a particular solution of (B)
we write y = ue”*. Then

y' =2y +2y = e [ —2u' +u)—20'—u)+2u]
= e (' —4u' + 5u) =xe™*
ifu” —4u’ +5u = x. Now u, = A + Bx where —4B + 5(4 + Bx) = x. Therefore, 5B = 1,
1 4 -
5A—4B =0,B= -, A= —,
5 250 1'”
solution of (C) we write yp, = A + Bx + Cx?2. Then
Vo = 2Vn +2ypy = 2C —2(B +2Cx) +2(A + Bx + Cx?)
= (QA—-2B+2C)+ (2B —4C)x +2Cx? =1+ x?

1
= E(4 + 5x), and y,, = 62—5(4 + 5x). To find a particular

2

1
if2A—-2B+2C =1,2B—4C = 0,2C = 1. Therefore,C = X B=1,A=1,andy,, = 1+x+x7.
—X 2

. € X
Now yp = yp, + Vp, + Yp; = xe*(cosx + xsinx) + ¥(4+ S5x)+1+x+ ER

5.5.32. We must find particular solutions y ,, and y 5, of (A) y”"—4y’'+4y = 6¢2* and (B) y"—4y'+4y =
25 sin x, respectively. To find a particular solution of (A), let y = ue?*. Then

Yy =4y +4y = [+ 4w+ du) — 4 + 2u) + 4u]
— eru// — 6€2x
if u” = 6. Integrating twice and taking the constants of integration to be zero yields u, = 3x2, so

¥p, = 3x2e?*. To find a particular solution of (B), let y,, = A cosx + B sinx. Then
ygz - 4y;,2 +4y,, = —(Acosx + Bsinx) —4(—Asinx + Bcosx)
+4(Acosx + Bsinx)
= (B3A—4B)cosx + (44 4+ 3B)sinx = 25sinx
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if 34 —4B = 0, 44 4+ 3B = 25. Therefore, A = 4, B = 3, and y,, = 4cosx + 3sinx. Now
Yp = VYp, + VYp, = 3x%e?* + 4cosx + 3sinx. The characteristic polynomial of the complementary
equation is p(r) = r2 —4r + 4 = (r — 2)?, so {e>*, xe?*} is a fundamental set of solutions of the
complementary equation. Therefore,(C) y = 3x2e?* + 4cos x + 3sinx + e?*(c¢1 + c2x) is the general
solution of the nonhomogeneous equation. Now y(0) =5 = 5 = 4 4 ¢, so c; = 1. Differentiating (C)
yields y' = 6e2*(x +x2)—4sinx +3cos x +2e2*(c; 4+ c2x) +c2¢2%,50 y'(0) =3 = 3 =3+ 2+c».
Therefore,c, = —2,and y = (1 —2x + 3x2)e?* + 4cosx + 3sinx.

5.5.34. We must find particular solutions y,, and y,, of (A) y” + 4y’ + 4y = 2cos2x + 3sin2x
and (B) y” + 4y’ + 4y = e™*, respectively. To find a particular solution of (A) we write y,, =
Acos2x + Bsin2x. Then
Vo, + 4y, +4yp = —4(Acos2x + Bsin2x) + 8(—Asin2x + B cos2x)
+4(Acos2x + Bsin2x) = —8Asin2x + 8B cos 2x
= 2co0s2x + 3sin2x

3 1 3 1
if 8B = 2, —8A4 = 3. Therefore,A = ~3’ B = T and y,, = ~3 cos2x + Zsian. To find a

particular solution of (B) we write yp, = Ae™™. Then y7 + 4y, +4yp, = Al =4 + d)e™ =
X

1
Ae™ = e " if A = 1. Therefore,y,, = e *. Now y, = yp, + Vp, = ~3 cos2x + 7 sin2x + e .

The characteristic polynomial of the complementary equation is p(r) = r? 4+ 4r + 4 = (r — 2)?,
so {e?*, xe?*} is a fundamental set of solutions of the complementary equation. Therefore,(C) y =

1
~3 cos2x + 1 sin2x 4 e~ 4 e “2*(c1 + c»x) is the general solution of the nonhomogeneous equation.
3 13 3
Now y(0) = -1 = -1 = ~3 +14+c1,50c1 = 3 Differentiating (C) yields y’ = 1 sin2x +

1 1 3
3 cos2x —e ¥ —=2e 2 (c1 4 cax) + e 50y (0) =2 = 2 = 5—1—2C1+C2. Therefore,c, = 7
13 2x 3 —2x

__e_ —_——

8 4

5.5.36. (a), (b), and (c) require only routine manipulations. (d) The coefficients of sin wx in y;, yg,

3 L. —x
and y = —§0032x+ Zs1n2x+e

ayg + by; +cyp, and yg +w?y, can be obtained by replacing A by B and B by —4 in the corresponding
coefficients of cos wx.

5.5.38. Let y = ue’*. Then

ay’ +by +cy = M [a@” + 22w’ + A%u) + b’ + Au) + cu
e* [au” + ak + by’ + (ar* + bA + c)u]
™ [au” + p' M’ + p(Mu]
= ™ (P(x)coswx + Q(x)sinwx) if
(A) au” + p'(Mu’ + p(M)uP(x) cos wx + Q(x) sinwx, where p(r) = arthr + c is that characteristic
polynomial of the complementary equation (B) ay” + by’ + cy = 0. If e** cos wx and e** sinwx are
not solutions of (B), then cos wx and sin wx are not solutions of the complementary equation for (A).
Then Theorem 5.5.1 implies that (A) has a particular solution
up = (Ao + Arx + -+ + Axx*)coswx + (Bo + Bix + -+ + Brx¥) sinwx,

Ax

and y, = upe”* is a particular solution of the stated form for the given equation. If e** coswx and
e** sinwx are solutions of (B), then cos wx and sin wx are solutions of the complementary equation for
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(A). Then Theorem 5.5.1 implies that (A) has a particular solution
up = (Aox + Aix?+ -+ Akxk+1)cos wx + (Box + BixZ 4.+ kak+1) sin wx,
and y, = u pe’lx is a particular solution of the stated form for the given equation.

5.5.40. (a)Lety = [ x2 cos x dx; then y' = x2 cos x Now let

yp = (do+ A1x+ Azx?)cosx + (Bo + B1x + B>x?)sin x; then
v, = [A1+ Bo+ (242 + By)x + Byx?]cosx
+ [31 — Ao+ 2By — Ay)x — Azxz] sinx = x2cosx if
. B, =1 .. B1+24, = 0 Bop+4, = 0
O g = oW _y 408, = oW 448 = o

Solving these equations yields A, =0, B, =1, A1 =2, By =0, 49 = 0, Byp = —2. Therefore,y, =
2xcosx — (2 —x2)sinx and y = 2xcos x — (2 — x2) sinx + c.

(b) Let y = [ x%e*cosx dx = ue*;then y’ = (' + u)e® = x?e*cosx ifu' +u =x
let

2 cos x. Now

up, = (do+ A1x+ Azxz) cosx + (Bg + Bix + Bzxz) sin x; then
u = [A1 + Bo + (242 + B1)x + Bzxz] coS X
+ [31 — Ao+ (2B, — Ay )x — Azxz] sin x, SO

uh+u, = [Ao+ Ai 4 Bo+ (A1 + 242 + B1)x + (A2 + By)x*|cosx
+[Bo + B1 — Ag + (B1 + 2By — Ay)x + (By — A2)x?] sinx
= x2cosx if
Q) A+ B, = 1 (ii) Ai+B1+24, = 0
—A,+B, = 0~ —A1+B1+2B, = 0°
Ao+ Bo+41 = 0
(m)—Ao+Bo+Bl - 0"

1 1
From (i), A, = > B, = > Substituting these into (ii) and solving for A; and Bj yields A1 = 0,

1
B; = —1. Substituting these into (iii) and solving for Ao and By yields A9 = —3 By = 3 Therefore,

1 X
Up = —= [(1 —x%)cosx — (1 —x)? sinx] and y = —% [(1 —x%)cosx — (1 —x)? sinx].

(0 Lety = [xe ™ sin2xdx = ue *;then y’ = (' —u)e™ = xe *sin2x if u’ —u = xsin2x.
Now let

up, = (Ao + A1x)cos2x + (Bg + Bix)sin2x; then
”/p = [(A1 +2Bo) + 2B1x]cos2x + [(B; —2A4¢) — 2A1x] sin2x, so
uy—up, = [—Ao+ A1 +2Bo— (A1 —2By)x] cos 2x

+[—Bo + By —2A4¢ — (B1 + 2A41)x]sin2x = x sin2x if
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(i) —A1+2B; = 0 (ii) — Ag+2Bop+A4; = 0
—2A41— B = 1~ —2A90— Bo+B; = 0°
1 4
From (i), A1 = —3 B, = —3 Substituting these into (ii) and solving for A and By yields Ay = —75
3
By = —. Therefore,
25

1
Up =5z [(4 4+ 10x) cos2x — (3 — 5x) sin 2x] + ¢ and

—X

yp = _62—5 [(4 4+ 10x) cos2x — (3 — 5x) sin 2x] + c.

(@) Let y = [x%e *sinxdx = ue ™ ; then y’ = (u' —u)e™ = x?e *sinx if u’ —u = x?sinx.
Now let
up, = (do+ A1x+ Azx?)cos x + (Bo + B1x + B>x?)sinx; then
u, = [A1 + Bo + (24 + By)x + Bzxz] cos X
+ [31 — Ao+ (2B, — Ay )x — Azxz] sin x, SO

u’; —u, = [—Ao + Ay + Bo— (A —2A5 — By)x — (A2 — Bz)xz] coS X

+[=Bo+ By — Ao — (B1 — 2B> + Ay)x — (B + A2)x?]sinx

= xZsinxif

Q) —A>,+B, = 0 (ii) —A1+B1+24, = 0
—A,— B, = 1~ —A1—B1+2B, = 0’

(iid) —Ao+Bp+4 = 0
—Ao—Bo+B = 0°
1 1
From (i), A, = —3 B, = —3 Substituting these into (ii) and solving for A; and B; yields A1 = —1,

1 1
B; = 0. Substituting these into (iii) and solving for Ay and By yields A9 = —3 By = 3 Therefore,

—x
Uy = —67 [(1+ x)?cosx — (1 —x?) sinx] and

—X

e
y = 5 [(1 + x)%cosx — (1 —x?) sinx] +c.
(e)Let y = [x3e*sinx dx = ue™;theny’ = (u' +u)e® = x3e*sinx ifu’ + u = x3 sinx. Now let

up, = (do+ A1x+ Axx? + Asx®)cosx + (Bo + B1x + B>x? + B3x3)sinx; then
/

w, = [A1+ Bo+ (2A2+ By)x + (343 + B2)x* + B3x>]cosx
+[B1— Ao+ 2By — A1)x + (3B3 — A2)x? — A3x]sinx, so

uy+up, = [Ao+ A1+ Bo+ (A1 + 242 + B1)x
+(Ay 4 343 + Bo)x? 4 (A3 + B3)x3] cos X
+[Bo+ B1 — Ao + (B1 + 2By — A1)x
+(B2 + 3B3 — A)x? + (B3 — A3)x3] sinx = x3sinx if
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(i) A3+ B; = 0 (ii) A+ B, +343 = 0
—As3+B; = 1~ —A+ B, +3B3 = 0°
(i) A1+ B1+24, = 0 (iv) Ao+ Bo+4; = 0
—A1+B1+2B, = 0° —Ao+Bo+B; = 0°
1 3
From (i), A3 = 5 B; = > Substituting these into (ii) and solving for A, and B yields A, = 5

3 3
B, = 0. Substituting these into (iii) and solving for A; and B; yields A; = 5 B, = 5 Substituting

3
these into (iv) and solving for A and By yields A9 = 0, By = 3 Therefore,

1
up =—3 [x(3—3x +x%)cosx — (3 —3x + x?)sinx] and

X

y = _% [x(3—3x+x2)cosx—(3—3x+x3)sinx] +c.

(B Lety = [e* [xcosx — (1 + 3x)sinx] dx = ue™; theny’ = (u'+u)e® = e* [x cosx — (1 4 3x) sinx]
ifu’ +u = xcosx — (1 4+ 3x) sinx. Now let

up, = (Ao+ A1x)cosx + (Bg + Bix)sinx; then
u’p = [A1 + Bo + Bix]cosx + [B; — Ag — A1x]sinx, so
uy +up = [Ao+ A1+ Bo+ (A1 + By)x]cosx

+[Bo+ By — Ag + (B1 — A1)x]sinx
= xcosx — (1 4+ 3x)sinx if

M Ai+ B = 1 (i) Ao+ Bo+41 = 0
-A1+B = -3~ —Ao+Bo+B1 = —-1°
From (i), Ay = 2, B; = —1. Substituting these into (ii) and solving for Ay and By yields A9 = —1, By =
—1. Therefore,u, = —[(1 —2x)cosx + (1 + x)sinx]and y = —e* [(1 — 2x) cosx + (1 + x)sinx]+

c.
(gLety = [e™* [(1 + x2)cos x + (1 — x?) sinx] dx = ue™"; then

y =@ —we ™ =e*[(1+x?*)cosx + (I — x*)sinx]
ifu' —u = (1 +x2)cosx + (1 — x2)sin x. Now let

up, = (do+ A1x+ Azx?)cos x + (Bo + B1x + B>x?)sinx; then
/

u, = [A1 + Bo + (24 + By)x + Bzxz] coS X
+ [31 — Ao+ (2B, — Ay )x — Azxz] sin x, so

U, —up = [—Ao + A1+ Bo— (A1 —243 — By)x — (4, — Bz)xz] CoS X
+[=Bo+ By — Ao — (B1 — 2By + A1)x — (Bz + Az)x?]sinx
= (I1+x¥cosx + (1 —x?)sinx if

(i) —Ay+ B, = 1 (ii) —A1 + By + 24,
—A,—B, = -1~ —Ay— By +2B;

1
oo
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o —Aog+Bo+A4; = 1

(ii1) —Ag—Bo+ B, = 1°
From (i), A, = 0, B, = 1. Substituting these into (ii) and solving for A; and Bj yields 4; = 1,
B = 1. Substituting these into (iii) and solving for Ay and By yields A9 = 0, Bo = 0. Therefore,u, =
xcosx +x(1 +x)sinx and y = e * [xcosx + x(1 + x)sinx] + c.

5.6 REDUCTION OF ORDER
(NOTE: The term vy} is indicated by “ - - " in some of the following solutions, where y{ is complicated.
Since this term always drops out of the differential equation for u, it is not necessary to include it.)

5.6.2. If y = ux, then y/ = w'x +u and y" = u’x + 2u’, so x2y” + xy' —y = x3u” + 3x%u' =

3 4 3 1
2 if W' = z, where (A) 2/ + ;z = Since/;dx = 3Inl|x|, z1 = pe is a solution of the

complementary equation for (A). Therefore,the solutions of (A) are of the form (B) z = 13, where
b
v’ 4 4 4 4 Cy 4 C
— = —,500V = —.Hence,v=—-+Cp;u =2=—-+ — (see B);u = — — — + C»;
x3  x3 égz ! x4 X3 (see (B)) 3x3  2x2 2
y=ux = — — L4 Crx,ory = 2 +cix + 2 Asa byproduct, {x, 1/x} is a fundamental set
X b

of solutions of the complementary equation.

5.64. If y = ue?*, then y' = (' + 2u)e® and y” = (" + 4u’ + 4u)e?*, so y” — 3y’ + 2y =
—2x

1
W’ 4+ u')e?™ = ifu' = z, where (A) 2/ +z = . Since z1 = e™* is a solution of
14+e* 14+e*
the complementary equation for (A), the solutions of (A) are of the form (B) z = ve™, where v'e™ =
—2x —X
e , _ _ _ _
— .50V = .Hence,v =—-In(1 +e ) +Ci; W' =z =—""In(1 +e %)+ Cie™
I14+e™ I14+e> ( ) ! ( ) !

(seeB); u=(14+e ) In(l4+e ) —1—e*—Cie*+Cs; y =ue® = (e** +e*)In(l +e %) —
(Cr + De™ + (Co —1)e?*, ory = (e2* +e*)In(1 + e™¥) 4 c1e?* + c2e*. As a byproduct, {e?*, e}
is a fundamental set of solutions of the complementary equation.

—-1/2

-1/2
5.6.6.1f y = uxl/zex,theny’ — u’xl/zex+u(x1/2 4 X )ex and y’ = w'xV2ex yoyr [ x1/2 4 X 5 )ex+

- 50 4x2y” + (4x — 8x2)y" + (4x% —4x — 1)y = eX(4x2u” + 8x3/2u') = 4x'/2e*(1 + 4x) if

I+4x . . .
u' = z, where (A) 7/ + —z = - Since | —dx = 2In|x|, z1 = — isa solution of the
X X X X
v
complementary equation for (A). Therefore,the solutions of (A) are of the form (B) z = 2 where
X
v 1+ 4x

C
— = —5 %0V = 1+4x Hence,v:x+2x2+C1;u’=z=—+2+—;(see
X X X X

C
B);u = Inx + 2x — -t + Cyy = ux/2ex = ex(2x3/2 + x2Inx — Cyx7V2 + szl/z), or

x
y = e*(2x¥2 + x21Inx + c1x'/? + ¢,x71/2). As a byproduct, {x'/2e*, x~1/2¢7*} is a fundamental
set of solutions of the complementary equation.

56.8.1f y = ue ™, theny’ = w'e ™ —2xue > and y" = u"e ™ —dxu'e™ +---,50 y" +4xy’ +
4x% +2)y = w'e X = 8e X+ — XX if ) — §p2X, Thereforeu’ = —4e™2* + Cy;
u=2e"2*4+Cx+Cy,and y = ue x> = ¢=*° (2e™2* + Cix+Cy),0ory = e‘xz(Ze_zx +c1 4 cax).
As a byproduct, {e‘xz, xe‘xz} is a fundamental set of solutions of the complementary equation.
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5.6.10. If y = uxe ™, then y’ = u'xe™ —ue ™ (x — 1) and y”" = u"xe™ —2u'e™*(x = 1) + ---,
3x

s0 x2y" +2x(x — 1)y’ + (x2 = 2x + 2)y = x3u” = x3e?* ifu” = ¢3*. Therefore,u’ = % + Cy;
3x 2x 2x
e xe xe
U= 7+C1x+C2,andy =uxe ¥ = 5 +xe ¥ (C1x + Cy),ory =

—x’ x2

+ xe ¥(c1 + cax).

As a byproduct, {xe e~} is a fundamental set of solutions of the complementary equation.

5.6.12. If y = ue*, then y/ = (' + u)e* and y” = (u” + 2u’ + u)e*, so (I — 2x)y”" + 2y’ +

4 —4x
Q2x =3)y =e* [(1 —2x)u”" + (4 —4x)u'] = (1 — 4x + 4x?)e~ if u’ = z, where (A) 7/ + .

4—4 2
1 —2x. Since/ Sdx = / 2+ dx = 2x —In|1 —2x|, z; = (1 —2x)e > is
1—-2x 1—2x

a solution of the complementary equation for (A). Therefore,the solutions of (A) are of the form (B)
2x

7 =

z = v(l — 2x)e™2*, where v'(1 — 2x)e 2 = (1 —2x), so v’ = e?*. Hence, v = % + Cy;
1 2x — 1)?
w =z = (§+Cle_2x) (I —2x) (see (B)); u = —% + Cixe ™ + Co; y = ue® =
2%y — 1 2,x 2% — 1 2,x
_Gx- et +Cixe ™+ Cre,ory = —% +c1e* +caxe ™. Asabyproduct, {e*, xe "}

is a fundamental set of solutions of the complementary equation.

56.14. If y = ue ™, then y) = (' —u)e ™ and y" = (" — 2u’ + u)e™, so 2xy” + (4x +

)y + @x + 1)y = e *Qxu” +u') = 3xY2e ™ if u' = z, where (A) 7/ + —z = —x~ /2. Since

xS 2
1
/ o dx = 3 In|x|, z; = x~'/2 is a solution of the complementary equation for (A). Therefore,the
X

3 3
solutions of (A) are of the form (B) z = vx~Y2 where v/x"1/2 = —x_l/z, so v’ = =. Hence,
3x 3
v= -+ Ciu =z = Exl/z + Cix7 Y2 (see B)); u = x3/2 4 2C1x"V2 4+ Cy; y = ue™ =

e X(x32 4 2C1xV2 4 Cy), or y = e ¥(x3?% + ¢1 + c2x'/?) As a byproduct, is a {e™*, x/2e7¥}
fundamental set of solutions of the complementary equation.
/

5.6.16. If y = ux'/2 then y/ = u'x'/? + and y” = u"x1/? 4+ A+ 4x2y" —
2x1/2 x1/2

4x(x + 1)y + 2x + 3)y = 4x52" — ') = 4x/2e** if u’ = z, where (A) 7/ — z = e?*. Since
z1 = e* is a solution of the complementary equation for (A) the solutions of (A) are of the form (B)

z = ve*, where v'e* = e?*,s0 v’ = e*. Hence, v = e* + C1; v = z = e** + Cie” (see (B));
2x 2x
e

u = 7+Clex+C2; y =ux!/? = 1/2( 3 + Cre* +C2) ory = xl/z( 3 +c1 +cae )

1/2
9

As a byproduct, {x x1/2e* } is a fundamental set of solutions of the complementary equation.

5.6.18. If y = ue®, then y = (u' + u)e® and y” = (" + 2u’ + u)e*, so xy”" + (2 — 2x)y’ +
"
C

2 C
(x =2)y = e*(xu” 4+ 2u') = Oifu—/ =—— | =2Inx|+ku' = —; u= -2 i
u X X X

C
Therefore,y = ue* = e* (——1 + Cz) is the general solution, and {e*, e*/x} is a fundamental set of
X

solutions.
l l u " " 2u'’ 2 2.,/
5.6.20. If y = uln|x|, then y’ = w'In|x| + — and y”" = w”In|x| + —---, so x*(In|x|)*y" —
X X
Qx1In|x|)y" + 2 +1In|x|)y = x2(n|x[)3u” = 0if u” = 0;u’ = C;; u = Cyx + C,. Therefore,y =
uln|x| = (C1x + C2) In|x| is the general solution, and {In |x|, x In |x|} is a fundamental set of solutions.
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5.6.22. If y = ue*, theny’ = w'e*4ue* and y” = u”e*+2u’e*+ue*, so xy’ —(2x+2)y +(x+2)y =

" 2 C
e*(xu” —2u') = Oifu—/ = S| = 2Inlx| +k;u' = Ci1x%; u = 1
u X

+ C,. Therefore,

C1x . . . .
y =ue* = ( 3 + C; ) e* is the general solution, and {e*, x3¢*} is a fundamental set of solutions.

5.6.24. If y = uxsinx, then y' = u/x sinx + u(x cos x + sinx) and y” = u”x sinx + 2u’(x cos x +

" 2cosx
sinx) -+, 80 x2y"=2xy'+ (x> +2)y = (x? sinx)u” +2(x> cos x)u’ = 0if — = ————:In|u/| =
u sin x
C
—2In|sinx|+k;u’ = %; u = —Cj cot x + C;. Therefore, y = ux sinx = x(—Cj cos x + C, sin x)
sin” x
is the general solution, and {x sin x, x cos x} is a fundamental set of solutions.
/
5.6.26. If y = ux'/2, then y’ = u/x'/? + and y” = u"x'2 4+ —— + ... s0 4x2(sinx)y”
2y 1/2 x1/2
: / . 5/2 u”  cosx ,
4x(x cos x 4sinx)y’ 4 (2x cos x + 3 sinx)y = 4x/2(u” sin x —u cosx) =0if — = —— Infu'| =
u sin x
In|sinx| + k; u’ = Cysinx; u = —Cj cosx + C,. Therefore,y = ux'/? = (=Cj cos x + Co)x'/2 is
the general solution, and {x'/2, x1/2 cos x} is a fundamental set of solutions.
u u o u u” 2u N
56.28.1fy = —,theny' = ———and " = — — — +---,50 2x + Dxy" =2(2x* = 1)y' —4(x +
X X x . 4x N 4x
u X
Dy =2 Du” — (4 hu' =0if — = = Inju'| =2 In|2 1| + k;
)y = 2x + Du” — (4x + v’ if - 1 +2x+1 nju’| x+In|2x + 1| +

u' = C1(2x + 1)e?*; u = Cyxe?* + C,. Therefore,y =

w|s W

=C 16‘2x + 2 is the general solution, and

{1/x,e?*} is a fundamental set of solutions. ¥

5.6.30. If y = ue?*, then y’ = (u’ + 2u)ezx and y" = (u” + 4u’ + 4u)e?*, so xy” — (4x + 1)y’ +

(4x +2)y = e¥(xu”" —u') = 0if L = l, Inju/| = In|x| + k; v = Cix; u = C12x2 + C,.

C;x? v
2

Therefore, y = ue?* = e~ ( + Cz) is the general solution, and {e?*, x2¢2*} is a fundamental

set of solutions.

5.6.32. If y = ue?*, then y/ = (u' + 2u)e® and y” = (u” + 4u’ + 4u)e®*, so 3x — 1)y —

9x — 6
(Bx +2)y — (6x —8)y = > [(3x — Du” + (9x — 6)u'] = O1fu— -2 = -3+ .
u’ 3x =1 3x —1
Therefore,In [u/| = —3x +1n|3x —1|+k,sou’ = C;(3x —1)e 3%, u = —Cyxe 3* + C,. Therefore,the
general solutionis y = ue?® = —Cyxe™ + Ce>*, or (A) y = c1e?* + caxe™™. Now y(0) = 2 =

¢1 = 2. Differentiating (A) yields y’ = 2c1e?* + c2(e™ —xe ™). Now y'(0) = 3 = 3 = 2¢1 + ¢2, s0
o =—land y = 2e%* — xe™*.

5.6.34.If y = ux, then y’ = u'x+uand y” = u"x +2u’, 50 x2y" +2xy' =2y = x3u" +4x%u’ = x?if

4 1 4 1
u' =z, where (A)z +—z = —. Since/ —dx = 4ln|x|, z1 = —; isasolution of the complementary
X X X X

/
equation for (A). Therefore,the solutions of (A) are of the form (B) z = 14, where — = —, s0 v = x3.
x x x
4 1 C c
Hence, v = XZT+C1; u' =z= Z+_1 (Sje (B)); u= % " 13
x C x ¢
Yy =ux = v 3—1 + Cox,or(C)y = T +c1x+ — leferentlatlng (C) yields y’ 5 +c1 —2—§.
x

+ C5. Therefore,the general solution is
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2

5 3
Nowy(l):z, y’(1)=§:>cl+czz 1, c1—2c;=1,s0c1 = l,cz=0andy=x?+x.

5.6.36. If y = uy;, then y’ = w'yy +uy)and y” = u”y; +2u'y; +uyy,so y” + pi1(x)y’ + pa2(x)y =
" y_/l
1

u
yiu” + 2y} + piyi)u’ = 0 if u is any function such that (B) = —2=—= — p1. fInju'(x)] =

X X

20|y ()] - / i(s) ds),

X0

1
p1(t) dt, then u satisfies (B); therefore, if (C) u/(x) = — - exp (—/
y1(x) x

0

X 1 t
then u satisfies (B). Since u(x) = / > eXp (—/ pl(s)ds) satisfies (C), y» = uy; is a solution
x0 V1 (t) X0

of (A) on (a, b). Since 22 _ u is nonconstant, Theorem 5.1.6 implies that {y;, y»} is a fundamental set
1

of solutions of (A) on (a, b).

5.6.38. (a) The associated linear equation is (A) z” + k?z = 0, with characteristic polynomial p(r) =

r2 4+ k2. The general solution of (A) is z = ¢ cos kx + ¢ sinkx. Since 7/ = —kcy sinkx + kcj coskx,
_Z/ —keysinkx + kep coskx
y= 7z crcoskx + cosinkx

(b) The associated linear equation is (A) z” — 3z" + 2z = 0, with characteristic polynomial p(r) =
r2—3r 42 = (r —1)(r —2). The general solution of (A) is z = cje* + cpe?*. Since 7’ = c1e* + c2e?*,
' cr 4 2cpe”

Y T et
(¢) The associated linear equation is (A) z”/+ 5z’ —6z = 0, with characteristic polynomial p(r) = r2+
5r—6 = (r +6)(r —1). The general solution of (A)is z = c1e~%* 4 c,e*. Since 7/ = —6¢1e %% 4 cze*,
7 —6cy + e
oz e+l

()} The associated linear equation is (A) z” + 8z’ + 7z = 0, with characteristic polynomial p(r) =
r2 +8r+7 = (r + 7)(r + 1). The general solution of (A) is z = cje™’* + ce™*. Since 7/ =

‘/ 7 6x
Tx — Zcze_x, y — Z_ — _ﬂ
z c1 + cpe8%
(e) The associated linear equation is (A) z” + 14z" 4+ 50z = 0, with characteristic polynomial p(r) =

r2 4+ 14r + 50 = (r + 7)% + 1. The general solution of (A) is z = e~ 7*(cj cos x + ¢z sinx). Since

—Tcre”

7/ = —=Te ™ (c1cosx + cpsinx) + e ¥ (—cy sinx + ¢y cos x) = —(7c; — ¢3) cos x — (¢ + 7¢a) sin x,
z (7¢1 — ca)cosx + (¢1 + Tea) sinx
:;:_ c1¢08 X + ¢psinx '
(f) The given equation is equivalent to (A) y' + y? — % y — — = 0. The associated linear equation is
B)z" — lz’ — lz = 0, with characteristic polynomial p(r) = r? — lr 1 = (r + l) (r — l)
6 6 6 6 3 /2
The general solution of (B) is z = cre 3 4 ¢,eX/2. Since 7/ = —C3—1e_x/3 + %Zex/z, y = Z; =

—2¢1 + 3ce5%/6
6(cy + cpe5%/6) "

1 1
(g) The given equation is equivalent to (A) y’ + y? — 3 y+ 36 = 0. The associated linear equation is

1, 1 11 1>

B) z”—gz’+ %z = 0, with characteristic polynomial p(r) = r2—§r+ 36 = (r - 6) . The general
x/6 ex/6

(c1 + c2x) + c2e® = (c1 + c2(x + 6)),

solution of (B) is z = ex/G(cl + ¢2x). Since 7/ = 3
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7 ca+cx +6)

y= 7 6(c1 + c2x)
. . 7/ 7" r/(x)
5.6.40. (a) Suppose that z is a solution of (B) and let y = —. Then (D) —+| p(x) — ) y+q(x) =
rz rz r(x
1 1 ! 2 15! 1 / 11 /
0and y/ = S (Z—) - rzz - ry? — r—y, so = = y 4+ ry? + r—y. Therefore, (D)
rz r\z r2z rz r rz r

implies that y satisfies (A). Now suppose that y i§ a solution of (A) and leE z be any function such that

r r

' =ryz. Then2” = r'yz +1y'z +ryzl = —2'+ (0 + 1y = —2 = (p(0)y +q(x)rz, so
!/

7= r—z’ + p(x)ryz + q(x)rz = 0, which implies that z satisfies (B), since ryz = z’.

(b) If {z1, z»} is a fundamental set of solutions of (B) on (a, b), then z = ¢121 + ¢225 is the general
solution of (B) on (a, b). This and (a) imply that (C) is the general solution of (A) on (a, b).

5.7 VARIATION OF PARAMETERS
5.7.2. (A) yp = uj cos 2x + u, sin2x;

ujcos2x + uhsin2x = 0 (B)

—2u, sin2x + 2ub cos2x = sin2xsec? x. ©

Multiplying (B) by 2sin2x and (C) by cos 2x and adding the resulting equations yields 2u/, = tan2x,

tan 2 tan? 2 1 —sec?2
sou,H = _anz *  Then (B) implies that u| = —u/, tan(2x) = — aer e Therefore,u; =
X  tan2x In | cos 2x| ) sin2xIn|cos2x| xcos2x  sin2x
57 and u, = - Now (A) yields y, = — -

sin2x1n|cos2x|  xcos2x

Since sin 2x satisfies the complementary equation we redefine y, = —

4 2
574.(A) yp = uje*cosx + uze* sinx;
uje cosx +use*sinx = 0  (B)
ui(e* cosx —e*sinx) + uy(e*sinx +e*cosx) = 3e*secx.  (C)

Subtracting (B) from (C) and cancelling e* from the resulting equations yields

ujcosx +upsiny = 0 (D)
—usinx +uycosx = 3secx. (E)
Multiplying (D) by sinx and (E) by cosx and adding the results yields u, = 3. From (D), u} =

—u, tanx = —3 tanx. Therefore u; = 31n|cos x|, u2 = 3x. Now (A) yields y, = 3e*(cos x In|cos x|+
X sinx).

5.7.6. (A) yp = ure* + uze™™;

uie +use™ = 0 (B)
_ 4e™*
ule* —uhe™ = TFeor ©)
4o 2072
Adding (B) to (C) yields 2u)je* = Treon so uy = =t From (B), u), = —e?>u} =

2 2e2%

Tl o2 T ] Using the substitution v = e

—2x Zx).

we integrate v} to obtain u; = In(1 — e~



80 Chapter 5 Linear Second Order Equations

Using the substitution v = e2* we integrate u, to obtain u; = In(l — e?*). Now (A) yields y, =

e¥In(l —e™2%) —e ¥ In(e?* —1).

X

e
578. (A)yp =uie* +u,—;
X

e
ue*+uy,b— = 0 (B)
X
e* e* er
uhe* 4+ u -] = —. C
! 2\ x  x2 X ©
ule* er u'
Subtracting (B) from (C) yields — 22 = —,sou) = —xe*. From (B), u}| = —2 = ¢*. Therefore
X X 2 X
up =e*, uy = —xe* +e*. Now (A) yields y, = —.
X
2 2
5710. (A) yp, =ure™™ +uzxe ™
wie™ faubxe™ = 0 (B
—th’le_x2 + u’z(e_x2 —2x2e) = 4e0HD ()

Multiplying (B) by 2x and adding the result to (C) yields u’ze_x2 = 4742 4o uy, = 4e2*. From

(Bl’(;ﬁl—z): —ubx = —4xe 2*. Therefore u; = (2x + 1)e™2*, uy = —2¢2*. Now (A) yields y, =
e .

5.7.12. (A) yp = urx + usx?;

uix + ubx® = 0 (B)

2x%sinx

up + 3ubx? =2x%sinx  (O).

x2

1

Multiplying (B) by — and subtracting the result from (C) yields 2xzu’2 = 2x2sinx, so u, = sinx. From
x

B),u} = —u’2x2 = —x2sin x. Therefore u; = (x2 —2)cos x —2x sinx, uy; = —cos x. Now (A) yields

yp = —2x2sinx — 2x cos x.
5.7.14. (A) yp = u1 cos /X + uz sin /x;

ujcos/x +uhsiny/x = 0 (B)
> sin 4/x i cos \/x _ sin Jx ©).
2./x 2./x 4x

sin 4/x . . . . uy
and (C) by cos o/x and adding the resulting equations yields =
NG (C) by cos /x g g eq y WS

Multiplying (B) by

. . .2

w’ o uy = SMVYCOS VY From (B), u} = —ujtan /x = > ﬁ Therefore,
4x 2./x 2./x
siny/xcos /x  /x sin? /x . siny/x  J/xcos /x .

U, = — s 5 Uy = 7 Now (A) yields y, = 7 7 . Since

X cos /x

sin 4/x satisfies the complementary equation we redefine y, = s
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5.7.16. (A) yp = u1x% + ux%Inx;

wix +ubx?Inx = 0 (B)

au,x7V fub(ax inx + x4 = x47! (©).

Multiplying (B) by a and subtracting the result from (C) yields u’zx“_l = x%"1 50 u, = 1. From (B),
x

uy = —u,H Inx = —Inx. Therefore, u; = x —Inx, up = x. Now (A) yields y, = xa+,
5718.y, = ulex2 + uze_xz;

wie™ +ube™ = 0 (B
8x°
2 xe™ = uhxe™ = —= 8x*.  (B)

Multiplying (B) by 2x and adding the result to (C) yields 4u’1xex2 = 8x%, 50 uy = 2x3¢™*. From B),

uH = —u’lezx2 = —2x3¢**. Therefore U = —e_xz(x2 + 1), up = —exz(x2 — 1). Now (A) yields
Yp = —2x2.
5.7.20. (A) y, = uy/xe?* + upJ/xe 2%,

upVxe +ubxe ™ = 0 (B)

!/ ,2x 1 ! ,—2x 1 — 8x5/2 —
ue 2«/}"' m —Uuse 2«/—— m = 4x2 = 2«/} (C)

1
Multiplying (B) by o subtracting the result from (C), and cancelling common factors from the resulting
X

equations yields

wpe™ +uhe™ = 0 (D)
wpe™ —uhe™™ = 1. (B
e—2x er
Adding (D) to (E) yields 2u}e?* = 1, so u} = — From (D), uy, = —u}je** = - Therefore,
—2x 2x
Uy = _¢ Y Uy = _eT. Now (A) yields y, = —?.

5.7.22. (A)y, = ujxe® + uzxe™;

uixe* +ujxe™ = 0 (B)
3x4
)

wi(x + De* —uh(x — 1)e™ =3x2 (O

1
Multiplying (B) by —, subtracting the resulting equation from (C), and cancelling common factors yields
x

uie® +ue™ = 0 (D)
uie* —ube™ = 3x. (E)
3xe™* 3xe*
Adding (D) to (E) yields 2u}e® = 3x, s0 1, = v From (D), u} = —u}e?* = — xze Therefore
3e* 1 3e*(x —1
Uy = —%, Uy = —%. Now (A) yields y, = —3x2.
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ul 3
5.724. (A) yp = — 4+ uaxx7;
X

/

u
L4+ ux®* = 0 (B
x
u' x3/2 3
- = =T (©
1 -5/2
Multiplying (B) by T and adding the result to (C) yields 4u’2x2 =x"12 50 uy = . From (B),
3/2 5/2 -3/2 4x3/2
uy = —u’2x4 = Therefore u; = _xl—O’ Uy = 2 . Now (A) yields y, = —);—5
5.7.26. (A) yp, = u1x2e® + uxx3e™;
uix?e® +uhx3e® = 0 (B)
2xe®  2e*
uj(x%e* + 2xe) +uh(x3e* + 3x%e¥) = = (©)
x x

Subtracting (B) from (C) and cancelling common factors in the resulting equations yields
ui+ upx = 0 (D)
B

ulx + 3ubx? =

=N

2 2
Multiplying (D) by 2x and subtracting the result from (E) yields xzu’2 = —,s0 Uy = —- From (D),
x x

uy = —uhx = —%. Therefore u; = ;, Uy = _x_lz‘ Now (A) yields y, = xe”~.
5.7.28. (A) yp = u1x + uze™;
uix +uye™ = 0 (B)
uy +uhe* = Z(XX_# =2(x—De*. (O)

Subtracting (B) from (C) yields v} (1—x) = 2(x—1)e*, sou; = —2e*. From (B), u, = —ujxe™™ = 2x.
Therefore, u; = —2e*, us = x2. Now (A) yields yp = xe*(x —2).

5.7.30. (A) y, = u1e®* +uzxe™;

uje™ +ubxe™ = 0  (B)
3x — 1 2,2x
2wl e +ub(e™ —xe™) = ()63)67_)16 =(Bx —De**. (©)

Multiplying (B) by 2 and subtracting the result from (C) yields u’2(21 —3x)e™* = (3x — 1)e?*, so

3x
uy), = —e>*. From (B), v} = —ubxe ™ = x. Therefore u; = 5 U2 = — Now (A) yields
2x 2x
3x -2 3x -2
Yp = M. The general solution of the given equationis y = M+c162x+czxe_x.

3
Differentiating this yields y’ =

3
+2¢1e?* + (1 — x)e ™. Now y(0) = 1, y'(0) =
e?*(3x%2 —2x + 6) N xe ¥

6 3

ePBx2+x—1)
3
1 1

2=c1 =1, 2=—§+261+cz,socz=§,andy=
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57.32. (A) yp = ui(x — De* +us(x — 1);

ui(x —De* +uy(x—1) = 0  (B)
(x — 1)3e*
u’lxex + Mlz W = (x — 1)€x. (C)
From (B), u} = —ube™*. Substituting this into (C) yields —u)(x—1) = (x—1)e*,sou), = —e*,u| = 1.

Therefore u; = x,uy = e*. Now (A) yields y, = e*(x—1)2. The general solution of the given equation
is y = (x — 1)2e* 4+ c1(x — 1)e* + c2(x — 1). Differentiating this yields y’ = (x2 — 1)e* + ¢y xe* + 5.
Now y(0) = 4, yY(0) = -6 = 4 = 1—c¢y —c3, =6 = =1 + ¢, 80¢c; = 2,¢cp = —5 and
y = (x%2—=1)e*=5(x—1).

Uz
5734, (A) yp = urx + —;
X

Uy
uix + 2 0 B)
2u! 2x2
uy — x; = -——=="2 ©
. . 2 . . 12 / 2 /
Multiplying (B) by — and adding the result to (C) yields 3u| = —2, so u; = 3 From (B), u;, =
x
2 3 2 4 2
—u’1x3 = % Therefore u; = _?x’ Uy = % Now (A) yields y, = —%. The general solution
. o x? S o , 2¢s
of the given equation is y = 5 + c1x + —. Differentiating this yields y’ = —x + ¢; — —-. Now
x
1 1
y() =1,y 1) =-1=1= —§+cl + ¢y, =1 = =1 4+¢1 —2c2,50¢1 = 1,¢c5 = > and
x? .
=——+x+ —.
Y= 212
5.7.36. Since y = y, —ai1y1 — azy2,
Po(x)y" + P1(x)¥' + P2(x)y = Po(x)(yp —a1y1 —azy2)"

+P1(x)(yp —a1y1 — azy2)’
+P2(x)(yp —ary1 —azyz)
= (Po(x)y, + P1(x)y), + P2(x)yp)
—ay [Po(x)y} + Pi(x)y] + Pa(x)y1]
—az [Po(x)y5 + P1(x)y5 + P2(x)y2]
= F(x)—a;-0—az-0= F(x);

hence y is a particular solution of (A).

5.7.38. (a) yp = u1e* + uze™* is a solution of (A) on_(g, o) if u’lexx+ ubhe™ = 0 and uje* —
uhe ™ = f(x). Solving these two equations yields u| = ¢ Zf’ uH = —ezf
X

1 [~ 1
E/ e ' f(t)dt and us(x) = _5/ e’ f(t)dt satisfy these conditions. Therefore,
0 0

. The functions u;(x) =

) = 5[ etrwan -5 [Ceraar
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is a particular solution of y” — y = f(x). Differentiating y,, yields
—X

e* [~ e* e
/ _ —t _
yp(x) = 7/0 e f(t)dt+76 T+ —

A ety
2/Oef(t)aft Ze

X

- /O ety + /O o f(t) dr

1

= 3 /x f@®) (e(x—’) + e—(X—t)) dt = /x f(t) cosh(x —t)dt.
0 0

Since yp(xo) = y;, (x0) = 0, the solution of the initial value problem is
y = yp+kocoshx + kjqsinhx

= kocoshx + ky sinhx + / sinh(x —t) f(t) dt.
0

The derivative of the solution is
y' = ¥, +kosinhx + k; coshx

= kosinhx + k; coshx + / cosh(x — 1) f(t) dt.
0



CHAPTER 6
Applications of Linear Second Order

Equations
6.1 SPRING PROBLEMS I
.k g 32 . o
6.1.2. Since — = N 320 the equation of motion is (A) y” 4+ 320y = 0. The general
m .
solution of (A) is y = c¢j cos 8/5¢ + Cco sin8«/§t, soy = 8«/3(—c1 sin8+/51 + Cp COS 8«/§t). Now
1 1 1 1 1
0)=—-=c;=—and y/(0) = —2=> ¢, = ———, 50 y = —— cos 88/5t — —— sin 8/5¢ ft.
y(0) 1 1 7 and y'(0) 2 a5 S0V 1 W
. k g 32 . L. .
6.1.4. Since — = N 64 the equation of motion is (A) y” + 64y = 0. The general solution
m .
1 1
of (A)isy = c¢1cos8t + ¢p8in8t, 50 y' = 8(—cy sin 8¢ + ¢ cos 8¢t). Now y(0) = 1 = = 1 and
1 1 1 1 V17
y'(0) = —3 =y = “Ie oy = ZcosSt—RsinSI ft; R = ET3 ft; wo = 8rad/s; T = w/4s;
¢ ~ —.245rad ~ —14.04°.
9.8)10
6.1.6. Since k = % = ( 7) = 140, the equation of motion of the 2 kg mass is (A) y” + 70y =

0. The general solution of (A) is y = c¢1cos+/70t 4+ c2sin+/70t, so y' = +/70(—cqsin~/70t +
1 1 1 2
c2c08+/70t). Now y(0) = —= = ¢;—— =and y'(0) =2 = ¢, = .80y = —7 cos V70t + T sinv70 ¢

4 4 V70 V7

1 /67
m; R = V35 m; wg = /70rad/s; T =21/+/70s; ¢ ~ 2.38rad ~ 136.28°.

. k g 32 . L. .
6.1.8. Since — = - = —— = 64 the equation of motion is (A) y” + 64y = 0. The general solution

m Al 1/2
1 1

of (A)isy = c¢1cos8t + ¢, 8in8t, s0 y' = 8(—cy sin 8¢ + ¢ cos 8t). Now y(0) = 3 = = 3 and

3 1 3
Y(0)=-3=c= —g oy = EcosSt— gsin8t ft.

64
6.1.10. m = = 2, so the equation of motion is 2y” + 8y = 2sint, or (A) y” + 4y = sint. Let
yp = Acost + Bsint; then y) = —Acost — Bsint, so y) + 4y, = 3Acost + 3Bsint = sint if

1 1
34 =0,3B = 1. Therefore,A =0, B = 3 and y, = 3 sint. The general solution of

85



86 Chapter 6 Applications of Linear Second Order Equations

1
= 1 = > Differentiating (B) yields

| =

1
(A)isB)y = 3 sint 4+ c1cos2t + ¢ sin2t, so y(0) =

5
+ 2¢y, SO 3 = 3 Therefore,

W —

1
y = gcost — 2¢18in2t + 2¢3c082t, 50 Y'(0) = 2 = 2 =

1 1 5 .
y = zsint + - cos2t + gsm2t ft.

3 2
4 1 mg ) .. 1, 1 .
6.1.12. m = -3 and k = A 4, so the equation of motion is gy + 4y = 1 sin 8¢, or (A)
y"+32y = 2sin8¢. Let y, = Acos 8+ Bsin8¢; then ) = —64A4 cost—64Bsin8t,s50 y, +32y, =
1
—32Acos8t — 32Bsin8¢t = 2sin8t if —324 = 0, —32B = 2. Therefore,A = 0, B = T and

. . . [ .
Yp = T sin 8¢. The general solution of (A)is (B) y = T sin 8¢ + ¢ cos 421 + Cp Sin 4«/§t, SO
1 1 1
y(0) = 3 = = 3 Differentiating (B) yields y’ = —7 cos 8¢ +4+/2(—cy sin4+/2t +c5 cos 44/21), s0
1 1 1 1 1
"0)=—1= —1 = —+4+/2c , 80 ¢ = ———. Therefore,y = —— sin8¢ + — cos 42t — —— sin4/21 ft.
y'(0) 5 2 2 Wl y 16 3 82

2 [m
6.1.14. Since T = — =2n T the period is proportional to the square root of the mass. Therefore,
wo

doubling the mass mutiplies the period by +/2; hence the period of the system with the 20 gm mass is
T =42s.
6 3 6
ak =M

3
6.1.16. m = » = 1™ k = AT 13 = 18 so the equation of motion is Ry” + 18y =

6
4sinwt — 6coswt, or (A) y” 4+ 96y = 5 sinwt — 32 coswt. The displacement will be unbounded if

64
= /96 = 44/6, in which case (A) becomes (B) y” + 96y = 5 sin4+/61 — 32 cos 4+/6t. Let

yp = Atcos 4+/6t + Bt sin4~/61; then
¥y = (A+4v6B1)cos46r + (B — 4/6At) sin4/6t
Yy = (8V6B —96A1)cos4v/61 — (8v/6A4 + 96B1) sin4+/6t, so

64
y; + 96y, = 8+/6B cos 4v/6t — 8+/6A4 sin4/61 = 5 sin4+/61 — 32 cos 4+/61

64 8 4 t (8
if 8+/6B = —32,—8+v/6A = —. Therefore, A= ———, B = ———,and y, = ——— (— cos 4+/61 + 4sin4«/6t).
3 36 NG P Ve \3
The general solution of (B) is
t (8
y = —% (g cos 44/6¢ + 4 sin 4«/6t) + c¢1 cos 461 + Co sin 4«/6t, ©)

s0 y(0) = 0 = ¢; = 0. Differentiating (C) yields

8 4 8
" = — —=cos4v6t + — sin 4«/6t) — 4t (—— sin4+/61 + 4 cos 4«/6t)
Y (3«/6 V6 3

+4«/6(—cl sin 4+/6t + ¢, cos «/Et),

8 1
0y 0)=0=>0=——~+ 4«/662, and ¢, = 5 Therefore,

376

t (8 1
y = —% (g cos 44/6t + 4sin4«/6t) + 5 sin 4v/6¢ ft.
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6.1.18. The equation of motion is (A) y” + a)(z)y = 0. The general solution of (A) is y = c¢j coswpt +
casinwgt. Now y(0) = yg = ¢1 = yo. Since y' = wo(—cy sinwgt + ¢2 cos wpt), y'(0) = vg = ¢ =
v

Vo 0o .
—. Therefore, y = yg cos wot + — sinwyt;
wo wo

1 Yowo - %
R = —(®0y0)? + (v0)% = : - ‘
wo (@070)* + (o) cosg (w0y0)? + (v9)? sne (®0Y0)? + (vo)?

Discussion 6.1.1 In Exercises 19, 20, and 21 we use the fact that in a spring—mass system with mass m

and spring constant k the period of the motionis T’ = 2 , / % Therefore, if we have two systems with

. . T, maky
masses m7 and m, and spring constants k1 and k», then the periods are related by T = e We
1 miK2

will use this formula in the solutions of these exercises.

T. 2
6.1.20. Let m» = 2my. Since k; = ko, 72 = 2 /2. 50T, = 2T,
1 mq

. ky
6.1.21. Suppose that T, = 3T. Since my = my, o = 3,k1 = 9%,.
2

6.2 SPRING PROBLEMS II

. _ mg _ 16 _ . . . 1 " / _ " / —
6.2.2. Since k = A 32 5 the equation of motion is Ey +y'4+5y =0,0r(A) y"4+2y'+10y = 0.

The characteristic polynomial of (A) is p(r) = r?42r+10 = (r+1)?+9. Therefore,the general solution
of (A)is y = e (cycos3t + co8in3t), s0 y' = —y + 3e~"(—cy sin3¢ + ¢3 cos 3r). Now y(0) = -3

1 1
and y'(0) =2 = ¢; = —3and 2 =3 + 3¢z, 0rcy = ~3 Therefore,y = —e ™' (3 cos 3t + 3 sin 3t)

V82
ft. The time—varying amplitude is Te_’ ft.

. _ % _ % _ : : . " / _ " /
6.2.4. Since k = A 32" 30 the equation of motion is 3y” + 18y’ + 30y = 0, or (A) y" + 6y’ +
10y = 0. The characteristic polynomial of (A) is p(r) = r2 + 6r 4+ 10 = (r + 3)? + 1. Therefore,the
general solution of (A) is y = e~ 3(c; cost + casint), so y) = —3y + e 3 (—c;sint + cpcost).

5 5 15 63

Now y(0) = ~7 and y/(0) = =12 = ¢; = ~7 and —12 = 7 + ¢y, 0r cp = T Therefore,

—3t
y= _e4 (5cost + 63sint) ft.

. _mg & . U _ " ,
6.2.6. Since k = A 25 the equation of motion is Zy + Ey + 25y =0,0r (A) y" +6y" +

100y = 0. The characteristic polynomial of (A) is p(r) = r% 4 6r + 100 = (r + 3)2 + 91. Therefore,the
general solutionof (A) is y = e/ (cy cos /91t +c sin 4/91¢), 50 y' = —3y++/91e ™3 (—cy sin /91t +

1 1 3 11
V9lt). N 0) = —and y'(0) = 4 = = —-and 4 = —= 4+ V9lca, = —.
€2 COS ). Now y(0) 7 and y’(0) c1 7 an 7 C2, OF Cp e
1 11
Therefore,y = —e ™' (cos VoIt + — sin«/9lt) ft.
2 V91

6.2.8. Since k = & _ 20-980
Al 5

or (A) y"” 4 20y’ + 196y = 0. The characteristic polynomial of (A) is p(r) = r2? + 20r + 196 =

= 3920 the equation of motion is 20y” + 400y" + 3920y = 0,
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(r 4+ 10)® + 96. Therefore,the general solution of (A) is y = e~ 1%(c; cos 4+/6t + c5sin4~/6t), so
Y = —10y + 4+/6e71% (—c; sin4+/6t + ¢ cos 4+/6t). Now y(0) = 9and y'(0) = 0 = ¢; = 9 and

45 45
0=-90+ 4«/6cz, or c; = ——=. Therefore, y = e~ 10t (9 cos 4+/61 + —— sin 4«/6t) cm.

276 276
. mg 32 . .. .
6.2.10. Since k = NI 32 the equation of motion is (A) y” 4+ 3y" + 32y = 0. The characteris-
2
9
tic polynomial of (A)is p(r) = r2+3r+32 = (r + 3 +T. Therefore,the general solution of (A) is
_3t/2 V119 . 119 , 3., VY119 5 . /119 V119
y=e C1 COS t 4 ¢, sin t],s0y' = —=y+———c8 —C1 8in t 4+ cpcos t].
2 2 2 2
1 1 3 V119 9
N 0)=-and y(0)=-3=c¢;=-and-3=—-+ , =— . Therefore,
ow y(0) 7 and y’(0) c1 7 an 1 7 C2, OI C WirT erefore
3 1 «/119t 9 ) «/119t ft
=e — Cos — sin .
Y 2 T T e 2
62.12. Since k = 78 = 2 — 2 {1 cquation of motion is —" + =y’ + 2y = 0, or (A)
2.12. Since k = — = — = — the equation of motion is — - —y =0, or
Al 32 g e TR

y” 4 2y’ 4+ 100y = 0. The characteristic polynomial of (A) is p(r) = r2 + 2r + 100 = (r +
1)2 + 99. Therefore,the general solution of (A) is y = e ’(cqcos3+v/11t + ¢ sin3+/111), so y' =

1 1
—y + 34/ 1le7"(—c1 sin3+/11¢ + ¢ cos3+/11¢). Now y(0) = 3 and y'(0) =5 = ¢; = 3 and

1 14 1 14
5 ==+ 34/1lc,, orc; = ———. Therefore,y = e’ (—— cos 34/ 11t + —— sin3«/11t) ft.
3 SRR Y 3 9V11
mg

6.2.14. Since k = AL 32 the equation of motion is (A) y” + 12y’ + 32y = 0. The characteristic

polynomial of (A) is p(r) = r? + 12r + 32 = (r + 8)(r + 4). Therefore, the general solution of (A) is
2

y = Cle_St —+ C2€_4t, SO y’ = —8cle_8t — 4C26‘_4t. Now y(O) = —g and yl(O) =0= c1+¢cy = g,-

2
8c1 —4cy =0,50c; = -3 cy = 3 and y = —g(e_S’ —2e7H).

100 - 980
6.2.16. Since k = ’Z—f =5 - 100 the equation of motion is 100y” + 600y” + 1000y = 0, or
(A) y" 4 6y’ + 10y = 0. The characteristic polynomial of (A) is p(r) = r? + 6r + 10 = (r 4+ 3) + 1.
Therefore, the general solution of (A) is y = e™3(cy cost + cpsint), so y' = —3y + e~ (—cy sint +
¢y cost). Now y(0) = 10 and y'(0) = —100 = ¢; = 10 and —100 = —30 + ¢,, or c = —70.

Therefore, y = e~ (10cost — 70 sint) cm.

6.2.18. The equation of motion is (A) 2y” + 4y’ 420y = 3 cos 4t —5sin 4¢. The steady state component

of the solution of (A) is of the form y, = A cos 4t + B sin 4¢; therefore ), = —4 A sin 4t +4B cos 4t and

Y, = —16Acos4t—16B sindt, so 2y, + 4y}, +20y, = (=12A+16B) cos 4t —(16A+ 12B) sin4t =
11 27

3cosdt — 5sin4t if —124 + 16B = 3, —164A — 12B = —5; therefore A = B =

—_— , and
100 100

27
cos4t + — sin4t cm.
Ve 100

~ 100

9.8
6.2.20. Since k = ’Z—f =5 = 20 the equation of motion is (A) y” + 4y’ + 20y = 8sin2¢ — 6 cos 21.

The steady state component of the solution of (A) is of the form y p = Acos2t 4+ Bsin2t; therefore
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Y, = —2Asin2t + 2B cos2t and y7 = —4Acos2t — 4Bsin2t, so y + 4y, + 20y, = (164 +

SB) cos2t — (84 — 16B)sin2t = 831n2t —6cos2t if 16A+ 8B = —6, —8A + 16B = 8; therefore
1 1 1 1

A= —7 B = 7 and y = —ECOSZI + ZsinZt m.

6.2.22. If e (c1 + cat) = 0, then (A) c1 + caf = 0. If ¢ = 0, then ¢; # 0 (by assumption), so (A) is
impossible. If ¢; # 0, then the left side of (A) is strictly monotonic and therefore cannot have the same
value for two distinct values of ¢.

—ct/Zm(_

c
6224. If y = e °t/2M(¢;coswit + cpsinwit), then y' = “om? + wre cisinwit +

c 1 c
¢y coswit), so y(0) = ypand y'(0) = vg = ¢; = ypandvg = —$+cza)1, SO Cy = . (vo + %t)
1

1 c
and y = e—ct/2m (yo coswit + — (vo + ﬂ) sina)lt).
w1 2m

6.2.26. If y = e"'"(c1 + cat), then y = r1y + c2e"!?, 50 y(0) = yp and y'(0) = v9 = ¢1 = Yo and
Vo = F1yo + €2, 80 ¢2 = vg — r1Yo. Therefore, y = e (yg + (vo — r1y0)t).

6.3 THE RLC CIRCUIT

6.3.2. %Q” £20 4+ 1000 = 0; Q" + 400’ + 20000 = 0; r2 + 40r + 2000 = (r + 20)2 +
1600 = 0; r = —20 £ 40i; Q = e 2%(2cos40t + c,sin40¢) (since Qg = 2); I = Q' =
e 20" ((40c, — 40) cos 40t — (20c, + 80)sin40t); I = 2 = 40c; — 40 = 2 = ¢, = %, SO
20c; + 80 = 101; I = e=2%(2cos 40t — 101 sin40¢).

1
634, 750" + 60" +2500 = 0; Q" +60Q’ +2500Q = 0; r> + 60 + 2500 = (r +30)* +

1600 = 0; r = —30 £ 40i; Q = e 3%(3cos40t + c,sin40t) (since Qg = 3); I = Q' =
€739 ((40c, — 90) cos 40t — (30c, + 120)sin401); Ip = —10 = 40c; — 90 = —10 = ¢, = 2, s0
—30c; — 120 = —180; I = —10e~3% (cos 407 + 18 sin401).

6.3.6. O, = Acosl0t 4+ Bsinl0¢; Q’IJ = 10Bcos 10t — 104 sin 10¢; Q’Ig = —100Acos 10t —

1
100B sin 10¢; EQZ + 307, +100Q9 = (904 + 30B) cos 10 — (304 — 90B) sin 10t = 5cos 107 —

5sin10¢, so 904 + 30B = 5, =304 + 90B = —5. Therefore, A = 1/15, B = —1/30, O, =

10t sin 107 1
cosls - %, and I, = —g(cos 10t 4 25sin 107).

6.3.8. Qp = Acos50t + Bsin50¢; Q) = 50Bcos 50t — 504sin50¢; Q) = —25004 cos 507 —

1
25008 sin 501 5 0 +20), 41000 5(~1504 + 100B) cos 501 — (1004 + 150B) sin 50 = 3 cos 501
6sin50t s0 —1504 + 100B = 3, —100A4 + 1500B = —6. Therefore,A = 3/650, B = 12/325,

3
Op = @(Cos 50t 4 8sin50¢),and I, = E(8 cos 50¢ — sin 50¢).

6.3.10. O, = Acos30t + Bsin30t; Q) = 30Bcos30t — 30A45sin30; Q) = —9004 cos 307 —
1
900 B sin 30¢; %Qg + 4le +1250, = (804 + 120B) cos 307 — (1204 —80B) sin 30¢ = 15cos 307 —

3
305in 301,50 804+ 1208 = 15, ~1204+80B = 30, 4 = 3/13, B = ~3/104. 0, = (8 cos 301~

45
sin30¢),and I, = —5—2(003 30t 4 8sin30¢).
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6.3.12. Let 0 = o(w) be the amplitude of /,. From the solution of Exercise 6.3.11, 0, = Acoswt +

1/C — Lo*)U — RoV RowU + (1/C — Lo*)V
B coswt, where A = {1/ wA) @ , B = ® +(/A @) ,and A = (1/C —

Lo?)? + R?w?. Since I, = Q') = w(—Asinwt + B cos wt), it follows that 0% (0) = 0*(4> + B?) =

uz+v: | A ) 5 . N )
@) with p(w) = Pl (1/Cw — Lw)® + R*, which attains it mininmum value R* when
p
1 VU2 +V?2
® = wp = ——=. The maximum amplitude of I, is 6 () = ———.
JLC R
6.4 MOTION UNDER A CENTRAL FORCE

2

6.4.2. Let h = r26}; then p = - Since r = P

1 4+ ecos(f —¢)
p

— — 1. Differentiating this with respect to ¢ yields —e sin(6 — ¢)0’ = —

r
/

, it follows that (A) e cos(d — ¢) =

'0—2/, so (B) esin(f — ¢) =

%, since 720’ = h. Squaring and adding (A) and (B) and setting ¢ = 0 in the result yields e =

1/2
R - - g _
—=1) + 7 . If e = 0, then 6 is undefined, but also irrelevant; if e # 0, then sett = 0

ro
. 1(p . Pro
in (A) and (B) to see that ¢ = 0y — o, where —7 <@ < mw,cosa = — | — — 1 ] and sina = =
e \ro e
d*u , 1 1 1 d?u 6 5
6.4.4. Recall thatl(A) 79 = —mhzuzf(l/u). Letu = - = W; then W: 6741 = 6cu”.
6cu? +u = ——— f(1/u), so f(1/u) = —mh?(6cu* + u?) and f(r) = —mh? > +—=).
mh2y? rt r3
. k dzu k
6.4.6. (a) With f(r) = , Eqn. 6.4.11 becomes (A) — ] 92 1— 5 u = 0. The initial conditions
1
imply that u(6y) = and —(90) =—— (see Eqn. (6.4.)
1/2 2,
(b) Let y = ‘1 — 2 @) If h* < k, then (A) becomes J07 y*u = 0, and the solution
1 /
of the initial value problem for u is ¥ = — coshy(0 — 6y) — r_(})l sinhy(6 — 6p); therefore r =
ro 14

’ -1 2
ro (cosh y(0 — 6y) — 1970 inh y(0 — 90)) . (ii) If h? = k, then (A) becomes d— = 0, and the solu-

yh do?
-1
ror0(9 90)) .

+ y?u = 0, and the solution of the initial value problem for u is

tion of the initial value problem for u isuy = — — —(9 0o); therefore r = r¢ (
To

2

d*u
2
(iii) If h* > k, then (A) becomes —— 02

1 —1
u=—cosy(d — 6y — r—O siny(6 — 0y); therefore r = ro | cos y (8 — 6p) — % siny(6 —6p) ) .
o yh vh



CHAPTER 7

Series Solutions of Linear Second
Equations

7.1 REVIEW OF POWER SERIES

7.1.2. From Theorem 7.1.3, Y>> b,y 2™ converges if |z| < 1/L and diverges if |z| > 1/L. Therefore,
3% o bm(x — x0)? converges if |x — xo| < 1/+/L and diverges if |x — xo| > 1/+/L.

7.1.4. From Theorem 7.1.3, Y>> b, 2™ converges if |z| < 1/L and diverges if |z| > 1/L. Therefore,
3% o bm(x — x0)¥™ converges if |x — xo| < 1/ VL and diverges if |x — xo| > 1/ VL.

o0 o0 o0
7.1.12. (14 3x%)y" 4+ 3x2y' =2y = Z nn—a,x"2 43 Z nn — Dayx™ + 3 Z na,x"tt —
n=2 n=2 n=1
o0

o0 o0 o0 o0
2 Z apx" = Z(n +2)(n+ Dayy2x" +3 Z n(n—Dnayx™ +3 Z(n —Day—1x" =2 Z apx" =
n=0 n=0 n=1 n=1 n=0

2az = 2ap + Y _[(n +2)(n + Danya + Bn(n — 1) = 2)an + 31 — Dan—1]x".

n=1
o0 o0 o0
7.1.13. (142x2)y" +(2=3x)y' +4y = Z nn—1)a,x" 242 Z nn—1)a,x" +2 Z na,x" ' —
n=2 n=2 n=1
o0 o0 o0
2 Z anx" +4 Z apx" = Z(n +2)(n + Day42x™ +2 Z nn—1ayx" +2 Z(n + Dapy1x" —
n=0 n=0 n=0

3 Z anx" +4 Z anXx Z (n+2)(n + Danya + 20 + Dapyr + 2n? —5n + 4)a,,] x"
n=0

o0 o0 o0
7.1.14. (1 4+ x3)y" + 2 —x)y +3y = Z n(n — Da,x"% + Z nn — Dapx™ +2 Z na,x" ' —
n=2 n=2 n=1

Znanx +3 Z apx" = Z(n +2)(n + Day42x"

=0

+ Zn(n — Daux" +2 Z(n + Dapy1x" — Znanx +3 Zan
_0

Z (n +2)(n + Dangz +2(n + Dang1 + 0> —2n + 3)an | x"

n=0

91
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o0
7.1.16. Lett = x+1;then xy” +(44+2x)y' +(24+x)y = (=1+1)y"+Q2+21)y' +(1+1)y = — Z n(n—
n=2

o0 o0 o0 o0 o0 o0
Dant™2 + Z nin—1a,t" 142 Z napt" ' 42 Z napt" + Z ant" + Z ant"tl = — Z(n +
n=2 n=1 n=1 n=0 n=0 n=0

o0 o0 o0 o0 o0
2)(n+ Day42t" + Z(n + Dnayi1t" +2 Z(n +Dayy1t" +2 Z nant"™ + Z ant™ + Z an_1t" =

n=0 n=0 n=0 n=0 n=1

(—2ax+2a1+a0)+ Y _ [~(n + 2)(n + Dang2 + (0 + D + 2ant1 + @n + Dan + an1] (x+2)".

n=1

o0 o0 o0
7.1.20. y'(x) = x" Z napx" ' 4 rx™! Z apx" = Z(n + r)x" Tl

n=0 n=0 n=0
d d >
"no_ -/ _- = r—1 n| _ r—1 n— 1 —Dx" -2
Yy = dxy (x) P |:x ’;)(n + r)apx ] x Z_;)(n + rna,x Z(n +
Papx" = Z(n + 1) +r —Da,x"T2,

n=0
7122 x2(1+ x)y” + x(1 4+ 2x)y" — (4 + 6x)y = (x2y" + xy' —4y) + x(x2y" 4+ 2xy' — 6y) =

Z[(n+r)(n+r—1)+(n+r)—4]an "+'+Z[(n+r)(n+r—1)+2(n+r)—6]anx"+'+1 _

no=00 o n=0 o
Z(n +r=2)n + 1+ 2a,x"T" + Z(n +r 430+ —2a,x"TH = Z(n +r—2)n+
n=0 n=0 n=0

o0 o0
r+ 2)a,x" T+ Z(n +r+2)(m+r—3)a,_1x" = x’Zb x" with by = (r — 2)(r + 2)ap and
=0
by _(n+r—2)(n+r+2)an+(n+r+2)(n+r—3)an ,n>1

7.1.24. x2(1 + 3x)y” + x(2 + 12x + x2)y +2x(3 + x)y = (x2y” = 2xy") + x(B3x2y" + 12xy’ +

6y) + x2(xy’ +2y) = Z[(n +r)Yn+r—1)+20n+r)]ax"T" + Z[3(n +ryn+r—1)+12(n+
n=0 n=0

r)+6lanx "+'+1+Z[(n+r)+2]an ntr+2 — Z(n+r)(n+r+l)an "+'+3Z(n+r+l)(n+
—O —O —O

r+2)an x”+’+1+Z(n+r+2)a X2 = Z(n+r)(n+r+l)an ”+’+3Z(n+r)(n+r+
n=0 n=0 n=1

o0

Dap_1x" " + Z(n + Pan_ox™ = x" anx" withbg = r(r + 1)ag, by = (r + D)(r +2)a; +
n=2 n=0

30+ D(r +2)ag,bp=m+r)Yn+r+Da, +3m+r)n+r + Day—1 + (n +r)ap—a,n > 2.

7.1.26. x2(2+x2)y" +2x(5+x2)y +2(3—x2)y = (2x2 "4+ 10xy’ +6y) +x2(x2y" +2xy" —2y) =
o0

Z[Z(n +r)n4+r—1)+100n+r) + 6]la,x" " + Z[(n +r) 4+ —=1)+2(m+r)—2)a,x" T =
n=0 n=0

o0 o0
2 Z(n +r+ D)0+ r 4 3a,x"t + Z(n +r—Dn+r+2)ax"T"? =2 Z(n +r+ D@+
n=0 n=0 n=0
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o0 o0

r+ 3a, x4+ Z(n + 7 =3)n + r)apx"T"T = x" anx" with by = 2(r + 1)(r + 3)ay,
n=2 n=0

b1 =2r+2)r+dar by =2m+r+1)n+r+3)a, + m+r—-3)n+r)as—2,n>2.

7.2 SERIES SOLUTIONS NEAR AN ORDINARY POINT I
2m —1

722. pn) =nn—1)+2n—-2=mn+2)n —1); ap42 = —ﬁan; Aomtar = “om 1a2m, )
(—l)m m ] e x2m
dam = ao; a =— a =0ifm>0,y=a B D Lo
2m m—1 0> d2m+3 mr2 2m+1 =z Uy 0 mz=:o( ) m—1 1
724. pn) = —n(n — 1) —8n — 12 = —(n + 3)(n + 4); any2 = 722133813%, Aom+2 =

(m +2)2m + 3) (m +2)2m + 5)

A2m, S0 Ao = (M+1)2m+1)ag; azmi3 = A2m+1 SO Aom41 =

T m+D)2m+ 1) _(m+D@m+3)

+1)2m+3 >
wal; y = ap Z(m + 1)@2m + Dx>" + tl Z(m + 1)(2m + 3)x>" T,

3 3
m=0 m=0
7.2.6. p(l’l) = n(n—1)+2n+z = f,aﬁ_z man,ayﬁ_z 8(m T 1)(2m T 1)a2m7
m—1
@+D*| 1 (4m +3)?
0 dzm = (=1) 11) 211 | gm0 dame S@m 1 3)m 1 1)1 0 dam
(4j +3)? 1 L@j+ 12| x2m (4 +3)% | x2m 1

Hm Hm Hm

D) H 5713 | T aoZ< an i | o +alZ( ) H 215 |

Jj=0 Jj=0 Jj=0

22m —T)(m —2)

7.2.8. p(n) = n(n—1)—10n+28 = (n—7)(n—4); an4z = %an,@mﬁ

2m+ H2m+ 1) "
5 35 . (m—3)2m —3)
S0 a, = —14ag, as = ——a, = —aop, a =0ifm > 3;a = "q , SO
2 0, a4 ¢ 3 40> d2m 2m+3 @m +3)m + 1) 2m+1

1 3 1 1
az = —3ai,as = —Zaz = Zai, a7 = o1% = 3590

35 3 1
= 1—14x%2 + =x* -3 =
y ao( x+3x)+a1(x x+5x +35x)

2n+3 4dm + 3

7.2.10. p(n) = 2n + 3; apya = — an; Aamy2 = — Aom, SO dom =

mn+2)n+1)
’ﬁ 443 Em 3 4m+5
21| 2 0 2mE3 T TS 0m + 3)(m + 1)

00 m—1 .. o] m—1 ..
443 | a2m 4j 45 | x2mt
y=ap y (-1 /HOZJ‘H zmm!+almz=:0( ) /112j+3 2mm]

2m+ H2m + 1)

a soa = ’”1_[—1 4451 D"
2m+1 2m+1 = 1 2 13| 27m!

air;

(n —-6)2n+1)

7242 pn) =2n(n =1 =9 =6 = (1 =6)2n + )i dny2 = =00 =

a; =y (0) =—

—

n7a0:y(0) =

202n —1)2

_ _ _ _ 12 == 7
7.213. p(n) = 8n(n — 1) +2 = 2Q2n — 1)%; anta2 = n+2)(n + 1)

y'(0) = —

an; ag = y(0) = 2;a; =
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1 1 1
7.2.16. p(n) = —1;a = ——q@au;a = Aym, SO Aoy = ——Ao;

re T D@D T @m ) @m ) T am)
P S0 = ————ay =y Y E Z (e —3pm
T am 3y @m 1 ) e = Gy T L Ty T A T

7.218. Lett = x — 1; then (1 — 2¢2)y” — 10ty’ — 6y = 0; p(n) = —2n(n —1) — 10n — 6 =

-1
2(n + 3) 2m+3 1|77 ,
iTan; Qam+2 = T m@ams SO dam = oy [[(2] +3) | ao;

=2 + D(n + 3); ant2 =

4(m +2) 4" (m + 1)! (x —1)?m
a =——"qa ,s0d = iy =a 2] +3) | ————
2m+3 g3 famt 2m+1 l_[,/n 5(2 +3) ap, y =do Z l_[( J ) m

A+ Do

+a g (x

3t? Ot 3 9 3 3
7.2.20. Let t = x + 1; then (1+—)y”——y +=y=0;pn) = —n(n—1)+— - == n+

3 2 2 2
3(n+1) ] 32m + 1)
1) p+2 = —man, Aom+2 = —mCZZm, SO dom = ( nm 1_[(2] +1)
g n = SmED S0 damsy = (—1)T——m
2m+3 2m ot 3 2m+1, 2m+1 ]_[T;é(zj 3 15
o) m—1 3m e’} 3mm‘
y=uay y (- Qi+ x+D* +ar Y ()" (x + )P
2 2 e
n+3
7222. p(n) =n+3iap42 = ————F————an;ao = y(3) = —2;a; = y’'(3) = 3.

mn+2)mn+1)
7224, Lett = x—3; (1 +42)y" +y = 0; p(n) = 4n(n—1)+1 = 2n — )% apyn =

2n —1)?
_M%,ao y3) =4;a1 =y (3) =

212 20 2 20
7.2.26. Lett = x + 1; (1 + T) y” - ?ty’ + 20y = 0; p(n) = gn(n -1) - ?n + 20 =
2(n —6)(n —5) 2(n —6)(n —5)
f’ an+2 = mam ap = y(=1) = 3;a; = y'(-1) = -3.
p) pQ2m)
7.2.28. F Th 7.2.2, = ——————ay; = — ,
rom Theorem An+2 T 1)an Aam+2 G+ 2)@m + l)az,,, N
m—1 m—1
L =DT p@2m+1) . =H”
= 2 ——ayp; =— , = 2 | —=
a2m /E)p( D) | Gy @03 Gamts =~ e e Game SO a1 /E)p( I+ G
7.2.30. (a) Here p(n) = —[n(n — 1) +2bn —a(x +2b —1)] = —(n —a)(n + o« + 2b — 1), so
Exercise 7.2.28 implies that y; and y, have the stated forms. If o = 2k, then
%] m—1 xzm
= |[]@ —2k)@j +2k+2b—1) i (©).

m=0 | j=0
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If « =2k + 1, then

oo | m—l 2m+1
. . X

Since 2b is not a negative integer and ]_[T;(} 2j —2k) =0if m > k, y; in (C) and y; in (D) have the
stated properties. This implies the conclusions regarding P,,.
(b) Multiplying (A) through by (1 — x2)2~! yields

[(1—x2)?P)) = —n(n +2b—1)(1 —x>)>7' P, (E)

(¢) Therefore,
[(1—=x2)P P = —m(m +2b—1)(1 — x>~ P,,. (F)

Subtract P, times (F) from P, times (E) to obtain (B).
(d) Integrating the left side of (B) by parts over [—1, 1] yields zero, which implies the conclusion.

o0 o0
7.2.32. (@) Let Ly = (1+ax3)y” + Bx2y' +yxy. Ify = Z apx",then Ly = Z n(n—1a,x" 2 +
o0 o0 n=2
Z p(m)a,x" = 2a, + Z[(n + 3)(n + 2)ants + p(m)ay]x"Tt = 0 if and only if a; = 0 and
n=0
ap4+3 = —Lan forn > 0.

n+3)@n+2)

m—1 .
7234. p(r) = —2r(r — 1) — 10r — 8 = —2(r + 2)%; (A) l—[ rGj) l—[ (=2)@3j +2)? +2)2

o 3j+2 3j+2
3j+1 -2)(3j +3)? —1)m2m !2
(—1)m2m ]_[(3] +2); (B) ]_[ pGi+ 1D ]_[ (720G +37 _ ( m)_1 .(m) . Substituting (A)
i 3 +4 3 +4 1720 () +4)
and (B) into the result of Exer01se 7.2.32(c) ylelds
= - 6" m! 3m+1

o TS B3 +9)

yzaoZ(g) 1_[(3]+2) x—+a1
m=0 J

m—1 . m—1
3
7.2.36. p(r) = =2r(r — 1) + 6r +24 = =2(r — 6)(r + 2); (A) ]_[ p.( J) _ ]_[ (=6)(j —2).
o 3j+2 =0
-1
pGj+1) (=6)(j + DEj —5) mem T 34 =5 -
B = (-1D)"6"m . Substituting (A) and
(),l_l) 3 +4 1_[ 3 + 4 =D /E)3j+4 gA)
(B) into the result of Exer01se 7 2. 32(c) ylelds ‘
3j =5
— 1_4 3 4 6 2m 3m+1.
y = ao( x+x)+alz H3j+4 x
m=0 Jj=0
o0 o0
7.2.38. (@) Let Ly = (1 + ax®*2)y” 4 pxk+1y 4 yxky Ify = Zanx”, then Ly = Zn(n -
n=0 n=2
00 -1
Danx"2 43 pyanx™* = 3" (0 + k + 21 + k = Danpprax™* + ZKn +k+2)n +

n=—k n=0
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k 4+ Dayyrys + p(n)an]x"+k = 0Oifand only ifay = Ofor2 <n <k + 1 and (A) dytit1 =
pn)

m+k+2)n+k+1)

(b) If a, = 0 the ap4(k+2)m = O for all m > 0, from (A).

an forn > 0.

m—1 m—1
4j 1 4j + 1 1
7.2.40.k=2andp(r)=1;(A)]_[p,(J)z s G+ _ 1
4j +3 [T @4) + im0 W ES 17545 +5
Substltutlng (A) and (B) into the result of Exercise t 2.38(c) ylelds
Z w4m Z w4m+1
y=a y (D" ap =n" ——— .
o amm! 1720 (4] + 3) — amm! 1720 (4] + 5)
m—1 m—1
. r8)) 8 —DBj =9,
7.242. k = 6and p(r) = r(r—1)—16r+72 = (r—=9)(r—8); (A) /]1 517 I1 TP
8j +1) 8 —DEBj—=7).
B) l—[ p( J l—[ (=D, :
@8j+9 & +9
Substltutlng (A) and (B) 1nt0 the result of Exercise 7.2.38(c) yields
9 7
Yy =aop (1—;)6 )+a1 (x—§x9).
m—1 . m—1 .
6 6 1 6"m!
7.2.44.k=4andp(r)=r+6;(A)]‘[M:]‘[ G+D _ LS
j=0 6j +5 i=0 6j +5 [[[=0(6j +5)
P(6J +1)
(B) H =1
6 +7)
Substltutlng (A) and (B) 1nt0 the result of Exer01se 7.2.38(c) yields
K 6m+1
y=ao ) ()" ——a———+ta ) (-1 =
Z HT”_5(6 5 % Gmmt -
7.3 SERIES SOLUTIONS NEAR AN ORDINARY POINT II
o0 o0 o0
732.1fy = Z anx", then (1 + x +2x2)y"” + (2 + 8x)y’ + 4y = Z n(n —Da,x" 2 + Z n(n —
_() _2 n=2
o0
Da,x™ ! + ZZn(n — Da,x" + ZZnan n=l 4 SZnanx + 4Zan = Z(n +2)(n +
n=1 n=1 =0 n=0
D(an4+2 + an+1 + Zan)x =0ifay42 = —an+1 — 2an, ap > 0. Startmg with ag = —1 and a; = 2
yields y = —1 4 2x — 4x3 +4x4+4x5— 12x8 4+ 4x7 + -+,
o0 o0 o0
734.1fy = Z anx™, then (14 x +3x2)y” + 2+ 15x)y’ + 12y = Z n(n—1a,x" 2 + Z n(n—
n=0 n=2 n=2
o0 o0 o0 o0
Da,x™ 1 43 Z n(n — Dayx™ +2 Z na,x" '+ 15 Z napx™ + 12 Z anpx" = Z[(n +2)(n +
n=2 n=1 n=1 n=0 n=0

. 3(n+2 .
Dapyr +(n+ D(n+2)ap+1 +3(n+ Z)Zan]x” =0ifapr = —ap41 — %an, an > 0. Starting

7 15 45 261 207
2_ 13,2 Ps e 2

ithag = d lyields y = x —
withap = 0anda; = lyieldsy = x — x 3 2 8x 2 6

x4
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o0 o0
73.6. If y = Zanx”, then (3 + 3x + x2)y” + (6 + 4x)y’ + 2y = 3Zn(n — Da,x™2

o0 o0 o0 o0 o0 o0
3 Zn(n — Da,x™ ! + Zn(n —Da,x" +6 Z:nanx"_1 + 4Znanx" +2 Zanx" = Z(n +

n= = = = = =
2)(n + DBant2 + 3an+1 + ap)x" = 0if apyo = —ant1 —an/3, an > 0. Starting with ap = 7 and
6 13 23 10 7 1
=3yieldsy = 7+ 3x — —x2 + —x = x4 —x% = Zx0— x4
1 yields y + 3x 3x+3x 9x+9x 27x 9x+

7.3.8. The equation is equivalent to (1 + ¢ + 2¢2)y” + (2 +61)y +2y =0 with t =x—-11If

y—Zan ,then (1 +1 +2t2)y” + (2 + 61)y’ +2y=Zn(n—l)an " 2+Zn(n—l)an 4

=2 n=2
o0
ZZn(n—l)ant +ZZnan" 1+6Z:na,,t +ZZan Z(n+l)[(n+2)an+2+(n+
n=0
2 1
an+1+2(n+1)a,)t* =0ifay4, = —an+1—%an,an > 0. Starting withag = landa; = —1
4 4 4
eldsy=1—-(x—D+-(x—-1>—-=x=-D*—=(x -1+ — —16—— —1)7
yields y =D+ 30D =5 -D" -z )+45(x - =D+

7.3.10. The equation is equivalent to (1 + ¢ + t2)y” 4+ (3 + 4t)y’ + 2y = O witht = x — 1. If
o0 o0 o0

y = Zant", then (1 +¢ +t2)y" + (3 +4t)y' +2y = Zn(n — Dant"% + Zn(n —Da,t™ !+
n=2 n=2

00
Zn(n Dant" +3Znan " 1"‘4Z:nant +Zzan Z(n+l)[(n+2)an+2+(n+3)an+1+

n=2 n=0

3
n 4+ 2)ayt" =0ifay4, = _n iZanH —ay,a, > 0. Starting withag =2 anda; = —1 yields y =
n
T O A e (O < O
* A 3 I * 630

7 3.12. The equation is equivalent to (1 + 2¢ + tz)y” + (1 +7)y + 8y =0with? =x — 1 Ify =

Zan ,then (1421 +12)y" +(1+7t)y'+8y = Zn(n—l)an " 2+ZZn(n—l)an " 1+Z:n(n—
n=2 — —

o0
Dant" +Znant" 1+7Znanl +8Zan =Y [m+2)(n+ Dansa + (+1)Q@n+ a1 +

n=0
. _2n + 1 n+4 . .
m+2)(n+dayt" =0ifap4o = ————ap4+1— an,a, > 0. Startingwithag = landa; = -2
n+2 n+1

42 604
yieldsy =1 —-2(x — 1) =3(x — )? +8(x — 1)> —4(x — 1)* — ?(x —1)° +19(x — 1)¢ — ¥(x -7 +

o0 o0 o0
7.3.16.If y = Z apx", then (1—x)y" —2—-x)y' +y = Z n(n—1)a,x"2— Z n(n—1)a,x" 1 —
n=2 n=2
o0 o0 o0 o0
2 Z nayx" ! +Z nanx"+z apx" = Z[(n+2)(n+1)an+2—(n+2)(n+1)an+1 +m+1Day]x" =

n=0

Oifanyz = any1 — _:2 »dn 20
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o0 o0 o0
7318. If y = Y anx", then (1 +x2)y” + )" +2y = > n(n — Dapx" 2+ Y n(n — Danx" +
n=0 n=2 n=2
o0 o0
Z:nanx"_1 +2 Zanx" = Z[(n +2)(n + Dapsa + (0 + Dane1 + 0% —n + 2)ay]x™ = 0if
n=0
1 n?—n+2
a =y ——————a
n+2 n+2 n+1 (n+2)(n+1) n

7.3.20. The equation is equivalent to (3 + 2¢)y” + (1 + 2¢)y’ — (1 —2t)y = Owith¢t = x — 1. If

Za,, then 3 4 2¢)y" + (1 + 20)y' — (1 = 21)y = 3Zn(n — Dant" 2 +ZZn(n -

o0 o0 o0
Da, ™' + Z napt" ' +2 Znant” - Zant" + 2 Zant’”'l = (6ay + a1 —ap) + Z[3(n —+
n=1 n=1 n=0 n=0

n=1
ay —a
)1 + Dangr + 1+ D20 + Dangr + 2n — Dap + 2an_1]t" = 0ifar = ———° and apyr =
2n +1 2n —1 2 > 1. Starting with | and
——a — an — ap—1,n > 1. arting with ¢p = 1 an
30+ T30+ )" T 3+ ) £ 0
1 1 5
= 2vyieldsy=1-2(x—-D+-(x-1 =--(x-1>+=—(x—1 -
1 yields y (x )+2(x ) 6(x ) +36(x ) — 1080(x 1)° +-

o0
7.3.22. The equation is equivalent to (1+¢)y”+(2—2¢)y’+(3+t)y = Owitht = x+3.If y = Z ant",

o0 o0 o0 n=0
then (1+1)y" +2=20)y' + B+10)y = Y _n(n—Dapt" 2+ Y nn—Dayt" ' +2  na,t" ™" -
n=2 n=2 n=1
o0 o0 o0 o0
23 nant" +3% apt" + Y ant"t' = 2az+2a1+3a0)+ Y _[(n+2)(n+ Dant2 + (1 +2)(n +
= n=1
Vg1 — (20— 3)an + an_1]t" = 0ifa = _2"12& and dnis = —ani1 + (2& +32);l(”n +af)‘1

n > 1. Starting with agp = 2 and a; = —2 yields
11 67
y=2—2(x+3)—(x+3)2+(x+3)3—E(x+3)4+%(x+3)5+

o0
7.3.24. The equation is equivalent to (1+2¢)y”"+3y’+(1—t)y = Owitht = x+1. If y = Z ant”, then
n=0 __

(1+20)y"+3y' +(1—1)y = Zn(n—l)an "= 2+ZZn(n—l)an "= 1+3Znant" 1+Zant -
n=2

o0
Z ant"™' = az +3a; +ag) + Z[(n +2)(n+ Dapsz + 2n+3)(n + Daps1 +an —an—1t" =

n=1
. 3a; + ap 2n +3 an — dp—1 . .
ifa, = B and ay4+2 = —manH — m, n > 1. Starting with a9 = 2 and
. 7 5 5 197 4 287 5
1:—3yleldsy=2—3(x+l)+E(x+l) —5x+1) +H(x+l) ——O(x+l) +

o0
7.3.26. The equation is equivalent to (6 —2¢)y” + (3 + 1)y = Owitht =x —2.Ify = Z ant", then
n=0
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o0 o0 o0 o0
6-20y"+@B+0y =6 n(n—Dant" 2 =2 nn—Dat" " +3> ant" + Y _ant"' =

n=2 n=2 n=0 n=0
o0
. a
(12a2 + 3ap) + 2[6(71 +2)(n + Dayya —2(n + Dnayy1 + 3an + ap—1]t* = 0if ap = _TO
n=1
n 3a, + an—1 . . .
d = — ——— n > 1. Start th = 2 and = —4 yield
and a, 47 30t 2)a,,+1 6+ 2 + 1) n > arting with ag and a, yields

1 2 49 23
=2-4(x-2)—=(x =22+ -(x—-23 4+ —(x-2*+ —@x—2)° +---.
y =2 - (=2 +5x—2) +432(x )+ 1080(x ) +

o0
7.3.28. The equation is equivalent to (2 + 4¢)y” — (1 —2t)y = Owitht = x +4. If y = Z ant”, then

n=0

o0 o0 o0 o0
Q+40)y" = (1=20)y =2 n(n—Dayt" > +4Y n(n—Dapt" " =) ant" +2)_ ant"' =
=2 =2 =0 =0

oo
. a
(4az —ao) + J_[2(n + 2 + Dansz + 401 + Dndngy —an + 2ana}" = 0if az = - and

n=1
a = — a + , n . arting wi apg = nda a = 1€ =

20k D T D S D o ) )
N=5; b=zeros(N,1); b(1)=-1;b(2)=2; b(3)=b(1)/4; for n=1:N-2 b(n+3)=-2*n*b(n+2)/(n+2)+(b(n+1)-
2#b(n))/(2%(n+2)*(n+1)): end

o0 o0
7.329. Let Ly = (1 + ax + Bx2)y" + (y +8x)y +ey. If y = Zanx”, then Ly = Zn(n -
Dapx" 2+« Z nin—")a,x" 1+ Z n(n—1)a,x"+y Z napx" 14§ Z napx" +e Z apx" =
n=2 n=2 n=1 n=1 n=0

o0 o0 o0 o0
Z(n +2)(n + Dapt2x" + « Z(n + Dnap41x" + B Z n(n — Dayx" +y Z(n + Dant1x" +
=0 =0 =0 =0

o0 o0 o0

) Z na,x" + € Z apx" = anx”, where by, = (n + 1) + 2)an4+2 + (n + D(an + y)an+1 +
n=0 n=0 n=0

[Bn(n — 1) + 8n + €]an, which implies the conclusion.

7.3.30. (a) Let y = 2o, § = 48, and € = 2 in Exercise 7.3.29 to obtain (B).

(b) If ap = c1rl! + corl, then anqo + dant1 + Ban = crrl(r? + ar + B) + c2rf(r? + ary +
B) = cir{ Po(r1) + ca2ry Po(r2) = 0, so {a,} satisfies (B). Since 1/r; and 1/r; are the zeros of Py,
Theorem 7.2.1 implies that Y_,— (c17]" + c2ry)x™ is a solution of (A) on (—p, p).

o0
1

(c) If |x| < p, then [r1x| < p and |rax| < 1, so Zri"x" = = y;, i = 1,2. Therefore, (b)
1—rix

n=0

implies that {y1, y»} is a fundamental set of solutions of (A) on (—p, p).
(d) (A) can written as Poy” + 2Py’ + P{'y = (Poy)” = 0. Therefore,Poy = a + bx where a and
b are arbitrary constants, and a partial fraction expansion shows that the general solution of (A) on any

. .. . a+ bx c1 )
interval not containing 1/ry or 1/ryis y = = + =c1y1 +ca2yo.
Py(x) 1—rix 1—ryx

(e Ifap = 17 + corlt, then apyo + aany1 + Ban = c1rf(rE +ar + B) + corf{(n + 2)r2 + a(n +
Dra + Bn) = (c1 + nea)r Po(ri) + carf Py(r1) = 0, so {a,} satisfies (B). Since 1/r; is the only zero
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of Py, Theorem 7.2.1 implies that Z;’;O(Cl + can)r{’)x" is a solution of (A) on (—p, p).
o0

1
®) If |x| < p, then |r1x| < p, SO Z ri’xn = pp— = y;. Differentiating this and multiplying

> " rix

the result by x shows that nrixt = — 1%

Y ;, T Uy
fundamental set of solutions of (A) on (—p, p).

(g) The argument is the same as in (c), but now the partial fraction expansion can be written as y =
a+ bx 1 C2X

= r1y2. Therefore, (e) implies that {y1, y,} is a

= —+ = +c .
Po(x) I—rix (1 —rx)? T e2)2
o0 o0 o0
7332 Ify = Zanx”, then y” + 2xy’ + 3 + 2x2)y = Zn(n — Dayx"2 + ZZnanx" +
=0 n=2 n=1

o0 o0 o0
3 Z anx" +2 Z anx"t? = (2as + 3ag) + (6as + 5a1)x + Z[(n +2)(n + Dapyz + 2n + 3)a, +
=0 =0

n=2
: (Zn + 3)an +2ap—» .
2a,_5]x" = 0if = —3ay/2, = —5a1/6, and = — ,n > 2. Start
an—2]x if a ao/2, as ai/6, and a,42 PR n > arting
3 5 17 11
ithag = landa; = —2yields y = 1 —2x — =x% + =x3 4+ —x* — —x°
with ag and a; yields y X 2x + 3x + 24x 20x +

o0 o0 o0 o0
7334.Ify = Z anx", then y"+5xy'—(3—x2)y = Z n(n—1)a, x" 2 +5 Z napx"—3 Z apx"+

n=0 n=2 n=1 n=0

o0 o0
Z anx"t? = (2ay — 3ag) + (6az + 2a;)x + Z[(n +2)(n + Dapto + (51 —3)an + ap—]x" =0
=0 n=2

(5n —=3)a, + an—>
n+2)n+1)

ai :—Zyieldsy:6—2x+9x2+zx3——x4——x5+---
3 4 10 )

if a = 3a¢/2, a3 = —a1/3, and a4, = — ,n > 2. Starting with ag = 6 and

o0 o0 o0
7.3.36. If y = Zanx”, then y” —3xy' + (2 + 4x?)y = Zn(n — Da,x"2% — 3Znanx" +
=0 n=1

n=2

o0 o0 o0
2 Z apx" +4 Z anx"? = 2as + 2a0) + (6az —ar)x + Z[(n +2)(n + Dapyz — Bn —2)a, +
=0 =0 n=2

(Bn —2)a, —4ay—>
mn+2)n+1)

and a; = 6yields y :3+6x—3x2+x3—2x4—%x5+---.

da,_o]x" = 0ifay = —agp, a3 = a1/6, and ap42 = ,n > 2. Starting with ag = 3

n=2 n=1

o0 o0 o0
7338. If y = Zanx”, then 3y” + 2xy’ + (4 — x?)y = 3 Zn(n — Da,x"% + ZZnanx" +
=0

o0 o0 o0
43 anx" = apx"? = (6az + 4ag) + (18az + 6ay)x + Y _[3(n+2)(n + Dant2 + 2n + 4)a, —
=0 =0

n=2

. 2n+ 4)a, —an—>
an_2]x" = 0ifa, = —2a¢/3,a3 = —a; /3, and a = — ,
n—2] 2 0/3. a3 1/ n+2 T
19
3

—_——— 4 —_— S DY
54x +60x + .

n > 2. Starting with

4
ap =—2and a; =3yieldsy=—2+3x+§x2—x



Section 7.3 Series Solutions Near an Ordinary PointII 101

o0 o0 o0
7.340. If y = Zanx”, then (1 + x)y” + x2y’ + (1 + 2x)y = Zn(n — Da,x"% + Zn(n -
n=0 n=2 n=2

o0 o0 o0
Da,x" ! + Z na,x"t! + Z anx" +2 Z anx"Tt = 2as +ag) + Z[(n +2)(n+ Dapyz + (n+

n=1
(n+ Dnapyr +an + (0 + Vap—y
mn+2)n+1)
1 31
n > 1. Starting with a9 = —2 and a; = 3 yields y = =2 + 3x 4+ x? — 6x3 —oxt x4

i

Dnayy1 +an+ m+Dap—1]x" = 0ifay = —ag/2and ap4r = —

4 120
o0 o0 o0
7.3.42.1fy = Z anx", then (14+x2)y"+Q2+x2)y' +xy = Z nn—1)a,x" 2+ Z n(n—1)a, x" +
n=2 n=2
o0

o0 o0 o0
2 Z na,x™ 1+ Z na,x"t+ Z anx" ! = 2az+2a,)+ Z[(n+2)(n+ Daptz +2(m+1an4+1 +
n=1
2(n + Dapt1 +n(n — Day +nan—1] N>
n+2)n+1) T

23 11
Starting with a9 = —3 and a; = 5 yields y = —3 + 5x — 5x2 + €x3 - EX4 + %xs + e

nn—1)ay +nap—1]x" =0ifa, = —aj and ayyp = —

o0
7.3.44. The equation is equivalent to y” + (1 +3t2)y’ + (1 +2¢)y = Owitht = x —2. If y = Z ant”,
=0

then y” + (14 312)y’ + (1+2t)y = Zn(n—l)a " 2+Znan " 1+3Z:na t”+1+Zant +
=2

o0
2 Z ant"t = Qaz + a1 +ag) + Z[(n +2)n+ Dapsz + (m+ Dap+1 +an + Bn—Dap—1t" =

n=1
1 3n — 1)a,—
ifa, = —(al +a0)/2 and a4, = —[(n * )anz—l-:';)n( ++( 1’; Jan 1], n > 1. Starting with ag = 2
n n
and a; = —3 yields
1 1
=2-3 2) + = 2)2 — = 2)3 4+ — 2yt 23 2)° +
=230 2 F S+ DR 2+ LD k)

o0
7.3.46. The equation is equivalent to (1—¢2)y” —(7—8t+12)y’+ty = Owitht = x+2. If y = Z ant",

o0 o0 o0 n=0
then (1 —12)y" — (7 =8t + %)y’ +1ty = Z n(n — Dapt" 2 — Z n(n — Dayt" =7 Z na "' +
n=2 n=2 n=1
o0 o0 o0
8 nant"=> nant"T'+Y " ant"t = Qay—Ta1)+ Y _[(n+2)(n+Dant2—T(n+1)ans1—n(n—

n=1

[7(n + Dap41 +n(n —9ay + (n —2)an—1]
n+2)(n+1) ’

Na, — (n —2)ap—1]t" = 0ifay, = Ta,/2 and ay4» =
n > 1. Starting withap = 2 and a; = —1 yields

y=2—(x+2)—;(x+2)2 4( +2)3—£( +2)* - 607(x+2)5+

7.3. 48 The equation is equivalent to (1 + 3¢ +2¢2)y” — 3+t —12)y’ — (3 +1)y = 0witht = X — 1. If

y = Za,, " then (1+ 3t +262)y" — 3 +1 —12)y’ —(3+t)y=Zn(n—l)an " 2+3Zn(n—
n=2 n=2



102 Chapter 7 Series Solutions of Linear Second Order Equations

o0 o0 o0 o0 o0 o0
Dant" 142 Z nn—1)at" -3 Z nant™ ! —Z nant" + Z nayt"t1 =3 Z ant” —Z apt"tl =
n=2 n=1 n=1 n=1 n=0 n=0

o0
(2az—3a1—3a0)+ Z [(n+2)(n+ Dans2+3m%2—Dans1+2n2=3n-3)n+Dan+n—2)a,_11t" =
n=1

[3(n —Dapy1 + 2n% =3n=3)(n + Da, + (n —2)a,— 1]
(n+ 2)(n + 1)
3 1
1. Starting withag = 1 anda; = Oyieldsy =1 + E(x —1)? + g(x —-1)° - g(x —1)° 4

ifa; = 3(a1 + ap)/2 and ap42 =

7.4 REGULAR SINGULAR POINTS; EULER EQUATIONS

742. p(ry=r(r—=1)=Tr+7=@F =7 —1);y =c1x + cax’.

744. p(r)=r(r— 1) +5r+4= (1 +2)%y = x2(c; + c21nx)

746. p(r)=r(r—1)=3r +13=(r —2)> +9; y = x?[c1 cos(3Inx) + ¢ sin(31nx)].

7.48. p(r) =12r(r —1) = 5r + 6 = 3r — 2)(4r —3); y = c1x2/? + cox3/*.

7410. p(r) =3r(r—1)—r+ 1= —1DG@r—1); y = c1x + cox'/3.
1

7412. p(r)=r(r—1)+3r+5=@F +1)>+4,y = —[c1cos(2Inx) + ¢ sin(2In x]
X

7414. pr) =r(r—1)—r+10=(r — 1)> +9; y = x [c; cos(3Inx) + ¢; sin(31n x)].

7.4.16. p(r) =2r(r —1) +3r — 1= (r + )Q@r —1); y = Cx—l +eax!/2,

1 1 1
7.4.18. =2 —1 10 9=2 2)2 1,y =— —1 i —1 .
p(r) r(r—1)+10r + r+22%*+1;y 2 |:C1COS(ﬁ nx) +czsm(\/E nx):|

7.420.If p(r) = ar(r — 1) 4+ br 4+ ¢ = a(r — r1)?, then (A) p(r) = P '(r1) = 0. If y = ux™, then

y = u'x" + rjux""tand y” = u'x" + 2ru'x] 1+r1(r1—1)x”_ , SO
ax®y" +bxy +cy = ax""2u" 4+ Qary + b)x"" W + (ari(ry — 1) + bry +¢) x"u

ri+1 r1+2 ”
9

ax"" 2" 4 p'(r)X T+ p(r)x"u = ax

from (A). Therefore,u” = 0,s0u = ¢1 + cax and y = x"1(c1 + ¢c2x).

7422, @) Ifr = x —1land Y(t) = y(t + 1) = y(x), then (1 — x?)y" —2xy’ + a(ax + 1)y =
2

d*Y dYy
—1(2 + I)W —2(1 + I)W + a(e + 1)Y = 0, so y satisfies Legendre’s equation if and only if ¥
. d*y dy , , ) d?
satisfies (A) t(2+t)ﬁ +2(1 +I)W—(x(oc +1)Y = 0. Since (A) can be rewritten as ¢ (Z—H)F +

dYy
2t (1 + I)W —a(x + 1)tY =0, (A) has a regular singular point at # = Q.
2

Y
b)Ift =x+1and Y(¢) = y(t —1) = y(x), then (1 —x2)y" —2xy +a(a+ 1)y = t(2—t)il7 +

dY
2(1 —I)W +a(x+1)Y, so y satisfies Legendre’s equation if and only if Y satisfies (B) (2 —I)F +
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dY d?y dY
2(1—t)—— +a(ax+1)Y, Since (B) can be rewritten as (B) t2(2—t) > +21(1— I)W +oa(a+1)tY,
(B) has a regular singular point at # = Q.
7.5 The Method of Frobenius I

7.52. po(r) =r(Br—1); p1(r) = 2(r + 1); p2(r) = —4(r + 2).
0 = an(r) = Zan_l(r) —4dan_5(r)

T ™ n+3r—1
ri=1/3;a1(1/3) = =2/3;a,(1/3) = —2an_1(1/3)3_n4an_2(1/3), n >1;

2 8 40
yi =x'3 (1—§x+§x2 81x3+
2ap-1(0) — 4ap—2(0)

n>1.

r, =0;a1(0) = —-1;a,0) = — ,n>1;
6 1 3n—1
ya=1—-x+ §x2—§x3+---.
7.54. po(r) = (r + D)(dr —1); p1(r) =2(r +2); pa(r) =4r + 7.
2 2
N i T e I T

ro= 14 ay (1/4) = —1/2; an(1/4) = —ian L(1/4) 4+5a,, 2(1/4). 1 =1;

119 1571
=y VAo Dy 2 2 3
== ( 27708 T Toe08" T )

2 1
r2=—lya1(-=1) =2;an(~1) = ————ap-1(~1) = —ap—2(=1),n > 1;
1 | 4n—5 n
ya =x7! (1+2x—gx2—?x3+---).
7.5.6. po(r) =r(5r —1); p1(r) = (r + D)?; pa(r) =2(r +2)(5r + 9).
r+1 n+r
ay(r) = —5 T 4, an(r) = —mﬁgn—l("l) —2ap—(r),n > 1.
ry =1/5;a:(1/5) = —6/25;a,(1/5) = ’;-; an—1(1/5) —2an—>(1/5),n >1;
6 1217 41972
VLY PR 2 B
=2 ( 25" 65" Taesst T )
r2 = 0:a1(0) = ~1/4:4,(0) =~ 51 (0) = 2a,-2(0). n = I

I , 35 45 11,
V2 =X 4x 18x +12x+

7.5.8. po(r) = Br —1)(6r + 1); p1(r) = Br +2)(6r + 1); p2(r) =3r + 5.

6r +1 6n + 6r —
= — =, -, > 1.
@) =—¢ +7a”() 6n+6r+£a" -5 +6r +11a” 2(r).m =
n
ri=1/3;a:(1/3) = —-1/3;a,(1/3) = — PRI 1(1/3) = on 3% —2(1/3),n =1,

1 2 5
N VEN L2 2
y1 =X ( 3x+15x 63x + - )

ry = —1/6;611(—1/6) =0; an(_1/6) = - !

1 1
= _1/6 1__ 2 43 cee ).
Y2 =X ( 12x +18x + )

1
an—1(—1/6) — 5(1,,4(—1/6), n>1;



104 Chapter 7 Series Solutions of Linear Second Order Equations

7.5.10. po(r) = Cr + 1)(5r = 1); p1(r) = 2r — 1)(5r +4); p2(r) =2Q2r +5)(5r —1).

2r —1 2n +2r —3 10n + 10r —
al()_—z T3 an()__man—lr T — an—o(r),n > 1.
10n — 13 —4
1= 1/5:a1(1/5) = 3/17;an(1/5) = ——— 2 4, _1(1/5) — an_s(1/5),n >1;
10n + 7

3 7 547
=xUs(14+= 220 34 ).
n=a ( T T 1Y Tseert T )

-2 20n — 54
rp, =—-1/2;a1(—1/2) = 15 a,(—-1/2) = — an—1(—1/2) — Wan —2(=1/2),n > 1;
14 556
— 2 (1 1% 2 220
Y2 =X ( +x+13x 897x + - )
7514, po(r) = (r + DQ2r —1); p1(r) =2r + 1;a,(r) = ——a,—1(r).
n+r-+1
ro=1/2a,(1/2) = san-1(1/2); 1 —xl/zz ix"
1 -1
r2=—1;ay(=1) = ——ay_1(=1); yo = x7! Z ( ) x"
n |
n=0
7.5.16. po(r) = (r +2)2r —1); p1(r) =r +3;a,(r) = —————an—1(r).
2n+2r —1
r o= 1/2:00(1/2) = a1 (1/2); I/ZZ S
1 = £ n - 2]’1 n—1 ] yl 2”]’1'

1 D"
r2==2an(=2) =~ —an-1(=2): 2 = 3 Z T (1(2; -5) -

2
(n+r—1)(2n+2r—l)

75.18. po(r) = (r — @ — 1); pr(r) = —2: a(r) = n1 (1),

2 n
ne el =g, +1)“”‘1(1)’y1 Zn'n, L@+
2”
— 1/2 . S——
ro=1/2;a,(1/2) = ( )an 1(1/2); y2 = x E n']_[/ 1(2]_1)
7.5.20 = (r—DGr +1): —r—3 = ntr—4
520, o) = (= DG+ 1: ) = r =3 an(r) = — o T an (),
_ ___n-3 ey 2 15
r =;ap(l) = n(3n+4)a"_1(1)’ Y1 —x(1+ 7x+ 7Ox)
P _ 3n-13 e e D" [ 313,
rp, =—1/3;a,(-1/3) = 73’1(3’1_4)(1”_1( 1/3); y2 = x nio 3] /l=|1 32 x".
7.522. po(r) = (r — )(dr — 1); pr(r) = r(r + 2): an(r) = —74’; i Zj_llan_l(r).

Ch e+t

an—1(1/4); y2 = x1/4Z

+
rr=1a,(1) = ——— "

In an 1(1); yl—xz

n+>5
16n

rp,=1/4;a,(1/4) = —

Toin! 1_[(4] + 5)x"
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7.5.24. po(r) = (r + D@r —1); p1(r) =2(r +2)2r + 3); an(r) = —Z%an_l(r).

o= 1/3;a,,(1/3)=—26n;r an-1(1/3); YI_x1/3Z( l)n( ) (H(61+5))x

2n—1 . o 2j —1
ra = _1’ an(_l) = _23]’1 — 4an_1(—l), Y2 =X Z(—l)"Z" (1_[ 3]—_4) x"

n=0 Jj=1
7.5.28. po(r) = (2 — D(dr — 1); pr(r) = (r + 1% an(r) = — ot 1 ()-
(2n +2r —1)(4n + 4r —

ro=1/2a4(1/2) = —%“““m n=xt (1 o 33326 3 )

ra =1/ an(1/4) = —%“”‘1(1/4); v =l (1 - % + 12226 ’ sgig§§2x3 * )
7.5.30. po(r) = 2r = D@r + 1); p1(r) = @r + DGr + 1); an(r) = ‘%a"m

ro=1/2a,(1/2) = ‘%“ﬂ-l(l/zx yi=x'? (1 N g’“ * ZZ ’ 1953356X3 * )

6n —7

1 5 55
an-1(=1/2); yp = x71/2 (1 +-x——=x? - x3 + )

_ ) _ . _ (mn+r)n+r+1)
7.5.32. po(r) = Qr+1D)@Br+1); p1(r) =+ 1)(r+2);a,(r) = @nt2r+ )G 1o+ 1)a,,(r).
10 200 2 17600 , )

(3n - 1)(311 + 2) -1/3
=—1/3ia,(=1/3) = —————La,_1(—1/3); y1 = 1— —x+
r /3:an(=1/3) onon +1) 11/ =x 63" T 73717 T 3781323

2n—1)2n + 1 3 9 105
ro = —1/2ap(1/2) = — 2D ED oy, =1 (1 —x 4 X7 - x>+ )

4n(6n — 1) 20 352 23936
8m+44r -5
7.5.34. po(r) = Qr —1)(4r —1); po(r) = —Q2r +3)@r + 3); apm(r) = ——————arm—2(r).
8m 4 4r —1
-3 | 1 8 =3
ry=1/2;a,(1/2) = aam—2(1/2); y1 = x1/2 Z 1_[ - x2m.
1 m=o \j=1 8j +1
— 1/2 _2m— _ L 1/4 _
r=1/4am(1/4) = —— Lamoa(1/4); 75 = x Z 1‘[(2] 1)
2m+r—6
7.5.36. po(r) =r(Br —1); po(r) = (r —4)(r +2); apm(r) = —————azm— (r).
6m + 3r — 1
—1/3. __bm—17 ERRYER = G Vil (e om
= 1/3am(1/3) = == ——am-(1/3); y1 = x E S ,.11(6’ —17) |«
2m—6 4 8 ‘
rp = 0;a21,(0) = —maZm_z(O); yo=1+ gxz + gx“
2m+r—1
7.5.38. po(r) = Qr —1)(3r —1); pa(r) = —(r + DBr + 5); aom(r) = ————aom—a(r).

dm +2r — 1
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4m —1 > oo
ri=1/2;a,,(1/2) = aam—2(1/2); y1 = x1/2 Z 8’”m' 1_[(4] — 1) | x>,
m=0 j=1
. 6m —2 . 1/3 G “r3j—1 2
r2 = 1/3am(1/3) = 7 a2y = x1 5 27| [] 5 |
m=0 Jj=1
2m+r —1
7.540. po(r) = Q2r —1)Q2r +1); p1(r) = (r + DQ2r +3); asm(r) = ——————azm—2(r).
dm +2r + 1
4m—1 (1)m =4 —1
=1/2;a2m(1/2 1/2); y1 = x'/2 m,
=120 (/D) = =g a2 (/2 = Z ,1:[12j+1 *

r2 = 12 azm(—1/2) = =220, 2(-1/2) YZ—X_I/ZZ( . 1‘[(]—3) X2

8m
2m +r —3
7542 po(r) = (r + DGr — 1); pr(r) = (r = DBr + 5); azm(r) = — a5, (r).
2m+r +1
3m—4 1/3 - m a 3j—4 2m
=1/3; 1/3) = ——— —2(1/3); = -1 - .
rn=1/3an(1/3) = =3 ——am-2(1/3); 1 = x ,;)( ) /1‘[=13]+2 x
m—2 ‘
ra=—1yaom(—1) = — arm—2(=1); y2 = x71(1 + x?)
Qm +r —2)?

7.544. po(r) = (r + DQ2r —1); p1(r) = r2; aym(r) = — aym—2 (7).

Cm+r+1)dm+2r—1)

(4m — 3)2 2 CDM (5@ =32,
=1/2: 1/2) = -2 o L (1/2):y; = > [] m
= 1/2am(1/2) = —g 3y m=2 (/2 = x P T CE AT
@m —3) G (=37,
() = a3y a2 T e = mZ 27m! /Ul -3 |°*
1
7.5.46. po(r) = Br —1)Br + 1); p1(r) = 3r + 5; am(r) = —76’” T+ lazm—z(")-
= 13 amm(1/3) =~ —aya(1/3); yl—xl/3§j ( D" om,
23m + 1) [17-,Gj +1)
= 1/3amm(—1/3) = —— 1/3); yo = x71/3 § : ( il
ry = s azm( o 2 2(— y2 =X T
7.548. po(r) = 20 + D@r — 1 par) = (r + 3% dam(r) = o0 T E L a)
r)y=2(r r—1); r)y=(r sdom(r) = — aam—2(1).
Po P2 2m 2@m +4r—1) 2m—2
_8m+5 ) 13 273 2639
= 1/4a0m(1/4) = 1/4); 1 = x4 (1 - —x? 4 6
r /4 axm(1/4) i 92m- 2(1/4);y1 = x ( e~ + 2195° ~ 5a288"

m 1 2 2
=—1; )= ————tomoa(=1);yp =x 1= =x?+ —x*— ——x0+... ).
r saam(—=1) S —5%2m 2(=1); 2 = x ( 3% + 33~ 309" +
dm +2r + 1
7.5.50. po(r) = 2r — 1)2r + 1); pa(r) = 2r + 5% dam(r) = —————aom—2(r).

dm +2r — 1
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2 1 3 15 35
o= 2 am(1/2) = — 22 (172 1 = 212 (1 B AR A,
2 8 16
rp =—1/2;am(—1/2) = — m aram—2(—1/2); y2 =x2(1-2x24 x4 — =x0 4.+ ).
2m —1 3 5

7.5.52. (a) Multiplying (A) c1y1 +c2y2 = 0by x "2 yields c1x"17"2 30 Janx" +c2 Y e g bpx™ =0,
0 < x < p. Letting x — 0+ shows that ¢, = 0, since bg = 1. Now (A) reduces to c;y1 = 0,s0 ¢y = 0.
Therefore,y; and y, are linearly independent on (0, p).

(b) Since y; = Z:o:() an(r1)x™ and y, = Z:o:() an(ry)x" are linearly independent solutions of
Ly =0 (0, p), {¥1, y2} is a fundamental set of solutions of Ly = 0 on (0, p), by Theorem 5.1.6.

.5.54. (a) If x > 0, then |x|"x™ = x"*7, so the assertions are obvious. If x < 0, then |x|" = (—x)", so
7.5.54. (a) If x > 0, then |x|"x" = x"*", so th i bvious. If x < 0, then |x|” = (—x)"

r r—1 r(_x)r r|x|r d r.n r|x|r n r n—1
—x|" = =r(—x)"T = ——— = . Therefore,(A) —(|x|"x") = ——x" + |x|"(nx""") =
dx 2 X J dx X
(n +r)|x|"x" ! and W(|x|’x”) =+ r)a(|x|’x”_1) =@+ r)n +r—1)|x|"x"2, from (A)
with n replaced by n — 1.

-2
7.5.56. (a) Here p; = 0, so Eqn. (7.5.12) reduces toag(r) = 1,a1(r) = 0,a,(r) = —%an_z(r),
po(n +r
r > 0, which implies that az,,+1(r) = 0 form = 1,2,3,.... Therefore,Eqn. (7.5.12) actually reduces

p22m +r —2)
toag(r) =1,am(r) = Do@m+7)

(b) Similar to the proof of Exercise 7.5.55(a).

(©) po(2m + r1) = 2mao(2m + ry — rp), which is nonzero if m > 0, since r; — r, > 0. Therefore,
the assumptions of Theorem 7.5.2 hold with r = ry, and Ly; = po(r1)x™ = 0. If r; — r; is not an
even integer, then po(2m + r3) = 2mag(2m —r; +r2) # 0, m = 1,2,---. Hence, the assumptions
of Theorem 7.5.2 hold with r = rp and Ly, = po(r2)x™ = 0. From Exercise 7.5.52, {y1, y2} is a
fundamental set of solutions.

(d) Similar to the proof of Exercise 7.5.55(c).

, which holds because of condition (A).

7.5.58. (a) From Exercise 7.5.57, b, = 0 forn > 1.

o0 o0
7.5.60. (a) (o401 x +a2x?) Z anx" = apag+(woay +a1a9)x+ Z(ozoan +arap—1+ara,—2)x" =
n=0 n=2

> Qod
0do
1, so E apx" = >
s oo + 01X + 0 x

n—
—1 -2

(b) If M S M = %, then Eqn. (7.5.12) is equivalent to ag(r) = 1, apay (r) +

Po(r) o po(r) ®o

arag(r) = 0, apan(r) + a1an—1(r) + azay,—2(r) = 0, n > 2. Therefore,Theorem 7.5.2 implies the

conclusion.

—1
7562, por) = @r — DGr — 1) pr(r) = 0: pa(r) = 227 + 3)Gr + 5, A=Y _ o - 21,
po(r) (o7))
pz(r—Z)_z_ocZ. _ x1/3 ‘ x1/2
o) w T T2 T Ty

—1 1
75.64. po(r) = 53r — DGr + 1) pr(r) = Gr +2)Gr + 4 ppry = 0; 2LC =D _ 1 _ o,
o x1/3 /3

Po(r) 5 o
po(r) w ' T 5+ x T 54+x
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r—1
7.5.66. po(r) = 2r —=3)2r —1); p1(r) =3Cr —1)2r +1); p2(r) = 2r + 1)(2r + 3); % =
0
ay pa(r—2) as x1/2 x3/2
=— ——=1= = yn=rT—""7Fi»n=1T7"""215
ag  po(r) oo 14+3x+x 14+3x+x

7.568. polr) = 3(r—D(@r —1): p1(r) = 2r(4r +3): pa(r) = (r + D@r 47, LE =D _ 2 _ o1,
po(r) 3w
=2 _1_o x x4

po(r) 3 Oéo’y1 - 3+2x+x2’y2: 34 2x +x2°
7.6 THE METHOD OF FROBENIUS II

7.6.2. po(r) = (r + D2, p1(r) = (r +2)(r +3); p2(r) = (r +3)@2r —1);

ai(r) = r+s an(r) :irifan 1(r) — %an_z(r),n > 2.

ay(r)y = M—%)Z; a,(r) = —%a;_l(r) - %a;_z(r) + m n—1(r) —
man_z(r),n > 2.

ri =—-la(-1) =-2;a,(-1) = _nt 1a,,_l(—l) - 2n = 7a,,_z(—l), n=>2;

Y1 =x! (1—2x+§x2—23—0x3+--- ;

G = L) = =" (D= Pl o) (1) = a1, 2 2

yz_yllnx+l—gx+g 24

4 18
7.6.4. po(r) = 2r — 1) p1(r) = @r + 1)2r + 3); pa2(r) = 2r + D(2r + 3);

_ 2r+3 (2n+2r+1)an 1(r) —@2n + 2r —3)ay—o(r) -5
al(r)—_2r+17an(r) T — ,n>2.
I(r) = 4 cal (r) = _(Zn +2r + l)an_l(r)—(Zn +2r —3)a,_,(r) 4(an—1(r)_an—2(r))‘
M= oy = mt2r—1 Qnt2r—12
n>2
ro= 1/2,(11(1/2) — _2’ an(l/Z) — _(n + 1)an—1(1/2) :l_ (n - 1)an—2(1/2)’n > 2’

5
» =x1/2(1—2x+§x2—2x3+---

0 Dy (/) + (= Day (/D) 4 (/2= ana(1/2)
n n? ’

ay(1/2) = 1;a,(1/2) =
2;

9 17
YZ=Y1lnx+x3/2(1—zx+Zx2+---).

7.66. po(r) = Gr + 1% pr(r) = 3Gr +4): palr) = —2(r + 7%
—3a,- 1(r)+2an 2(7‘)

n>2;
@) =g g = 3n43r 4 1
— 2 9a,,— — _
a\(r) = ——=1a,(r) = 1) & a"_z(r) a1 r) — Gan Zz(r); >
GBr+4) 3n+3r+1 (Bn+3r+1)
—3ap—1(—1/3 2a,-2(—1/3
ri=—1/3;a1(=1/3) = —1; a,(-1/3) = an-1(=1/ )3: n—2(=1/ ),n >2;

5 1
y1 =13 (1—x+6x2—§x3+---);
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3, () + 2y 5() | 3an1 () = 2ana(r).

aj(—1/3) = 1;a,(~1/3) = — P n > 2
11 25
y2=y11nx+x2/3(1 x4+ —x? 4 )
36
7.6.8. po(r) = (r + 2)% p1(r) = 2(r +3)%; pa(r) = 3(r + 4);
3a,—o(r
ai(r) = =2; a,(r) :—Zan_l(r)—%; > 2; (
3al_,(r) 3a,-2(r)
/ ZO, / — _ n—2 ,
ay(r) a,(r) = —2a,_(r) P e
3a,—2(—2
r1=-2;a1(-2) = -2;a,(-2) = —2a,-1(-2) — a"+() n>2;
5
Y1=x_2(1—2x+§x2—3x3+--- ;
3a,—2(—2 3 2
42 = 0;a)(~2) = —2ay_y(~2) — 222 S22
n n
= 1nx+3 13x+
Y2 = )1 1 6 .
7.6.10. po(r) = (4r + 1)?; pi(r) = 4r + 5; pa(r) = 2(4r + 9);
an_l(r) + 2a,—2(r)
- n > 2:
ay(r) P san(r) = S ar gl in > 2;
a’l(r) _ La! (r) = _an_l(r) + 2a,_,(r) dan_1(r) + 8an_2(r); N2
(4r + 5)? dn + 4r + 1 (4n +4r + 1)
1(=1/4) + 2ap_n(—1/4
f= a1/ = -1 4 a1 /4) = -2t CU 2002 O, o,
1 7 23
Ao L2 2203 ).
n=a ( TR Tt T )
—1/4)+2d,_,(~1/4 1(=1/4) + 2an_n(—1/4
a/l(_1/4):1/4’a;1(_1/4):_ n—l( /)+ an—z( /)+an 1( /)+ dan 2( /)’n
). 4n 4n?
’ 1 5 157
— i1 3/4 x2 )
Y2 = yinx X ( teat T mat T

7.6.12. po(r) = 2r — 1)%; p1(r) = 4;
an(r) =—

m%—l(”ﬁ
4y

[M=1@2j +2r=1)°

By logarithmic differentiation, a,, (r) = a,(r) Z

ay(r) =

2 .
2j +2r—1’
="

2

a,(1/2) = an(1/2) —zZ

ri=1/2;a,(1/2) =

109
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y2 = yInx —2x1/? Z ((n'l))z” (Z —.) x";

12 2
7.6.14. po(r) = (r —2)%; p1(r) = r% a,(r) = —4& i : _;;2 an—1(r); an(r)y = (=1)" 7(’1(-’_ ! 1)21) ;
a,(r) = (—D”“%; rno=2;a,2) = (=D)"(n + )% a,2) = (=1)""12n(@ + 1);
y1 = x2 Z(—l)"(n + 1)2x"; y, = y1Inx —2x2 Z(—l)"n(n + 1)x™.
n=0 n=1

7.6.16. p()(r) = (Sr — 1)2; Pl(") =r + 1;
() = —— 1D
T G+ 5r—1)2
n
G+
= (=1)" _ T
an(r) = (~1) /1"[=1 =1
By logarithmic differentiation,
Gj+57+1)
a’ r) = —an,(r :
() "()Z(j+r)(5j+5r—1)

an—1(r);

5 1
ri=1/5an(1/5) = (1) H 1(2g"+ '))2’
15 +2 .
a,(1/5) = an(1/5) Z i+ 1)

n
1/52( 1)n Jj= 1(5] +1)x .
125" (n!)?

DTGl +D (& 55 +2
— 1 _ 1/5 J R n
y2 = yilnx—x ,,Z=1 1257 ()2 ,Z=lj(sj+1) ¥

7.6.18. po(r) = (3r — )% pi(r) = Cr - 1%

_ @n+2r-— 3)?
() ==, +3r -1 an-1(r);
(2j +2r=3)*
—_ n
an(r) = (=1) 1_[ Gj +3r—1)2’
By logarithmic dlfferentlatlon
1

ay(r) = 14an(r)z Qj +2r—3)@j +3r—1)’

(1" 1=y (6) = 7>
817 (n!)2 ’

- 1
ay(1/3) = 14a,(1/3) Z W);

=D"I1 ” (6] =7)
1/3 Jj= n.
Z 81”(n‘)2 x5

ri=1/3;a,(1/3) =
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( l)n 1_[/ 1(6] 7)2 Zn: 1 X"

= yiInx + 14x'/3
2= Z §17(n1)2 6 =)
7.6.20. po(r) = (r + 1)%; p1(r) = =2(r +2)(2r + 3);
22n +2r+ 1) _ S22+ 1
an(r) = Wa”—l(”), n=1lyan(r) =2" /l_[_l m,
By logarithmic differentiation, i
1
a,(ry=an(r
n(r) = an( )Z(] YrrnQjr2rt 1)
2" 2j —1
ri=—lian(=1) = M
nl
a,(—=1) = au(-1) ;
" Z (ZJ n’

© 2n [T 2 — 1)
y1=—2#x”;

n

© M, (2j — 1) 1
y2 = yilnx + — Z$ Yo |
Jj=1

Jj2j =1

7.6.22. po(r) = 2(r —2)%; p1(r) = (r — H(Q2r + 1);
2n + 2r —

an(r) = —man—l(”);
(- 1)" L2 +2r—1
an(r) = l_[ j+r—=2"~

J=1
By logarithmic differentiation,
n

v I .
a,(r) = 3‘1"(’); (+r=2)@j +2r =1’

D" [T}y @) +3)

2np! ’
- 1
ay,(2) = —3a,(2) Z m;

N —XZZ( YT 07+

2np! ’

rr=2a,2) =

1) n._ 2i +3 n 1
Y2—y11nx_3xzz( )1_[‘,_1(] ) Z .

2mn! — jCj +3)
7.6.24. p()(r) = (r — 3)2’ P1 (r) = —2(}" — 1)(r + 2)’
2(m+r—=2)(n +r+1)
an(r) = ntr_3p an—1(r);
pon 2t — 2)(n+r+1), _2(5n+5r 7)
a,(r) = i3 1 (r) NTETEE R 1(r);

r=3;a,(3) = W%-i@);

111
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y1 = x>(1 + 20x + 180x2 + 1120x3 + -

13);

_(n+r—2)

(n+r)3 an-1()

2m 4+ 1)(n + 4 2(5n + 8
ay@) = 20 EDEEY 3 - % an-
6968
y2 = y1lnx —x* (26+324x+T 24 )
7.6.26. po(r) = r% pi(r) = r* +r + 1;
(m* +nQ@r—1)+r>—r+1) .
an(r) = — (n i r)2 an—l(r)7
(n +n@2r—10)4+r2—r+1)

/ /
a,(r) = FEED ~1(r)
n?—n+1

r1 = 0;a,(0) = —(72)011—1(0);
4"
ylzl—x-l—zzxz—ﬁx3+ >
n"—n+1) n—-2)
ay(0) = ———5——a)_,(0) = a1 0):

3
Y2=Y11nx+x(1—1x+—x2+---).

7.6.28. p()(r) = (r — 1)2; pz(r) =r+1;
n) =51
By logarithmic differentiation,

A (1) = a2m(r) Z§
Jj=1
="

2mm!’

r1 = lyax,(1) =

1 US|
(1) = —Eam(l) Z 7
D" 2
yi=x Z me'

Inx — = Z =)™ Zm:
Y2 =1 5 mml Z

1
m=1 ]
7.6.30. po(r) = 2r — 1)2; pa(r) = 2r + 3;
axm(r) = —mazm—z(r)§
o
[Ti=i(4j +2r =1y
By logarithmic differentiation,

m
1
ab, (r) = —2a2m(r) Z T
Jj=

azm(r) =

=1
( nm

4

ry = 1/2 a2m(1/2)

Arm—2(r),n > 1;a2,(r) =

=D~ _
1_[7;1(2] +r—=1)
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ab,, (1/2) = ——aZm(l/Z) Z -

j= 1
25 ED”
yl =X Z 4mm‘ 7
X1/2 e (_l)m m 1 o
yZ:yllnx—TZ 4 Z; X .
m=1 Jj=1
5 2m+r —1
7.6.32. po(r) = 2r —1)%; pa(r) = (r + DQ2r + 3);a2m(r) = ——————aam—2(r);

dm +2r — 1

m .
2j +r—1
= (=)™ “r .
azm(r) = (-1) ,'|=|1 5+ 2r—1

By logarithmic differentiation,

ah,, (r) = azm(r) Z !

Q2j+r—1)4j +2r— 1)
D" T, @~ 1)

8mm! ’

ri=1/25a2m(1/2) =

ay,,(1/2) = axm(1/2) Z W
(= 1)m —14j =1
12 = 2m,
Z 8mm! X
pavk G Ui | (Y VA DI 1 m
5 Z Jj=1 Z 2m.

= 8" m! =@ -1

y2=y1lnx +

7.6.34. po(r) = (4r +1)%; pa(r) = (r — D(4r 4 9);

2m +r —
dom(r) = —mam—z("),
m .
2j +r-=3
= (= 2X=—-
azm(r) = (=1) 1_[8]+4r+1

By logarithmic differentiation
13
ah,, (r) = azm(r) Z

j +r—3)8j +4r+1)

= 14 aom (14 = T =1 BT 7 1),

(32)’"m!
a(—1/4) = azm(—1/4 )Z m
_ =D I1 1(8J 13)
1/4 j= 2m.
Z (32)"m! T
_ DTS —13) [ & 1
1/4 j= 2m
Y2 = )1 1nx+ Z G2y ; T8 —13) x",

7.6.36. po(r) = (2r — 1)?; pa(r) = 16r(r + 1);
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162m+r—-2)2m+r —

D

aam(r) = = (@m +2r — 1)

arm—2(1);

w1y Qi +r—=2)Q2j +r—1)
aam(r) = (=16)" [ ] G

Jj=1
By logarithmic differentiation,

8j +4r—>5

b

ah,, (r) = azm(r) Z

r=1/2;a:,(1/2) =

Qj+r—2)Q2j +r—1)4j +2r— 1)
)" 17y (4 = 3)@Ej — 1)

85 —3

4m(m!)2

ah,,(1/2) = azm(1/2) Z
“ZZ( 1)'"n, 14/ =3)4) -

< Jj4j =3)4) - 1)

4m(m!)2

b

E

DI () —3)Ej — 1) Z’”: 8j —3 o

V2 _yllnx+xl/2 Z

m=1

4m(m!)2

o JE 3@ =D

7.6.38. po(r) = (r + 1) lgz(r) =(r+3)@2r -1

4dm + 2r —
am(r) = —mam—z("),
m
4j +2r—5
azm(r) = (—1) j]‘[=12].+r+1

By logarithmic differentiation,
7

ah,, (r) = azm(r) Z
N

ri =—l;aym(-1) = Sl

ay,,(=1) = azm(— 1)Zw'

_ =D~ Hj=1(4f D om.
1= ; Z X

2Mpm) ’

m=0

D" 1747 =7

Q2j +r+1)4j +2r—5)

V2 —yllnx+gz

My
— 2Mmm!

7.6.40. p()(r) = (r — 1)2; pz(r) =r+1;

aym(r) = —mCZZm—Z(r);
a/Zm(r) = _2m + r— 1a/2m—2(r) +
r1 = lyax,(1) = —%QZm—Z(l);

1 1 1
y1=x(1—§x2+—x4 —x5 +- )

8 48

@2m+r —1)?

m
Z : ‘1 x2m.
o JE =D

azm—2(r);



Section 7.6 The Method of Frobenius II 115

1 1
ay, (1) = ——ma/zm—lz(l);' malzln—z(l), m=>1;
— il sl 22 e )
Y2 = yinx X (4 Y Tt T )

7.6.42. po(r) = 2(r 4+ 3)% pa(r) =r> =2r +2;
4m? + 4m(r —3) +r2—6r + 10

G2m(r) = = 2Qm +r +3)? G2m=2(r);
2 _ 2 _
a, (r) = _4m +4m(r —=3)+r 6r + IOa,2 L) - Mdzm—z(r);
mn 2Q2m +r + 3)2 " Cm+r +3)3
4m? — 24m + 37
no=—3iam(=3) = ——— 5 ——am—2(=3);
17 85 85
-3 2 4 6
= 1— — RN . )
=2 ( g T2s6" “Teant T )
4m? —24m + 37 37—12m
Ao (=3) = _Talzm—z(_3) + 8Ta2m_2(_3)’ m > 1;
=yilnx +x7! 2 471x2+ 1583 x4+
2=n 8§ 5120 " 110592 ‘
7.6.44. po(r) = (r + D% p1(r) =22 —r)(r + 1);r; = —1.
2(n +r)n+r=3) TG ANG +r=3)
= _ ; =2" ,n > 0. Therefore,a, (—1) =
an(r) 12 an—1(r); an(r) /l_[=1 Grri1p n erefore,a, (—1)
0ifn > land y; = 1/x.Ifn > 4,thena,(r) = (r+1)%b,(r), where b/,(—1) exists; therefore a/, (—1) =
. 2(r —2) 4(r=2)(r —1)
Oifn > 4. F =1,2,3, = 1 , wh . —y S —A
ifn > or r an(r) = (r + 1)c,(r), where ¢ (r) 122 ca(r) 120 132
8 -2 -1
e3(r) = —U =D e @l (=) = ey(=1) = —6, a(=1) = ea(—1) = 6, al(~1) =

(0 +3)(r + 42
8
c3(—=1) = —8/3,and y, = y;Inx — 6 + 6x — gxz.

7.6.46. po(r) = (r + D% p1(r) = —=(r = D)(r +2); 11 = —1.

=" 20 ean) = [ 2522 0 = 0. Thereforear (<1) = ~2, ax(~1) = 1
r)= —F——n-1r); r)= —,n . Therefore,a (—1) = — —-1) =
an n+r+lan1 7an /=1j+r+17 - 7a1 7a2 )
_ 12
and an(—1) =0ifn > 3,50 y; = ="
X
r—t ., / rir=1) 6(r2 +2r—1)
= . = . —1 :3’ :7’ ! :—’
G =y @) = e D = a0 = e @ S e v e
: r(r—1
ay(—1) = =3;ifn > 3 a,(r) = (r + 1)c,(r) where c,(r) = (n+r)(n+(r_l))(n+r+ 5 ©
2 > 1
"(—1) = —1)= ——and y, = y;1 3-3 2 —x"
a,(—=1) = cp(-1) n(n—2)(n—1)an Y2 =y1lnx + X+ ;n(nz—l)x
7.6.48. po(r) = (r —2)% p1(r) = —(r =5)(r = 1)y 1 = 2.
n+r—
an(r) = man_l(r);
m '+r_6
a(r) = ﬁ, n > 0. Therefore,a;(2) = —3, a>(2) = 3, a3(2) = —1, and a,(2) = 0 if
Jj=1

n>4,sy = x2(1 —x)3.
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-5

4 /
al(r) 1 1()_("_71)2,01(2):4
( -5 —-4) , 4(2r? —10r 4+ 5) ,
ax(r) = W, ay(r) = 2r—1)2 ay(2) = —
4 3 2
ay(ry = LM =D)Ly 120 28 H N6 23) o) 11y3;ifn > 4, then

r2(r —1)2(r + 1)2
(r =5)(r —4)(r —3)
m+r=-5m+r—-4n+r-3)n+r-2)

r(r—1)(r+1)
an(r) = (r — 2)cy(r) where c,(r) =
6

, 80 a,(2) =

cn(2) = _—n(n =) and
11 1 .
ya = yiInx 4+ x3 |4 — 7x+?x —6Zm )
7.6.50. po(r) = Br —1)2; pa(r) = 7—3r;r; = 1/3.
6m + 3r —
dom(r) = mazm—z(");

m

6j +3r—13 .
aym(r) = 1_[ m, m > 0. Therefore,a;(1/3) = 1/6 and az,(1/3) = 0if m > 2, so
j=1

1
_ 1/3 2
=X 1—=x“].
. ( 6 )

3r—17 3(19-3
a(r) = Gr +5)2, as(r) = ﬁ, as(1/3) =1/4.1f m > 2, then azm(r) = (r — 1/3)com(r)
33r—17)

where ¢z, (r) = s0 a5, (1/3) = c2m(1/3) =

(6m + 3r —7)(6m + 3r — D[}, (6) +3r = 1)
and

1 1
126m=1(m — ymm!’

1 1 = 1
— 1 7/3 - 2m .
Y2 =yuinx X (4 1sz=1 omm(m + Dm + D1

7.6.52. po(r) = 2r + 1)%; pa(r) =7—2r;rp = —1/2.

) — Amot2r i "
P)= ————ap(r);
aozm (4m+2r+ 1)202m 2(r);
m .
4j +2r —11
aom() = [[ 2222 > 0. Thereforeas(<1/2) = —1/2, as(~1/2) = 1/32, and

@) +2r+ 1%’

‘ 1 1
aZm(—l/Z)infm23,soy1=x_1/2 (1 —x? + 5% 4).

2
r—17 _2(19 2r) B .
a(r) = m, 2( r) m,az( 122) = 52/8,
as(r) = Q@r—-7Q2r-3) ai(r) = _4(8r — 60r —146r+519)’ d(=1/2) = —9/128: if

Q2r +5)2@2r + 9%°
m > 3, then azp, (r) = (r + 1/2)com(r) where
2Q2r = 7)(2r —3)

) = o ¥ 2r —Tyam + 2r — m + 25 + 1 [17=1 @/ +2r+ 1)

1
d
4 (m —2)(m — Dmm?” "

Q2r +5)32r +9)3

,80a5, (—1/2) = com(—1/2) =
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oo

5 9 1
— vl 322 7 2 2m |
y2 = yinx 4 x (8 128" +mz=:24m+1(m—l)m(m+l)(m+l)!x

n n .
7.6.54. @) If po(r) = ao(r — r1)?. then (A) an(r) = —2 ]‘[ PUUFT=D oy efore, an(r) =
ag (+r—r?
ﬂ ﬁ (j +r1 —1). Theorem 7.6.2 implies Ly; = 0
og(n!)? ,~=1p1] 1 : 0.4 1mp yr=>u
n
(b) From (A), In|a,(r)] = —nln|ag| + Z (In|p1(j +r—=D|=2In|j +r —r1]), so a,(r) =

Jj=1

PG +r—1 2 pPiU+rn—-1n 2
an(r)z (p1(] F— j+r—r1) and aj,(r;) = an(rl)z (m_;) Theo-

rem 7. 6 2 implies that Ly, = 0.
(¢) Since pi(r) = y1, y1 and y, reduce to the stated forms. If y; = 0, then y; = x"! and y, =
x"1 In x, which are solutions of the Euler equation aox?y” + Boxy’ + yoy.

7.6.54. (a) Ly; = po(r1)x" = 0. Now use the fact that po(j + r1) = agj2, so ]T;=1 po(j +r1) =
alt(n!)?.

o0
(b) From Theorem 7.6.2, y, = y;lnx + x'! Z a, (r1)x" is a second solution of Ly = 0. Since

n=1

D"y G +r=1 $ . S
an(r) = 1‘[ 5. (A)Inlan(r)] = —nlnjao|+ Y In|pr(j +r—D|—=2) In|j+
ag L (jH+r—ry) = =
r—r1|, provided that p1(j+r—1)and ]+r r1 are nonzero for all posmve integers j. Differentiating (A)

M w 2 Z , which implies the conclusion.
an(r) = p2(j +r1—1)

and then setting r = r; yields

-1 " "1
(c) In this case pi(r) = y1 and pj(r) = 0, so a,(r1) = ((n'))2 (a—:) and J, = —ZZ ; It

y1 = 0, then y; = x"' and y, = x"!Inx, while the differential equation is an Euler equétion with
indicial polynomial ao(r — r?). See Theorem 7.4.3.

azm—1(r) =nm

7.6.56. po(r) = r% pi(r) = 111 = 0. am(r) = — m=>1; aym(r) =

@m+r)? [T7=@2j +r)?
(=" — (D"
m > 0. Therefore,az,, (0) = W, S0 y1 = E WX ",

1
By logarithmic differentiation, a5, (r) = —2azm(r) Z o , 80 a5, (0) = —a2,(0) Z — and

Jj=1 j= 1
o0 m
(=n™ LY om
yZ:yllnx—ZW Z; X .
m=1 Jj=1
—1 -2
7.6.58. por) = @r =17 pi(r) = @r+17% pa(r) = 0 LD g e, U =D
po(r) @ po(r) oo

x1/2 _ x21nx

I4+x
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r—1 o r—2
7660 po(r) = 20— 1Y% pi(r) = 0 par) = —r + 1y LU= g o 21, 22022
po(r) ap  po(r)
1/2 = o X _ xInx
o PI= 2—)62’)}2 T2 —x?

pi(r—1) 3= p(r=2 o

7.6.62. po(r) = 4(r — 1)*; p1(r) = 3r% pa(r) = 0; 5 ;
po(r) a0’ po(r) oo

X _ xInx
443727 413x

=

7664, po(r) = (r = 175 pr(r) = ~2r% po(r) = (r+ 1% LU= o1, 2022y
Po(r) a9 po(r)
o X ] xInx

w' T T T o

7.6.66. See the proofs of Theorems 7.6.1 and 7.6.2.

7.7 THE METHOD OF FROBENIUS III

772. po(r) =r(r—=1);p1(r)=Lri=Lrn=0k=r—rn=1,
an(r) = —

m+rmn+r-— 1)an_1(r);

(=D" ‘

[T=1G+0G +r=1°

="
nl(n + 1)V
o0

=D,

=x —x"
1 2 o+ 1)!
z=1;C =—=p1(0)ao(0) = —
By logarithmic differentiation,

~ 2n+2r—1
a; (r) = —a, (r) Z (n n-—+2r
j=1

an(r) =

an(l) =

+r)mn+r—1)°
241

a,(1) = —an(1>Z ST

(=1)" 2L 25 +1
=1—y;Inx +x — x".
Y2 B! Zn'(n+1)' Z=:1J(J +1)

774. po(r) =r(r=1); p1(r) =r+L;ri=Lro =0k =ri—ra = lya,(r) = 761" 1) san(r) =

n—+r-—
/1

D [ 1
By logarithmic differentiation, a,, (r) = —a, (r) Z san(l) = —an(1) Z 7 ;y2=1—yilnx +x Z = ) Z —
J
j= 1 n=1 j=1
7.7.6. po(r) = (r — D(r + 2); pl(r) =r+3rn=1Lnrn= —2 k =r o= 3. an(r) =

Tt @) = T e = Z . xe™;
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1 1 0
z=x2 (1 + Ex + Exz); C = _p13( )az(—Z) = —1/2. By logarithmic differentiation, a,, (r) =
—a (r)Z a(l)—a(l)z x 2 1+lx+lx2 1 ylnx—xi(_l)n Zn:l x"
g g 27 2 2|\ ! nl | &
Jj= =1/ n=1 j=1
778. po(r) = (r +2)(r +7); p1(r) = 1,11 = =2, = =Tk = r1 —rp = 5 ap(r) =
ap—1(r —1)" _1\
_ n 1() ;an(r) — _ : ( ) : n( 2) = 120 1—[ ( )
(n+r+2)(n+r+7) [Ti=1G +r+2)( ) n'(n+5)‘
_10s ¢y,
x% —nl (n+5)
1 1 1 1 Pl( 3) -
- =x""|1 — — 3+ —x*);C = - 7) = —1/2880. By logarith-
z ( + 4x+ 24x + TV + 576" ) as(=7) = -1/ y logari
n n
mic differentiation, a’, (r) = —a, (r —— - cal (=2 —a
n(r) n();1 TTr 5D sri @2 =—an )Z](]H)
1 1 1 1 1 120 o= (=1)" 22/ +5
= 1 — - N 4 - 1 — n
y2 ( ot gt e ) 2880 (yl TN L 1 9) Z < +5)

7710, po(r) = r(r —4); p1(r) = (r —=6)(r =5 r1 =4r =0k =r—r =4 a,(r) =
n+r—7m+r—6) . o wm S GHr=7( +r—6)
e rr—a ety =0 [1 G+rG+r—4)

j=1
7Q3) B _ =060 =5
4 a3(0) = —300. al(r) - (r _ 3)(’, + 1)’

o 33r2-22r431) 3 . _ (r —6)(r —5)?
GO =g e W = 2/B @) = =) vith o) = T e e gy

s0 ay(4) = c2(4) = —1/30.If n > 3, then an(r) = (r — 4)?b,(r) where b}, (4) exists, so a,(4) = 0 and
27 1
y2 = 1 4+ 10x + 50x% + 200x> — 300 (y1 Inx + =—=x° — —x6).

. Setting r = 4 yields

4 2 2 3
Y1 =X l—gx .2 = 14+10x4+50x“4+200x"; C = —

25 30
7702, po(r) = (r —=2)(r +2); p1(r) = 2r—=1;r1 = 2,1, = -2k =ri—rp = 4 a,0) =
2j +2r—1 . - 2n+2r—1 . w243\,
(+r=2)( +r+2)a"_1(r)’ “lr) = ,H=1 (n+r=2)n+r+2) @ = (HJ'=1 W)
o0 n .
1 2j +3 1 1 pl(l)
2 n
— — iz =X 1 ;C = 2) = —1/16.
e\ ) 2 (14 - ) as(-2) =1/
By logarithmic differentiation,
.2 . 2 .2 .
Jjo+jCr—-1)+r*—r+4 , (Jj*+3j+06)
a (r —2a,(r cal (2 —2a,(2 ;
n(r) = ”()Zj+r ) +r+2)2j +2r—1) @)= ”()ZJ(]+4)(2]+3)

1 1 1 X2 [ 2/+3 (j2+3j +6)
-2 2 3 n
= 1 — _ — _ — 1 - — .
vz =X (+x+4x 1zx) TRe 8nzln! /H=1j+4 Z](]+4)(2]+3) ¥
7714, po(r) = r + D +7); pi(r) = (r +5Qr +1);rn = =l rp = =T,k = r; —
n+r+4)Q2n+2r— +r+4)Q2j +2r—-1
rp = 6;a,(r) =— ( ) ) an—1(r); an(r) = (=1)" 1_[ U )2J ).

m+r+Dn+r+7) G+r+DG+r+7°
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an(—1) =

=D” I U +3@j=3) ). Z( " 1—[ (U +3)@j-3) Xz = x-7( 26

1+ =x
n! j+6 j+6 5

Jj=1 Jj=1

26 143

~7)=0;y; = 14+ x4+ —x?).
as(=7) yzx(+5x+20)

P1(=2)
6

C=-

7.7.16. po(r) = Br —10)Br +2); p1(r) = rBr —4); r1 = 10/3;r, = =2/3;k =ri —rp = 4
(4 r=DBn+3r-7) _ Ty G Hr=DGi+3r=7)
W) = T 10 13yt e = D ,H=1 (3j +3r —10)(3] +3r +2)’

C)"@ 4+ (73 +7 v~ CD'@+ 1) (773 +7
10/3) = ; = "; .
an(10/3) on ljlj+4 ne=s ;) on 1jlj+4 *

_ 4 1 ‘ p1(7/3) 4 1
23 (12 2 2).c=_ =0 =23 (14 S y2)
X (+ X x),C 36 az(=2/3)=0;y, =x (+27x 243x
7.7.18. po(r) = (r = 3)(r +2); pi(r) = (r + D% ny
(n+r)2
m+r=-3)Yn+r+2)

=3rn=-2k=r—-rn =35
n . 2
@ antr) = 17 [1 5 e e =

—1)n ; (1)" (j +3)? _ 1 P1(2)

e (]_[T}=1(‘f,135))y —x3§: || Tts XMz =x7? 1+Zx ;€ =— as(=2) =
Jj=1

0:yp=x2 (141

Y2 =X 4x.

7720, po(r) = (r—6)r —1); p1(r) = =8)(r —4);r1 =6;r, =1,k =ri—rp =5, a,(r) =
m+r—9m+r-5) 2 1 ( 21 21 , 35 3)
— 17 =X —Xx");

— 46 2
(n+r—6)(n+r—l)an 1)y = 3x 7x) +4x+2x +4

5 21 21 35
C = _p16( )aS(l) = O; Y2 =X (1 =+ Tx + ?xz + T-x?))-

anp(r) = —

7.7.22. po(r) =r(r —10); p1(r) =20 —6)(r + 1);r1 = 10; 12 =0,k =11 —ra = 10; a(r) =

N 143
20

_2(n+r—7) n+r=9m+r-8n+r-17 (=D"2"(n + )(n + 2)(n + 3)

_ ; = (=2)" 3 10
w710 e =2) r=9(r—8)(r—7 an(10) = 6
10 it
4 5, 40 5 40, 325 16
= 1o 1 2 =(1-2 2_ T3, 4 P2 6.
Y1 = E_O( ) 2% (n + D)(n +2)(n +3)x";z = ( I Y g TRE

p1(9) 4 5, 40 , 40 , 32 o 16
o @0 =0y ( R TR TR 21x +21x
Note: in the solutions to Exercises 7.7.23-7.7.40, z = x"2 Z 0 az,,,(rz)x

C=-

7724, po(r) = (r —6)(r —2); pa(r) = r;r1 = 6,1 = 2, k = (r1 —12)/2 = 25 arm(r) =
_ aam—2(r) _ (=D" (— ) (= 1)m 6 ,—x2/2.
m+r—6 " =1 —e e ® = Z TR

1 pz( ) L o - !
2 2). 0 = — arithm ! = ;
7 =x (1 + 5% ), C a»(2) = —1/2. By logarithmic differentiation, a’,,,, () azm(r) Z_: 2y +r—6

, SNy oL 1) 1 0 oo D" (5
aZm(6)=—azm(6)Z:1§’yz=x T4 2x ) —gnnx+ 2 2mm! Z
Jj= ’

)
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7.726. po(r) = r =D +1); po(r) =2r+10; 11 = L1, rp = =13k = (r1 —rp)/2 = 1;

m

_ 22m +r +3) ) o 2j +r+3 .
) = G —Dam g 2 ) = (=2) /1]1 Qj+r—DQj+r+1)
aZm(l) = %’ = g Z szm; z = x—l; C — pZ( 1) ( 1) _

By logarithmic differentiation,
(4j2+4j(r+3)+r2+6r+1)
—axm(r) Z ;
Qj+r—=DQ2j+r+1)Q2j +r+3)°

ay,, (r) =

J +4] +2
<2j(j + DG +2)°

(1) = —azm (1) Z

(- 1)’”(m+2) Jji+4j+2 2m
Vo =X —4y11nx+x X7
Z Z < JG+ DU +2)

m=1

7.7.28. po(r) = Qr + 1)Q2r +5); po(r) =2r+3;r1 = =1/2,r, = =5/2;k = (ry —12)/2 = 1;

_ (@4m+2r—1) . T 4j +2r—1)
@m) = o ¥ Dm + 2 4 5 22 am () =2 i_i @ +2r + D@Ej +2r +5)°
N LT TR M-, N
arm(—1/2) = Sl 1 I Z Smnl(m + D)1 XMz = C =
—%S/Z)a (=5/2) = 1/4. By logarithmic differentiation,
) (16j2+8j(2r — 1) +4r2 —4r —11) B i 2-2j-1
dom(r) = 2a2m(r)Z(4] Ty D)@ T2 T D@ T2 1 5) e TYD = a2 )sz(]+1)(2]—1)

—5/2 -1/2 J—l J J 2m
X + Inx — x E E _ | x“".
2= o 8’”+1m!(m + D! — JjU+DEj -1

7.7.30. po(r) = (r —=2)(r +2); p2(r) = 2(r+4);r1 =252 = -2k = (ry —rz)/Z =2 axm(r) =

2" 1 2 1 2m 2 x?
azm—2(r); aam(r) = @i Fa—t aam(2) = - y1 = ,;);!x =x"e";

2m+r —2

m
L . 1
a>(—2) = —2. By logarithmic differentiation, a5, (1) = —a2m (r) E= 2]+7

z=x2(1-x2);C = — :
r—2

p2(0)
4

m o0 m
1 1
ah,,(2) = —azm(2) Z Z; ya =x2(1—x%) =2y Inx + x Z por Z x2m,
Jj= m=1 Jj= =1/

7.7.32. po(r) = Br —13)(3r — 1); p2(r) = 2(5—-13r); ry = 13/3; rz =1/3;k =1 —1r2)/2 =2

2(6m + 3r — 11) (6j +3r—11)
= = om
9m(") = (G T 3r — 13)6m 4 3r — 1) 22 aam() = H L (6 +3r —13)(6] +3r— 1)’
i_[7=1(3j +1) 1(3J + 1) 2

13/3) = L= .y =2x!3/3 - sz o= x3 (1 :C =

axm(13/3) mml(m + 21 Z 9mm'(m+2)‘x z + 9x
p2(7/3) o . (12j2 +4j(3r — 11) + 3r2 = 22r 4+ 47)

— 1/3) =2/81.Byl thmic differentiation, a/, -9

36 a»(1/3) / y logarithmic differentiation, a5, (r) = —9a2m (r) E (6] 3= 13)6) 1 3r — 1)) 13— 1)
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3j2+2j 42
2j(j+2GEj + 1)’

2 2 Gi+D (&8 3242 42
— 13 (14 + 2 1 y13/3 Jj=1 2m |
et ( 9’“) 81 (” T Z9mm'(m+2)' le(j+z)(3j+1> '

7734, po(r) = (r —2)(r +2); pa(r) = =3(r —4);r1 =212 = =20k = (n —r2)/2 =2;

dy, (13/3) = —azm(13/3) Z

_ 32m +r —6) RN S S VR 92\, ~ _

@) = G rr—Dem+r 4ol =y (1 2" ) S (1 o ) €=
_p2(0) (O) 3(r—4) 3(r2—8r—16)

22 45 (=2) = —27/2; ax(r) = P ah(r) = I ay(2) = 7/12. If m > 2,
then asm(r) = (r — 2)cam(r) where ¢z, (r) = 3(r—4)

(2m+r—4)(2m+r—2)1‘[7=1(2j+r+2)’ 50
oy _ (3)" o2 92\ 27 7 2 (3)" am
aZm(Z)—CZm(Z)——m(m_l)(m+2)!,YZ—x (1+§x) 5 Y11nx+ﬁx —Xx ngm(m—l)(m+2)' .

7.7.36. po(r) = 2r —5Qr +7); p2(r) = Qr — )% r1 =5/25r0 = =7/2;k = (r1 —1r2)/2 = 3;

_ 4m+2r->5 ) _ @r-1)@2r+3)2r+17) ) .
am(r) = — 7t (a0 = e o+ 3yam 12 £ 7)) /D =
(_1)m . _ 5/2 (_1)m 2m., _ —7/2 272

m+Hm+2)m+3) 1" Z(m+l)(m+2)(m+3)x R

_p2(1/2)
24
7.7.38. po(r) = (r =3 +7); p2(r) =r(r+ 1);r1 = 3; rz =-T,k=(r1—r2)/2=5am(r) =
_@Cm4+r-2)Cm+r-1) 2 +r=2)2j +r—1)

(2m+r_3)(2m+r+7) arm— 2(7') aZm(r) = ( )ml_[ (2] +r—3)(2] +r +7) 2m(3) =

m+1 2j +1 m+1 2j +1 _ 21 35 35
1m : 3 lm Zm;‘: 7 1 =2 4 7,6
(-1 (H]+5)y1 xZ( ) (Hj+5)x Z=x +8x +16x +64x

Jj=1

as(=7/2) = 0; y2 = x 2(1 + x?).

pz(l) 21 , 35 , 35
C ag(=7) =0,y = x~ (+8 +16X +64x
7.740. po(r) = 2r —3)Q2r +5); pa(r) = Cr—=1D)QC2r +1); r1 = 3/2, = =5/2; k =
4m+2r -5 o4j 4+ 2r—5
(ry — rz)/2 =2 a0, (r) = —mCZZm—Z(r); azrm(r) = (=" 1_[ m 02m(3/2)
D" T, @) - 3 D172 =1 3 p2(=1/2)
/2 j= 2m. . _ =52 (1 __ —5/2) =
2m= 1(m+2)! ’ Z m 2l T (+2 )C TR
3
0; yp = x7°/2 (1 + —xz).
2
7742 po(r) = 12 =2, pa(r) = L1 = v = —v; k = (r1 —12)/2 = v; dam(r) =
_ CZZm—Z(r) “ay (r): (_1)7” » (U): _1\m .
@m+r+v)Cm+r—v) T QA0 A=) At [T G+ )

(=™ G =n" 2
arm(—v) = ,J = 0,...,v—1; =x" x* oz =
Zm( ) 4mm!nT=1(j — l)) J N mZ: 4mm|1_[ 1(] + \))
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v—1

_ (=™ om p2(v —2) azy—2(—v) 2
X7V ‘ xC = —~r——az-2(-v) = — =- - By
mz=:0 Amm! 172, —v) 2v Y 2v 4vl(v —1)!
. . 2j +v 224
logarithmic differentiation, a’, _(r —2aom(r cab (v —a ;
g om () = Zm()z(2]+r+v)(2j+r 5y am () = Zm()ZZJ(HU)
v—1 o] m .
1)™ 2 v 1)™ 2
hzx‘”Z ) XM — Y1IHX—X Z D Z J AV ) om
4mm|]_[ (=) 4l(v —1)! 2 4mm|]_[ G +v) o j(j +v)
. Pl(n+r2—1) k1 pi(ra+j—1)
7.7.44. Since a,(r) = ——————— ), <n<k-1,a ) = (—1 _.
n(r2) Dol 1 1) an—1(r2), k-1(r2) = (1) /l_[1 2ota +7)
-1 k—1 rp+j—1
o o kozo]_[, 1P0(V2+J)
k
and only if 1_[ pi(r2+j—1)=0.
Jj=1
n
7.7.46. Since p(r) = y1,an(r) = — & an—1(r) and (A) a, (r) = (=1)" (ﬁ) 7 - ! ;
ao(n +r—r))(n+r—ra) ) [[j=1G+r—r)(j +
(=" (Vl)" 1 D" ()" 1
Therefore, a, (r1) = — 7‘ forn > 0(soLy; = 0)and a,(r2) = ) ——
" n! @o 1_[’; 1+ k) g a n! Qo 1_[7=1(J —k)

k—1
forn =0,....,k—1. Ly, = 0if y, = x’ZZan(rz)x + C (yllnx+x” Za (rp)x" ) if C =
n=0
y1 (=Dk! (_)"‘1 (=t 1

_n, (r2) = -4 —
kao k{2 ko (k —1)! k-—D!  Kk-—1)

n=1

k
(ﬂ) . From (A), Inla, (r)| =

—nln|—

1 1
In|j +r—ri|+1In|j +r—rz|),s0d, (r —ay (r +
/ZI« j+r—rl 4 Inlj £ = ral).soa () = A)Z(]H_rl )

and a),(r1) = —an(r 1)2 2j +k

JG+k)
0
7.7.48. (a) From Exercise 7.6.66(a) of Section 7.6, L (a—y(x, r)) = po(r)x"+x" po(r)Inx. Setting r =
r
o0
rq yields L (y1 Inx + x" Z a, (rl)) = po(r1)x™. Since py(r) = ao(2r —r1 —ra2), py(r1) = kao.

n=1

o0 o0
(b) From Exercise 7.5.57 of Section 7.5, L (x'z Z an (rz)x"> =x"2 Z by x", where bg = po(r2) =
= n=0

n
0and b, = Z pj(n 4+ ry— j)ay—;(r2) if n > 1. From the definition of {a,(r2)}, b, = 0if n # k,

Jj=0
k k

while b = > pr(k +ra — jlax—;(r2) = Y pj(r1 — jlar—; (r2).
j=0 Jj=1

(d) Let {an (r2)} be the coefficients that would obtained if @i (r2) = 0. Then a,(r;) = a,(rp) ifn =
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n—k
0,....k—1,and (A) a,(r2) —dn(r;) = ———— in+ry—j)an_;i(r2)—au_;rp)ifn > k.
(A) an(r2) —dn(r2) PO ;P;( 2= j)a@n—j(r2) —Gn—;r2)
Now let ¢, = Ay (r2) — Akm(r2). Settingn = m + k in (A) and recalling the k + r, = ry yields (B)
1 m

Z pj(m—+r1— j)em—j. Since ¢ = ag (r2), (B) implies that ¢, = ag (r2)am(r1)

polm +r1) 7=

for all m > 0, which implies the conclusion.

Cm =



CHAPTER 8
Laplace Transforms

8.1 INTRODUCTION TO THE LAPLACE TRANSFORM

1 ! ! : st
8.1.2. (a)COShtSint = 5 (et sint + e_t Sinl) <> E [ i| _ s+

G2+l T Grir+l] G2t EE1]
2

(b)sinzt . 1 —cos2t (_)l l s _
N 2 20s (244 s(s2+4)
11 s s +8
2
c 2t = - | - = .
(c) cos 2|:s+s2+16i| 621 16)
(e +e ™) (e +2+e2) 1 1 2 1 s2—2
d) cosh? 1 = = o - + 24 — _
@ 4 4 4\s—-2 s s+2 s(s2—4)
2t _ 4,2t
(e)tsinth:ﬁel( 1 ): L
2 2\ (s—2)2 (s+2)? (s2 —4)2
(f) sint cost = % <~ ;
2 52+ 4 X X
s +
sin(t + 7w /4) = sint cos(mw/4) + cost cos(rw/4
(@) sin(t +7/4) (r/4) W/ & —=
s s 5s
h 2t — 3t - = .
(h) cos 2t = cos 3 < G T P 19T R H(P+9)
s §3 4+ 252+ 45+ 32

2
i) sin2¢ + cos 4t < + = .
® s2+4 52416 (52 + 4)(s2 + 16)

8.1.6. If F(s) = / e f(t)dt, then F'(s) = / (—=te™) f(t)dt = /oo e '(tf(t)) dt. Apply-
0

ing this argument repeatedly yields the assertion.
8.1.8. Let f(t) = 1 and F(s) = 1/s. From Exercise 8.1.6, t" <> (—1)" F™(s) = n!/s"+1.

8.1.10. If | f(t)] < Me** fort > to, then | f(t)e™!| < Me~(750) fort > to. Let g(t) = e f(t),
w(t) = Me=6750) and t = 4. Since ftzo w(t) dt converges if s > 59, F(s) is defined for s > sy.

8.1.12. /OT et (/Ot f(t)dt) dt = -5

T
- / e ' f(t)dt. Since f is of exponential order so, the second integral on the right converges to
S Jo
125

—sT

T 1 T
+—/ e f(t)ydt =
o SJo

/ fr)ydz+
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—L(f) as T — oo (Exercise 8.1.10). Now it suffices to show that (A) hm e_ST/ f(@)dr =0
1fs > 59. Suppose that | f(¢)] < Me*0' ift >ty and | f(z)] < K if 0 < t < tg, and let T > ty. Then

/0 f(@)de /0 f@dz| + /to f)dr soT

proves (A).
T T
e S () dt = / e_(s_s(’)'(e_so'f(t)) dt. Use integration by parts with
0

=

, which

<Klo+M/ et dr < Kty +
S0

8.1.14. (a) If T > 0, then /
0 T
u = e 6750 dy = 70 f(1)dt, du = —(s — so)e 0 and v = g t obtain/ e f(t)dt =
0
T

T T
e =gy | 4 (s — so)/ e~ o (1) dt. Since g(0) = O this reduces to / e ft)dt =
0 0

0

T
e~ 6T o(T) 4 (s — so)/ e~ 650 o (1) dt. Since |g(r)] < M forall 1 > 0, we can let 1 — oo to
0
o0

o0
conclude that/ e f(t)ydt = (s — so)/ e~ 670 e (1) dt if s > s0.
0 0
(b) If F(so) exists, then g(¢) is bounded on [0, c0). Now apply (a).
1d | sin(e’”) — sin(1)]
(c) Since f(¢) = 27 ‘[‘ =

2
with s = 0.

< 1forall¢ > 0. Now apply (a)

x%e™*

8.1.16. (a) T'(a) = / X lem% gy = + _/ X gy - L@ D
0 0

0o o

o0

(b) Use induction. I'(1) = / Fdx=1.1fA)Tm+1) =nlthenT(n+2) =m+DHI'n+1)
(from (a)) = (n + l)n' (from (A)) = (n + 1)!.

©T(a+1) =/ x%e ™  dt. Let x = st. Then I'(a + 1) —/ (st)*e s dt, so/ooe_”t“ dt =
T+ 1) ‘ ‘

o
2 1 2 —s —s o
1 +1 —1
8.1.18. (a)/ e S f(t)dt :/ et dt+/ e S'Q2-t)dt = | = — Gl +( 1) + £
0 0 1 52 §2 §2 52
2e7S 72 1 (1—e )2 (1—e=5)2 1—e* 1 s
Tt te T Therefore. F(s) = P2(1—e2)  $2(1+ev) 2 tanhE.

1 1/2 1 1 —s/2 —s —s/2 2 —s/2
(b)/ e St f()dt = / e St dt —/ eStdr = = = ¢ s8¢ == +
0 0

1/2 s s s s s
—s 1 1— —5/2\2 1— —5/2\2 1— —s/2
¢ 4+ - = u. Therefore, F(s) = (d-e ) = tanh —
s s s s(1—e™) s(l + e—s/z) s 4
T T 1 —7s 1 s 1
(c)/ e f()dt = / e Stsint dt = L. Therefore, F(s) = te coth 22
0 0 (s2+1) 2+ D1 —e™)s2+1 2
1+e—7TS

2n , T , 1+e 7
) — ) s — — —
(d)/o e f(@)dt = /o e 'sintdt = ICFIL Therefore, F(s) = DT =

(s24+ (1 —e )’
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8.2 THE INVERSE LAPLACE TRANSFORM

2s+3  2(s—=7)+17 _ 2 7 2! E 3! 2 o 23
8.2.2.(a)(s_7)4— G_7)p = (s—7)3+(s—7)4 = (s—7)3+6 G=7)p 4 (t + 6t )
(b) s2—1 _[(s—2)+2]2—1_(s—2)2+4(s—2)+3_ 1 N 4 N 3 .
(s—2)% (s —2)° B (s —2)¢ T =2 (5-2°  (s—-2°

1 3! 1 4! 1 5!

2t

- ot ’ Loy Loy s
1 1 s ofls ta 1
6G6—-2% "6(-2° "a0s-2° \e "6 T )¢

© = Gl R et 2 . e (Cos3t+%sin3t).
s24+6s+18 (s+3)2+9 3(s+3)2+9 3

(d) i;i;=2S219+%S219<—>Zcos3t+§sin3t.

© 55 = (S(::)l)_zl = Sil—(sjl)z o (1 —ne .

® ;2-';19:SZS_9+%S2_9<—>cosh3t+%sinh3t.

(g) Expand the numerator in powers of s + 1: 53 +2s2 —s =3 =[(s + ) = 1> + 2[(s + 1) — 1]> —

3 2 2 _ -3 1 1
[(S+1)_1]_3:(S+1)3_(S+1)2—2(S+1)—1;thereforeS 25— —

s+ D* s+1 (s+1)2
2 1 6 1
— - o (1—t—12—=13)e.
(s+1D3 6(+1)* 6

25 +3 -1 5 2 5
my—2S+3 _, =D > o (20032t+—sin2t).
(s—12+4 (s—1D2+4 2(—-12+4 2
! s
(l)%_bﬁﬁtl_cosz; 3s+ 4 3s+ 4
oSt s . . s+ s+
G 21 - 2] + 2] <> 3cosht 4 4sinht. Alternatively, 21 - GoDG 1D =
17 7 1 Te' —e™?
2|1s—1 s+1 2
3 4s + 1 1 s 1 1
k + =3 +4 + - < 3e' + 4cos 3t + —sin3t.
()s—31 s22+96 s—l1 5249 3s2+92 3
) _ES Y S < 3te™2 —2c0s2f — 3sin2t.
(s+2)2 s2+4 (s+2)2 5244 5244
8.2.4. (a)
24 3s A N B +Cs+D
2+ D +2)(s+1) s+2 s+1 s2+1°
where
A2+ D+ D)+ B2+ 1D)(s +2) + (Cs + D)(s +2)(s + 1) = 2 + 3s.
—54 = —4 (sets = -2);
2B = -1 (sets=—1);
A4+2B+2D = 2 (sets =0);
A+B+C = 0 (equate coefficients of s3).
Solving thi t ields A 4B 1C 3D 11Thf
olving this system yields A = —, B = ——, C = ——, D = —. Therefore
s systemy 5 2 107 710 ’
24 3s 41 1 1 1 3s—11
24+ DG +2)(s+1)  5s54+2 2s+1 10s2+1
4 ,, 1 _, 3 11
< —e ——e ' — —COoSt + — sIint.

5 2 10 10
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(b)
352 +2s+1  As+B  C(s+1)+D
2+ D(s2+254+2) 241 s+D2+1"°
where
(As + B)(s + D>+ 1) + (C(s + 1) + D)(s* + 1) = 357 + 25 + L.
2B+C+D = 1 (sets=0);
—A+B+2D = 2 (sets=-—1);
2B+C+D = 1 (sets=0);
A+C = 0 (equate coefficients of s3).
Solving this system yields A = 6/5, B =2/5,C = —6/5, D = 7/5. Therefore,
352 4+ 25+ 1 _ o 1fes+2 6(s+1)—7
2+ D(s2+25+2) 5241 (s+D241

6
< —cost+ =sint ——e 'cost + —e ' sint.
5 5 5 5

(©s2+2s+5=(s+1)>+4

35 42 A Bs+1)+C
=2)((s+12+4) s5s—-2 (s+1)2+4+4"

where
A(G+DH +4) + B+ 1D +C)(s—2) =35 +2.

134 = 8 (sets =2);
44-3C = -1 (sets =—1);
A+B = 0 (equate coefficients of s2).
Solving this system yields 4 = i B = i C = E Therefore
& TS systemy BT T ’
35 4+2 1 8 8(s—1)—15
(s=2)((s+1)2+4)  13|s—2 (s+1)2+4
1
< iezt - ie" cos 2t + —se_’ sin 2¢.
13 13 26
(d)
352 4+ 25+ 1 A B C D
= + + + :
C—=D2(s+2)(s+3) s—1 (=12 s+2 s+3
where

(AGs = 1)+ B)(s +2)(s +3) + (C(s + 3) + D(s + 2))(s — 1)*> =352 + 25 + 1.

12B = 6 (sets =1);

9C = 9 (sets=-2);
—16D = 22 (sets = -3);

A+C+D = 0 (equate coefficients of s3).

Solving this system yields A = 3/8, B =1/2,C =1, D = —11/8. Therefore,
35 +25 4 1 N0 S S SRR SUNNP I
s—1D2(s+2)(s+3)  8s—1 2(—-1)2 s+2 8s5+3
3 1 11
< ge’ + Ete’ +e? — ge_y.
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(e)
252+ 543 A B C D

(s—12(s+22 s—1 +(s—1)2+s+2+(s+2)2’

where
(A =D+ B)(s +2*+(C(s +2) + D)(s — 1)> =25 + 5 + 3.

9B = 6 (sets=1);
9D = 9 (sets = -2);
—4A+4B+2C+D = 3 (sets=0);
A+C = 0 (equate coefficients of s3).

Solving this system yields A = 1/9, B =2/3,C = —1/9, D = 1. Therefore,

2s2+s+3_11+21 11
(s—D2(s+22  9s5—1 3(—1)2 9s5+2 (s+2)2
1 2 1
< —el 4 gte’ - §€_Zt +re7 2,
®
35+2 A N B +Cs+D
24+ Ds—-1D2 s—1 (s—1)2 241"
where

A —=1D($2 + 1)+ B2+ 1)+ (Cs + D)(s — 1)? =35 + 2.

5
Setting s = 1 yields2B = 5,s0 B = > Substituting this into (A) shows that

5
A —DE2+ D)+ (Cs+D)s—1)? = 3s4+2— E(s2 +1)
o 52—6s4+1  (s—D(5s—1)
B 2 B 2 ‘
Therefore,
5 1—>5s
A+ 1D+ (Cs+D)(s—1) = 7
24 = =2 (sets =1);
A—D = 1/2 (sets=0);
A+C = 0 (equate coefficients of s2).

3
Solving this system yields A = —-1,C =1, D = —3 Therefore,

3542 Lo,s 1 5—3/2
2+ D(s—1)2 s—1 2(6—-12 s2+1

o —e'+ Ste’ + cost 3 sint
2 2 ’

8.2.6. (a)
175 — 15 _As-D+B  Cs+1+D

(52 =25 +5)(s2+25+10) (s—1)2+4 s+1)2+9

where
A =D +B)((s+1D*+9+(Cs+1)+D)((s —1)> +4) =175 — 15.

129

(A)
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13B+8C +4D = 2 (sets =1);
—184+9B+8D = -32 (sets=—1);
—10A+10B+5C +5D = —15 (sets =0);
A+C = 0 (equate coefficients of s3).
Solving this system yields A = 1, B = 2, C = —1, D = —4. Therefore,
17s — 15 o -D+2 (s+1)+4
(s2=25s+5)(s2+2s+10)  (s—1)2+4 (s+1)2+9

4
< e'(cos2t +sin2t) —e™! (COS 3t + 3 sin 3t) .

(b)
8s + 56 _A(-3)+B Cis+1)+D
(s2—65s+13)(s2+25+5) (s—3)2+4 (s+1)2+4
where
(A(s =3)+ B)((s + D* +4) 4+ (C(s + 1) + D)((s —3)*> + 4) = 85 + 56.
20B +16C +4D = 80 (sets = 3);
—16A+4B +20D = 48 (sets = —1);
—15A+5B+13C + 13D = 56 (sets =0);
A+C = 0 (equate coefficients of s3).
Solving this system yields A = —1, B = 3, C = 1, D = 1. Therefore,
8s + 56 = =3)+3 s+ D+1
(s2—6s+13)(s2+25+5)  (s—=3)2+4 (s+1)2+4
3t 3. —t L.
< e —cosZt+§s1n2t +e cosZt+§sm2t .
(©)
s+9 _As+2)+B  C(s-=2)+D
(2445 +5)(s2—4s+13) (s+2)2+1 (s—2)2+9
where
(A +2)+B)((s =22+ 9+ (C(s —=2)+ D)((s +2* + 1) =5 + 9.
25B—4C+D = 7 (sets =-2);
36A+9B+ 17D = 11 (sets =2);
264+ 13B—-10C +5D = 9 (sets =0);
A+C = 0 (equate coefficients of s3).
Solving this system yields A = 1/8, B = 1/4,C = —1/8, D = 1/4. Therefore,

549 o [lG+9)+2 (=22
(52 +4s +5)(s2 —4s + 13) |:8(s+2)2+1_(s—2)2+31|

2 (1 [ 2 (1 L.
<~ e —cost + —sint | —e —cos3t — —sin3t ).
8 4 8 12
(d

35 —2 _A(s—=2)+B  C(s—3)+D
(52 —4s+5)(s2—6s+13)  (s—2)2+1 (s—3)2+4

where
(A(s —2)+ B)((s — 3)2 +4)+ (C(s —3)+ D)((s — 2)2 + 1) =3s—2.
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5B—-C+D = 4 (sets =2);
4A+4B+2D = 7 (sets =3);
—264+4+13B—-15C +5D = -2 (sets =0);
A+C = 0 (equate coefficients of s3).
Solving this system yields A = 1, B = 1/2,C = —1, D = 1/2. Therefore,
3s—2 I 2s=2)+1 2(s—3)—1
(s2—ds+5)(s2—65s+13) 2| (s—=22+1 (s—3)2+4

1 1
< X (cost + 3 sint) —e (cos 2t — 1 sinZI) .

(e)
3s—1 _As-1D)+B  Cs+1)+D
(52=25+2)(s24+25+5) (s—1)2+1 (s+1)2+4
where
AGC—D+B) (s +1)>+4)+(Cs+D+D)((s—1D*+1)=3s5—1.
8B+2C+D = 2 (sets=1);
—8A4+4B+5D = —4 (sets =—1);
—54+5B+2C+2D = -1 (sets=0);
A+5B+C = 0 (equate coefficients of s3).
Solving this system yields A = 1/5, B =2/5,C = —1/5, D = —4/5. Therefore,
3s—1 (=1 +2 (s+1)+4
(52—=25+2)(s24+25+5  S5[G-=1D2+1 (+12+4]
< e 1cost+zsint et 1cosZt+ 2sin2t
5 5 5 5 ’
(®
20s 4 40 _[A(s—1/2)+B Cs+1/2)+D
(452 —4s +5)(4s2 +4s+5)  “(s—1/2)2+1 (s+1/2)2+1
where
5 5 5s + 10
A =1/2)+B)((s +1/2)*+ D+ (Cs+1/2)+ D)((s —1/2)"+ 1) = Y
2B+ C+D = 25/8 (sets=1/2);
—A+B+2D = 15/8 (sets=—1/2);
—5A+10B+5C +10D = 20 (sets = 0);
A+C = 0 (equate coefficients of s3).
Solving this system yields A = —1, B = 9/8,C = 1, D = —1/8. Therefore,
20s + 40 1 8(s—1/2)+9 8(s +1/2)—
(452 —4s +5)(4s2+45+5) 8| (s—=1/224+1  (s+1/2)2+1

9 1
o el/? (—cost + gsint) +e7/2 (cost — gSint) .

8.2.8. (a)

25 4 1 _ A B CstD
24+ D(s—-D(s—=3) s—1 s-3 5241

131
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where
(A(s =3)+ B(s —1)(s®> + 1)+ (Cs + D)(s — 1)(s —3) = 25 + 1.
—44 = 3 (sets=1);
20B = 7 (sets=3);
—34A—-B+3D = 1 (sets=0);
A+ B+ C = 0 (equate coefficients of s3).
Solving this system yields A = —3/4, B = 7/20,C =2/5, D = —3/10. Therefore,
25 +1 . 31 N 7 1 N 2 s 3 1
(s24+ D -1 -3  4s—1 20s—3 5s24+1 10s2+1
DAY 3e’+ 7e3t+zcost 3 sin¢
4 20 5 10 ’
(b)
s+ 2 A N B Cs+1)+D
(524+25+2)(s2=1) s—1 s+1 (s+D2+1
where
A+ D+Bs -G+ D>+ D)+ (Cs+ 1D+ D)(s?—1)=s+2.
104 = 3 (sets=1);
—2B = 1 (sets=-—1);
24—-2B—-C—-D = 2 (sets=0);
A+B+C = 0 (equate coefficients of s3).
Solving this system yields A = 3/10, B = —1/2,C = 1/5, D = —3/5. Therefore,
s+2 31 1 1 N 1 s+1 3 1
(524+25+2)(s2—=1)  10s—1 2541 5@E+1D2+1 S5@E+1D2+1
<~ ie’ - le" + le" coste ' sint
10 2 5 ’
(©)
2s —1 ! N B Cs—1)+D
(2—=25+2)(s+D(s—2) s—2 s+1 (s—12+1
where
A+ D +Bs—2)((s — D>+ 1) +(C(s = 1) + D)(s = 2)(s + 1) =25 — 1.
64 = 3 (sets =2);
—15B = -3 (sets =—1);
2A—4B+2C-2D = -1 (sets=20);
A+B+C = 0 (equate coefficients of s3).
Solving this system yields A = 1/2, B = 1/5,C = —7/10, D = —1/10. Therefore,
25 —1 11 N 1 1 7 s—1 1 1
(s2=25+2)(s+1)(s—2) 25s—2 5541 10(s—12+1 10(s—1)2+1
1 1
o e 4 e — —e'cost — —e'sint.
2 5 10 10
(d)
s—6 A B Cs+D

= + +
$2=D(@24+4) s—1 s+1 52+ 4
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where
(A + 1)+ B —1)(>+4) +(Cs+ D)(s>—1)=s—6.

104 = =5 (sets=1);
—10B = -7 (sets=—1);
4A—4B—-D = —6 (sets =0);
A+B+C = 0 (equate coefficients of s3).

Solving this system yields A = —1/2, B =7/10,C = —1/5, D = 6/5. Therefore,

s—6 __11+711s+3+1
(s2—1)(s2+4)  2s—1 10s+1 55244 5 s244
7
PN —Ee’ + Ee" — 5 cos 2t + =sin2t.
(e)
25 —3 _A+ B Cs—1)+D
s(s—2)(s2—=254+5) s s—2 (s—1)2+4
where

(A(s —2) + Bs)((s — 1)2 +4) + (C(s = 1) + D)s(s —2) = 25 — 3.

—104 = =3 (sets =0);

10B = 1 (sets =2);

—4A+4B—-D = -1 (sets=1);
A+B+C = 0 (equate coefficients of s3).

Solving this system yields A = 3/10, B = 1/10, C = —2/5, D = 1/5. Therefore,

25 —3 __3+11 2 s—1 +1 1
s(s—2)(s2—2s+5)  10s 10s—2 5(—1)2+4 5(—-1)2+4
3001 2 1
m + Ee” — ge’ cos2t + Ee’ sin2¢.
®
5s—15 ! N B Cis—2)+D
(s2—4s+13)(s—-2)(s—1) s—1 s—-2 (s—2)249
where

(A(s —=2) + B(s = 1))((s =2)> + 9) + (C(s —2) + D)(s — 1)(s —2) = 55 — 15.

—104 = —-10 (sets =1);

9B = -5 (sets =2);

—26A—13B—-4C +2D = —15 (sets =0);
A+B+C = 0 (equate coefficients of s3).

Solving this system yields A = 1, B = —=5/9,C = —4/9, D = 1. Therefore,
55 —15 1 5 1 4  s-=2 1

0?45+ 13)6-D6-1) ~ ~s5—1 95-2 96-272+9 (-22+9

5 4 1
o el - §€2t — §€2t cos 3t + ge” sin 3¢.
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8.2.10. (a) Let i = 1. (The proof fori = 2,...,n) is similar. Multiplying the given equation through by
s — s1 yields
P(s)

(s —52) - (s — 5n)

A A
=A1+(s—s1)[ R }

s — 82 s — Sy
P(s1)
(s1—52) -+ (52— 8n)

and setting s = s; yields A; =

p
(b) From calculus we know that F' has a partial fraction expansion of the form ¢ =
(s —51)01(5)
+ G(s) where G is continuous at s7. Multiplying through by s — s; shows that 5 E ) -4
§— 8 e
(s —51)G(s). Now set s = 51 to obtain 4 = (1)
O(s1)

(c¢) The result in (b) is generalization of the result in (a), since it shows that if s; is a simple zero of the
denominator of the rational function, then Heaviside’s method can be used to determine the coefficient of
1/(s —s1) in the partial fraction expansion even if some of the other zeros of the denominator are repeated
or complex.

8.3 SOLUTION OF INITIAL VALUE PROBLEMS

8.3.2. 5 5 |
(*=5—6)Y(s)=-+s—1= M
s s
Since (s2 — 5 —6) = (s — 3)(s + 2),
24s(s—1) 1 8 1 4 1

Y()= — ">~ 7 ___ 42
)= et - 3 155-3 3512

(2~ ¥ = s b (1 gy = 2TEEDEZI)

Since 52 — 4 = (s —2)(s + 2),

24+ —1D(s—-3 1 1 17 1 2 1
Yo 2FE=DE=) L1 L2
(s—=2)(s+2)(s—3) 45—-2 20s+2 55-3
1 17 2
dv = ——p2t 4 —Lp=2t 4 2,3t
and y 4e +206‘ +Se

8.3.6.

(s + 35 +2)Y(s) = S%+(_1+s)+3: 6+(SS—_1)1(S+2).

Since 52 +3s +2 = (s + 2)(s + 1),

6+(—D(s+2 1 2 2

Y(s) = —D@E+2)(s+1) s—1 +s+2_s+1

and y = e’ +2e72 —2¢7.
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8.3.8.
(s2—3s+2)Y(s)=L+(_1+s)_3:2+(S—3)(S—4)‘
§—3 s—3
Since s2 —3s +2 = (s — 1)(s — 2),
Y(s) = 2+(—=3)(s—4) 4 B 4 N 1

s—1D(—=2)(s—3) s—1 s—2 s5-3
and y = 4e’ — 4e? 4 3.

8.3.10.

(52— 35+ V() = — t(d—g)r3= TG IEFD
§—=3 s—3

Since s2 —3s +2 = (s — 1)(s — 2),
I-G-=36+1) 5 1 4 11

YO = 6 —26-3 ~ 251 -2t 2573

5 1
and y = Je¢' —4e* + 2.

2
8.3.12. . ) s
(s +5—2)Y(s) =—§+(3+2s)+2: M
Since (s2 4+ 5 —2) = (s + 2)(s — 1),
 44sG+25) 21 |

YO ={06-n =5 sratsor

andy =2—e +e'.

8.3.14. , , 1
(P —s—6)¥(s) = 245—1= 257D
s s
Since s2 — s — 6 = (s — 3)(s + 2),
24+s(s—-1) 1 8 1 4 1

Y()= — ">~ 7 ___ 42
)= e t2) - 3 155-3 3512

1 8
dy = —— = L3t —2t
and y 3 + 5¢ + 5¢
8.3.16. .
1 1
(2= )Y (s) = 5= +s
Since s2 — 1 = (s — 1)(s + 1),
1+s° 1 1 1

Y(s)

s(s=D(s+1) s s—1 s+1

andy = —1+e' +e".
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8.3.18.
2—(s—3)?

2
(s2+s)Y(s)=ﬁ+(4—s)—1= —
Since 52 + s = s(s + 1),

2— (s —3)? 7 7 1 1 1

V()= ——— = — — -
(<) s(s+1)(s—=3) 3s 2s+1+6s—3

77 1
d — - _ _ —t _ 3t.
and y 3 Ze + 6e

8.3.20.
1 2

(s2+1)s2+s2+1‘

(> + DY(s) = Siz +2, so Y(s)=

Substituting x = s2 into

1 1 1 1 1 1

= —— yields ————— = — — ———
x+Dx x+1 «x yiele (s2+Ds2 52 241

1
soY(s):s—2+ and y =t + sint.

s24+1
8.3.22. 5 21 D 8)
2 + s+ Dis +
5 6)Y(s) = —— 3 5= .
5“4+ 55 +6)Y(s) s+1+( +5) + Tl
Since s2 4+ 55 + 6 = (s + 2)(s + 3),
24 (s+ 1)(s +8) 1 4 4

YO = D6 26+3) s+l Tiv2 543

and y = e! + de™2 — 473,

8.3.24. 10 10
2 _ N _ N
(S —2s—3)Y(s)—m+(7+2s)—4—m+(2s+3).

Since 52 —2s —3 = (s — 3)(s + 1),

10s 2s + 3
Y(s) = 5 + .
s=3)E+DE2+1)  (=3)(s+1)
25 +3 9 1 1 1 9, 1,
= - - = < —et — -7,
(s=3)@s+1) 4s5—-3 4s5s+1 4 4
10s A B Cs+ D

GG+ DE+) 53 s11 21
where
(A(s 4+ 1)+ B(s =3))(s> + 1) + (Cs + D)(s —3)(s + 1) = 10s.

404 = 30 (sets=3);
—8B = —-10 (sets =—1);
A—-3B-3D = 0 (sets=0);

A+B+C = 0 (equate coefficients of s3).

(A)

(B)
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Solving this system yields A = 3/4, B = 5/4,C = —2, D = —1. Therefore,

10s
(=3 +DEZ2+1)

1 +5 1 2s +1
s—3 4s+1 s2+1

W AW

5
< e 4 Ze' —2cost —sint.
4 4

From this, (A), and (B), y = —sint — 2cost + 3e3 4+ e,

8.3.26.

16 n 9s
s2+4 5241
16 9s s

+ + :
(24+42  (s2+4(2+1)  s2+4

From the table of Laplace transforms,

(s + DY (s) = +s, so

Y(s) =

cos 2t s2—4 s2+4 8
cos N = _
(2442 (s24+4)2  (s244)2
1 8

2+4 (52442

Therefore,
8 1

16
= — L(t cos2t), SO0 ———— <> sin2¢ — 2t cos 2t.

(s24+4)2  s2+4 (s2 4 4)2

Substituting x = s2 into
9 3 3

C+Hx+D) x+1 x+4

and multiplying by s yields

9s 3s 3s

= — <> 3cost —3cos?2t.
(s2+4(s2+1)  s2+1 5244

Finally,

————— <> cos 2t.
5244

Adding (A), (B), and (C) yields y = —(2¢ + 2) cos2¢ + sin2t + 3 cost.

28.
2
(52425 +2)Y(s) = o (=7 +25) + 4.

Since (s2 4+ 2s +2) = (s + 1)> + 1,

Ye) 2 N 25 —3
s) = ’
A +D2+D T s+ D241
Qs — 2 1) —
s—3 _ G+1 5<_>e_’(2(;ost—5$inl).
G+1D2+1 (+D2+1
5 A B C(s+1)+D

2GE2+D) s 2 GrE+1’
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(A)
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where (As + B) ((s + 1)* + 1) + s (C(s + 1) + D) = 2.

2B = 2 (sets =0);
—-A+B+D = 2 (sets=-—1);
A+C = 0 (equate coefficients of s3);
24+ B+C+D = 0 (equate coefficients of 5s2).

Solving this system yields A = —1, B = 1,C =1, D = 0. Therefore,

2 11 (s+1)

s s2 (s+1)2+1

—_— = — < —1+4+1t+e"cost.
s2((s+ 12+ 1) s

From this, (A), and (B), y = —1 + ¢ + e~ *(cost — 5sint).

1)+3
8.3.30. (s2+4s+5)Y(s)=((ss_:_1%+4. Since (s2 + 45 +5) = (s + 2)2 + 1,
s+ 4 4
Y(s) = + :
(s) (+D2+D((s+2)2+1) (s+2)2+1
4
— & 4e Hing.
(S+2)2+1<—) e sin
s+4 _As+D)+B  Cis+2)+D

((+D2+D((s+22+1) (+12+1 (s+22+1"°
where (A(s + 1)+ B) (s +2)>+ 1) + (C(s +2) + D) (s + D?> + 1) =4 +s.

5A+5B+4C +2D = 4 (sets =0);
2B+C+D = 3 (sets=—1);
—A+B+2D = 2 (sets=-2);
A+C = 0 (equate coefficients of s3).

Solving this system yields A = —1, B = 1,C =1, D = 0. Therefore,

s+4 =G+ D+1 s+2
(+D2+D((s+22+1) (+D2+1  (+22+1

From this, (A), and (B), y = e’(—cost + sint) + e~/ (cost + 4sint).

8.3.32.

(25% —3s —2)Y(s) = S% $2(245)—3= At (ZSS—_71)(S -1

Since 252 — 35 —2 = (s —2)(2s + 1),

Y(s) = 44@s=D=D 1 1 41 321

1
26-D6-DG6+1/2) 55-2 3s—1 " 15511)2

1 4 32
and y = —e?! — —¢! + =71/,

y=3 3¢ T s
8.3.34.

2 2
(2s2+2s+1)Y(S)=S—2+2(—1+s)+2=S—2+2s.

(A)

(®)

< e !(—cost +sint) + e cost.
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Since 252 + 25 + 1 = 2((s + 1/2)2 + 1/4),

1 s
26122418 T (G122 174
S
(s +1/2)2+1/4)
1 A B Cs+1/2+D
s2((s +1/2)2+1/4) s s ((s+1/2)2+1/4)

Y(s) =

< e ?(cos(t/2) — sin(t/2)).

where
(As 4+ B)((s + 1/2)2 +1/4) + (C(s + 1/2) + D)s* = 1.

B = 2 (sets=0);
—A+2B+2D = 8 (sets=-—1/2);
5A4+10B+2C+2D = 8 (sets=1/2);
A+C = 0 (equate coefficients of s3).

Solving this system yields A = —4, B = 2, C = 4, D = 0. Therefore,

1 42 4(s +1/2)

PGHI22+14 — steTGri22+1/4
o =4+ 21+ 4e % cos(t/2).

This, (A), and (B) imply that y = e ~*/2(5cos(t/2) — sin(t /2)) + 21 — 4.
8.3.36.

3+ 3+
4(—142s) +8= =" 4 4(—1 +25) + 85 + 4.
s2+1+ (=14+2s)+ S2+1+ (=14 2s5)+8s +

(45 + 45 + DY (s) =

Since 452 + 4s + 1 = 4(s + 1/2)2,

Y(s) = 3+ n 2
A+ 1/2)2(s2 1) s+ 1/2°
3+ A N B N Cs+D
45 +1/2)2(s2+1)  s+1/2  (s+1/2)2 5241
where 34
s
(A(s +1/2)+ B)(s2 4+ 1) + (Cs + D)(s + 1/2)* = —
10B = 5 (sets =—1/2);
2A4+4B+D = 3 (sets=0);
12A4+8B+9C +9D = 4 (sets=1);
A+C = 0 (equate coefficients of s3).

Solving this system yields A = 3/5, B = 1/2,C = —-3/5, D = —1/5. Therefore,
3+ 301 1 1 13s+1

o+ 12262+ 1) 5s+12 2G+1/27 59241

3 1
< ge_’/z + Ete

1
2 _ 5(3 cost + sint).
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(A)

(®)

(A)
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—t/2

< 2¢7"/2 this and (A) imply that y =

Since
s+1/2 10

1
(5t + 26) — 5(3 cost + sint).

8.3.38. Transforming the initial value problem

ay” +by +cy=0,y0) =1,y (0)=0

as +b as +b
ield 24 bs+c)Y(s) =as+b,soY(s) = ——————. Therefore, y; = L™ | —————
yields (as s+c)Y(s) =as so Y(s) 52 1 byt e erefore, y; 2% T bs 1o
satisfies the initial conditions y;(0) = 1, y{(0) = 0.
Transforming the initial value problem
ay” +by" +cy =0, y(0) =0, y(0) =1
yields (as? + bs + ¢)Y(s) = a, so Y(s) = . — Therefore, y, = L™ L
as?+bs +c as?+bs +c
satisfies the initial conditions y;(0) = 0, y{(0) = 1.
8.4 THE UNIT STEP FUNCTION
8.4.2.
[e9) 1 [e9)
L(f) = / e f()dt = / e 't dt +/ e s dt. (A)
0 0 1
To relate the first term to a Laplace transform we add and subtract f loo e *'t dt in (A) to obtain
o0 o0 o0
L(f) = / e *rdt + / e "1 —1t)dt = L(t) —/ e St —1)dt. (B)
0 1 1

Letting t = x 4+ 1 in the last integral yields

/ et —1)dt = —/ e Ot Dx dx = eSL(1).
1 0

This and (B) imply that L(f) = (1 —e™)L(t) = ! —Sze_s
Alternatively, f(t) =t —u(t — 1)t —-1) < (1 —e°)L{) = ! —Sze_s
8.4.4. - ) .
L(f)= / e f(r)dt = / et dt +/ et +2)dt. (A)
0 0 1

To relate the first term to a Laplace transform we add and subtract f loo e*"dt in (A) to obtain

L(f):/Oooe‘”dt+/looe‘”(t+l)dt:L(t)+/looe‘”(t+1)dt. (B)

Letting t = x 4+ 1 in the last integral yields

/ et +1)dt = / e (x £ 2)dx = e L(t + 2).
1 0

1 I 2
This and (B) imply that L(f) = L(1) +e Lt +2)=—+¢*° (—2 + —).
s s s
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Alternatively,
fOO=14+u@t -1t +1) < L) +e Lt +2) = % +e* (Si2 + %)
8.4.6. - . -
_ —st _ —St,2 __ 2y 2
L(f)_/o e f(t)dt—/o et =L@%) /1 t=dt. (A)

Letting t = x 4+ 1 in the last integral yields

o0 o0
/ eSt?dt = / eSOtV G2 4121 4 I dx = e L% + 2t + 1).
1 0

This and (A) imply that

2 2 2 1
L(f) =L@ +e L@ +20+ )= = —e [ S+ 5 +-).
§3 3 52 s

Alternatively,

F@O) =2 —u(t—=1) o LE*>) +e L2 +2t+1) = 33 —es (33 + 32 + l)
N N N N

2 2
848. f(1) =12 +24u(t —1)(t —1*—2). Since 1 + 2 < — + =~ and
S N

Lu@—-D—-1>*-2) = e L(t+1)—@+1)>-2)
2 1 2
= —e_SL(12+f+2):_e_s(_+—+_),
. 2 2  _. (2 1 2
itfollowsthat F(s) = — +——e | =+ =+ — ).
§3 s 352 s

8410. f(t) =e " +ut—1(e? —e) o L)+ e L2y —e L") = Le™) +
(s+2) 2 (s+1) t L—e 6D (42
D ey — e 6TV L(e™) = + .
¢ () —e ™) s+ 1 s+2

84.12. f(t) =[u(t — 1) —u(t —2)|t < e *L(t + 1) —e 2L(t +2)
=es (i2 + l) —e (i2 + %).
N N N N

8.4.14.

f@) t—=2ut—-D@ -1 +ut—-2)t+4) < Siz —2eSL(t) + e 2 L(t + 6)

Lo2e (1,6
——— +e —+-.
52 52 s2 s

84.16. f(1) = 2 —2u(t — )t +u(t —3)(5t —2) < L2) —2¢*L(t + 1) + e ¥L(5t + 13) =
2 _s(z 2) a5 13
——e St -] te

N

s 52 52 s
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8418. f(1) = ¢+ 1> +u@ —D(C+2>—@+D*) =>+2r+1+u@ -2 +3) «
2 2 1 2 5

L(t2+2t+1)+e_sL(2t+5)=—3+—2+—+e_s(—2+—).
N N N N

s
1 1 1 0, 0<t<l,
8.4.20. = —— 1— —t = - —1 1— —(t-1) —
T G R U] et Aol I
8.4.22.
3 01 (3 1
——S ©3-t=e —— |eout-DC—-0¢-1)=ul—-1DM@-1);
s s s s
11 (1 1
—t+ 5o l+t=e -+t |ou-3)0+-3)=u@l-3)—2);
s s s s
therefore
241, 0=<t<l,
ht)=24+t+u@t—1)@d—1t)4+ult -3t —-2)= 6, 1<t<3,
t+4, >3
8.4.24. > s 5 5
—2s  _ 5720642 < e 2 (5sint —2cost);
s24+45+5  (s+2)2+1
therefore,
h(t) = u(t —m)e 2 (5sin(t — ) — 2cos(t — 7))
= u(t —m)e 2™ (2cost — 5sint)
0, 0<t<m,
B e 2t=m(2cost —5sint), t > .
3(s—3 1 3(s—3 4 1
8.4.26. Denote F(s) = (s=3) - St . Since (s =3) = - and
s+DEs—-2) -1 —-2) s+ 1D —2) s+1 s-—=2
s+ 1 4
= — LF(s) = — + < de7!—4e?" 42" Therefore,e ™25 F(s) <>
s—DE—-2) s—-2 s—1 (<) s+1 s—2 s—1 ()

< 2
ut —2) (46_(’_2) — 42072 4 Ze(’_z)) = o o=r=2
4e(172) _ 402072 4 2(=2) ¢ > 2,

8.4.28.

2 _ 92 2
§—i<—>3—t—:>e_2s(§—i) <—>u(t—2)(3—(t 2) )zu(t—Z)(—t—+2t+1);
2 53 2

s 83 s 2

1 —4s

e
— < =
52 52

<> ult —4)(t —4);
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therefore
(2
hit) = 1—124u(—2) (_5 + 2t + 1) +u(t—4)@t -4
1—12, 0<t<2
3t?
= —7+2l+2, 2<t<4,
3t?

—— +3t -2, t>4.
5 =

8.4.30. Let T be an arbitrary positive number. Since lim,;, o0tz = 00, only finitely many members of

{tm} are in [0, T]. Since f,, is continuous on [t,,, co) for each m, f is piecewise continuous on [0, T'].

Iftyy <t < tyy41, thenu(t — t,) = 1if m < M, while u(t — t,,) = 0if m > M. Therefore,
M

@) = fo®) + Y (fn() = fn1(0)) = fur (1)

m=1

o0 o0
8.4.32. Since Z e PK™m converges if p > 0, Z e~ P converges if p > 0, by the comparison test.

=0
Therefore,(C) of Exer01se 8.3.31 holdsif s > s¢ + p if p is any positive number. This implies that it holds

if s > s¢.

84.34. Lett,, = mand fi(t) = (-1)", m = 0,1,2,.... Then fi,(t) — fu—1(t) = (—1)™2, s0
f@)=1+2 Z( 1)™u(t —m) and F(s) = (1 +2 Z( Hme —””) Substituting x = ¢~ in the
m=1
o0
x 1 2e° 1 1—e*
identit "X = —— < 1)yields F(s) =—-|1-— = - .
1en1ymz=:1( )X 1+x(|x| ) yields £(s) s( 1+e—s) s 14es

8.4.36. Let tm =mand f,(t) = (—1)"m,m = 0, 1,2 . Then fp, () — fm—1(t) = (D" (2m — 1),

so f(t) = Z(—l)m(Zm — Du(t —m)and F(s) = Z( D™(@2m — 1)e™™". Substituting x = ¢~

m=1 m=1

in the identities —D"x™ = and D"mx™ =
,,;( ) T Z( )

1 e’ 2e~F 1 (-=e)
L+e™s (I4+e)2] s(l+e5)?

8.5 CONSTANT COEEFFICIENT EQUATIONS WITH PIECEWISE CONTINUOUS FORCING
FUNCTIONS

852.y"+y=34ul—4)Q2t-38), y(0) =1, y'(0) =0. Since

(1 + )2 (Jx] < 1) yields F(s) =

26—4s

s2

Lu@—4)Q2t—8)=e®LQ2F+4)—8) =e*LQ2t) =

3 2e7
2+ DY(s) ==+ >— +s.
s s
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Y(s) 3 2 s
S =
s(s2+1)  s2(s2+1)  s241
! $ —as 1 1 s
= 3{-- 2e | — —
(S S2+1)+ ‘ (S2 S2+1)+s2+1
3 2 1 1
S —— 42— ———).
s os2+1 s2 s241
Since
1 : t —sint = e % ! ! (t—4) (t —4—sin(t — 4))
— — 55— <> [ —S8In e — — — | <> ull — — 4 — sl — s
S2 S2+1 S2 S2+1

y =3—2cost +2u(t —4) (t —4 —sin(t — 4)).
8.54.y" —y =e* +u(t —2)(1—e?), y(0) =3, y'(0) = —1. Since

1 4
Lu(t —2)(1 — ) = e 2 L(1 — e20+D) = (=2 (_ e 2) ’
N s —

4
(SZ—I)Y(S)=L+e‘”(1— ‘ )+(—1+3s).

§s—=2 s os—2
Therefore,
1 3s—1
Y(S) = 4
—DE+DE—=2)  (s—D(s+1)
—25 1 e4 )
+e _ ‘
sc—Ds+1D) =D+ D=2
1 11 11 11
= _— + — 4+ -
(s—D(s+D(s—2) 25—1 6541 " 35-2
<> —let + le_t + leZt.
2 6 3
—25 ,4
e e 1 1 1
ou(t =2) [ ——e!t2 4 —e= =0 4 _p2t :
=D+ D —2) ( ) ( 2 6 3
1 1 N 1 1 N 1 1 - 1, N 1,
.+ .1 1 - Lo Lo
s—DE+ 1 s 2s—1 2s+1 5 3
—2s
e 1 1
Ut -2)-14 24 e D)
G MY ( 3¢ 77+
3s —1 1 2
= + T 42e7
s—D@+1) s-—1 s+1 ¢ €
Therefore,
1 13 1 1 | | . |
y = Eet + Ze_t + geZz 4+ u(t —2) (_1 + Eet—z + Ee—(t—Z) + Eet+z _ Ee_(t_G) _ gez,) ‘
8.5.6. Note that |sin?| = sinz if 0 < ¢ < 7, while |sin?| = —sinz if 7 < ¢ < 27. Rewrite the initial

value problem as

y" + 4y =sint —2u(t — w)sint + u(t — 2m)sint, y(0) = -3, y'(0) = 1.
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Since
L u(t —m)sint) = e ™ L(sin(t + 7)) = —e ™ L(sint)

and
L (u(t —2m)sint) = e 2 L(sin(t 4+ 27)) = e 2™ L(sint),

14 2e7 75 4 7278 14 2e7 75 4 7278 1—3s
2
Y (s) = 1—3s,s0Y(s) = .
(5" + Y (s) 21 1) + s, 50 Y(s) F IO D + 5
1 1 1 1 . ; 1 . by
= — < —sint — — sin2¢;
(s2+1)(s2+4) s2+1 5244 3 6
therefore
< (t =) (% singe — ) — ~sin2(e — )
_— u(t —m) | =sin(t — 7) — —sin -7
24+ 1)(s2+4) 3 6
1 1
= —u(t—m) (5 sint + 3 sinZt)
and
e—27rs 1 1
_— u(lt —2m)| =sin(t —2w) — —=sin2(t — 2w
2+ 1D(s2+4) ( ) (3 ( ) 6 ( ))
1 1
= u(t—2n) (g sint — gsinZI);
therefore

1 1 1 1 1 1
y = 3 sin2t — 3 cos 2t + 3 sint —2u(t —m) (g sint + 3 sinZI) +u(t —2m) (g sint — 3 sinZI) .

8.5.8. y" + 9y = cost + u(t —3m/2)(sint —cost), y(0) =0, y'(0) = 0. Since

L (u(t —37/2)(sint —cost)) = e >™/2L (sin(r + 37/2) — cos(t + 37/2))
—e737/2(cost + sint),

+1 1 +1
5 —6_37”/2—2 ;50 Y($) = e —e_37”/2—2 a 5 .
52+ 1 52+ 1 (s2+1D(s2+9) (s2+ D2+ 9)

G2+ DGE2+9 8 - — (sinz — < sin3 d
(s2+1)(s2+9) 8 (s2+1 S2+9) <3 (sm 3 sin ) an

a _ 1 s s <—>l(cost cos 3t)
(s24+1D)(s24+9)  8\s2+1 5249 8 ’

(s2+9)Y(s) =

s+ 1 _ s+ 1 _s+1 s+ 1 s+ 1
2 2 - 2 2 - 2 )
(s2+ D>+ 9) (52 4+ 1)(s2+9) 8 s24+1 5249

1 1
DAY g (cost + sint — cos 3t — gsin3t), SO
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—37s)2 s+ 1 - u(t —3m/2)
2+ D(s249) 8

e (cos(t —3m/2) + sin(t — 37/2)

—cos3(t —3m/2) — % sin3(t — 71/2))
u(t —3m/2)

1
= — = (sint —cost + sin3t — —Cos3t).
8 3

1 1 1
Therefore, y = 3 (cost —cos3t) — gu(t —3n/2) (sint —cost + sin3t — 3 08 3t).

8.5.10. y" + y =t —2u(t —m)t, y(0) =0, y'(0) = 0. Since

— _ 1 T
L@ -mu)=e ™ L(t+m)=e ”s(—z+_),
N N

2+ 1)Y(s) = iz —2¢77S (i + 5) ;
N

2 s
1 1 /4
Y6) = ——— -2 +
(s) s2(s2 4+ 1) (sz(s2 +1)  s(s2+ 1))
1 1 1 1 1 s
— o _ 2 —TTSs _ _ 2 —TTSs R .
(s2 s2+1) ¢ (s2 s2+1) e (s s2+1)
Since
1 1 . _ 1 1
S—Z—m <~ t—smt:>em(s—2—m)
< u(t—-m){t—mw—sin(t —nw)) =ut —n)(t —m +sint)
and

1 s ! ‘o o7 1 s
- — < 1—cos e - —
s 5241 s s2+1

< u(t—m)( —-cos(t —m)) =u(t —m)(l 4 cost),
y=1t—sint —2u(t — 7)(t + sint + 7 cost).

8.5.12. y" +y =1t —3ut —2n)t, y(0) =1, y'(0) = 2;

12
L(u(t = 27)1) = e 2P L(t +27) = ¢ ™2™ (_ + _”) ;

52 s
1 —3e727S  Gre 7S
2+ DY(s) = > — +2+s;
s s
Yes) 1—3e727  6re 2™ 245
s) = :

— + ;
$2(s2+1)  s(s2+1)  s2+1
1 1 1 ; int
- = — — — &t —sint;
s2(s2+1) s 5241

e—27rs

m < u(t —27)((t — 27 —sin(t —27)) = u(t —27)(t — 27w — sint);
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1 1 s 1 ;
— = —— ——— & 1 —cost;
s(s2+1) s s2+1

e—27rs

m < u(t —2m)(1 —cos(t —2m)) = u(t —27w)(1 — cost);
245
5241
y =t +sint + cost —u(t —2m)(3t —3sint — 6w cost).

<> 2sint + cost;

8.5.14. y" —4y' +3y = -1+ 2u(t — 1), y(0) =0, y'(0) =0;
) )

—1+2e —1 4 2e™
2
(s —4s 4+ 3)Y(s) . () pr Y

1 1+1 1 1 N N .
o o _ st bt ol L L
s(s—1)(s —3) 35 6s5s—3 2s5s-—1 3 6 2
L < u(t—1) (l 4 1630—1) _ let—l)_

1 1 3t 1 t 2 1 3(t—1) t—1
=——=—=- — t—1)=-+= — .
y 3 6e +Ze —+ u( )(3+3e e

8.5.16. y" +2y' + y = 4e' —4u(t — e', y(0) =0, y’(0) = 0. Since

4e—st1
L (4u(t — De') = e L (4e0D) = =,

s—1

4 4e—st1

2425+ DY(s) = —— — =
s—1 s—1

4 4e—s+1
(=D +D2  (s—1)(s+ )2
1 A LB C

s—DGE+D2 s—1 s+1 (s+1)2°

SO

Y(s) =

where
A+ 1?4+ Bs—DEs+1D)+Cs—1)=4.

A = 1 (sets = 1);
C = -2 (sets=—1);
A+ B = 0 (equate coefficients of s2).

Solving this system yields A = 1, B = —1, C = —2. Therefore,

1 1 1 2 d
= - - an
C—=D@E+D2 s—1 s+1 (s+1)2
y = e —e " —2te" —eu(t—1) (e’_l —e 7D _2(r — l)e_(’_l))

= e —e =2t —u(t—1) (e’ —e D o — l)e_(’_z)) )

8.5.18. y" — 4y’ + 4y = 2 —2u(t —2)e?', y(0) = 0, y'(0) = —1. Since

e—23+4

L(ut =2)e*) = e L (™) = ——,

147
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De—2s+4
(s?—4s +4Y(s) = —— — ¢ -1, so
s—=2 s—=2
1 2 —2s+4 1
Y(s) = _ze - .
(=23 (s—-22 (s—2)?
1 202t o—25+4 ot (t —2)2e
—u(t —2)e2 D —2)? = u(t —2)———;
G- T T2 T ooy TR ST =ul =)

ZeZt

therefore y = —te —u(t —2)(t —2)%e*.

85.20.y" +2y +2y =1+4u(@ —27)¢t — 1) —ul —37)¢ + 1), y(0) =2, y'(0) =—1;

L(u(t —2m)(t — 1)) = e ™ L((t + 27 — 1)) = 2" (Siz N ZJTS— 1);

’

§2

L(u(t —37‘[)(l +1) = e—37rsL((t +3r 4+ 1) = e—37m (i + 3JTS+ 1)

1 1 27n—1 1 3r+1
(s2+2s+2)Y(S):;+e_27” (—+ T )—6_37” (—+ ”: )+(—1+2s)+4.

52 s 52
1
Let G(S) = m, H(S) = m, then
Y(s) = Yi(s) + e 727 Ya(s) — e Y5 (s), (A)
where 25 +3
s
Yi(s) = G(s) + m, (B)
Ya(s) = H(s) + 2m — )G (s), ©
Ya(s) = H(s) + Bm + 1)G(s). (D)
Let y; (t) = L™ (Y;(s)), (i = 1,2,3). From (A),
y(@) = y1(t) +u(t = 2m)y2(t — 2m) —u(t — 3m)y3(t — 37m). (E)

Find L™ (G(s)):
A B(is+1)+C
G)=—+ ——-
(s) s s+1D2+1
where A((s + 1) + 1) + (B(s + 1) + C)s = 1. Setting s = 0 yields A = 1/2; setting s = —1 yields
A—C =1,50C = —1/2;since A + B = 0 (coefficient of x2), B = —1/2. Therefore,

_ 1/ (s+1)+1 11, .
G(S)_Z(s 7@_’_1)2_’_1))92 Ze (cost + sint). F

Find L™ (H(s)):
B C(s+1)+D

s+2 0 (s+1D2+1

H(s) = §+
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where (As + B)((s + )2+ 1)+ (C(s + 1) + D)s? = 1.

2B = 1 (sets =0);
—-A+B+D = 1 (sets=—1);
5A+5B+2C+D = 1 (sets=1);
A+B=0 = 0 (equate coefficients of s3).

Solving this system yields A = —1/2, B =1/2,C = 1/2, D = 0; therefore

_ br ot s+l N b
H(s) = (s 3 (s+1)2+1))<_) 2(1 t—e 'cost). (G)

Since
2s+3 2+ 1) +1
s24254+2  (s+1)2+1
(B) and (F)) imply that

< e ! (2cost + sint),

1 1
() = Ee_’(3 cost + sint) + 3 (H)
From (C), (F)), and (G),
2r —1
yat) =m—1+ % +(m—1e"cost — T et sint,
$O ) .
- t
yalt —2m) = — (e—<'—2”> ((71 —1)cost + ”2 sint) +1-— E) . @)
From (D), (F)), and (G),
1
y3(t) = 3 (—eT'(3mcost + (3w + 1)sint + ¢ + 37)),
SO
1 —(t—3m) .
yalt =3m) = 3 (e (B cost + (3 + 1)sint + z)) . o)
Now (E), (20), (I), and (J)
1 1
y = Ee_’(3 cost + sint) + 3 imply that
2r —1 t
—u(t —2m) (e_(’_zn) ((71 —1)cost + 712 sint) +1- E)
1
—Eu(t —3m) (e_(’_3”)(371 cost + (3w + 1)sint) + t).
o0 o0 1
8.5.22. 1 = t —nx); F(s) = sy gL —
@) f(t) ’;)u( nm); F(s) = Ze (s) = (2+1)Ze T S
1 s - e—nns
Pl < 1 —cost; m < u(t —nm)(1 —cos(t —nmw)) = ut —nm)(1 — (=1)" cost);
o0 m
y@) = Z ut—nm)(1—(=1)"cost). lif ma <t < (m+ )m, y(t) = Z(l—(—l)" cost). Therefore,
n=0 n=0

2m+1—cost, 2mn <t<Q2m+1)m (m=0,1,...)

1) = .
v 2m, CQm—-Dr <t<2mmn m=12,...)
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o0

M) f(t) = Z u(t —2nm)t; F(s) = Z e (t + 2nmws) = ge_z’”” (Si2 + Znn); Y(s) =

N
n=0 n=0

< ya(t) =

i ~ansy (s), where Y, (s) n 2nmw 1 1 n 2nmw 2nmw
e s), where Y, (s) = = _ _
vt g g s2(s2+1)  s(s2+1)  s2 s2+41 s s2+41

t —sint 4+ 2nmw —2nm cost. Since cos(t —2nm) = cost and sin(t —2nmw) = sint, e 2" Y, (s) <> u(t —
o0
2nmw)y,(t) = u(t —2nm)(t —sint —2nm cost); therefore y(t) = Z u(t —2nm)(t —sint —2nm cost).

n=0

If2mm <t <2(m + 1)x, then

m
y(@) = Z(l —sint —2nmwcost) = (m + 1)(t —sint —mm cost).

n=0

(© f(t) = 142 (=))"u(t—nm); F(s) = ! (1 + 22(—1)%—"7”); Y(s) = s(ﬂ%l) (1 +2 Z(—l)"e‘”’”);
n=1

n=1 § n=1
1 1 —nws

s
< 1 —cost; ———
s(s2+1)

m =5 Ry < ut —nmw)(1 —cos(t —nm)) = u(t —nmw)(l —

(—=1)" cost); y(t) =1 —cost + 2 Z(—l)"u(l —nm)(1 = (=" cost). fmrx <t < (m+ )7,

n=1

y(6) =1—=cost +2Y (=1)"(1 = (=1)" cost) = (=) — (2m + 1) cos .

n=1
0 1 1 > 1 11
d () = t—n);, F(s) = - Y(S) = —5—— s = =
()f() Z_:M( n) (S) Sz_:e (S) S(Sz—l)z_:e S(Sz_l) 2S—1+
n=0 n=0 n=0
T 1, e u(t —n) , , 1 & —n (-
5 —— < = -2); —2);y(t) = = r— n =) _2).
3511 s 2T T EIn O T (e + e =2y 2’;”( ”)(e te )
Ifm<t<(m+1),
1 & 1 <
_ t— —(t—n) _ N —t o
y@) = > (6‘ "4V 2)—2(e "L )Ze” m—1
n=0 n=0
1_em+1 - ;
_ ('™ 1y _m—1.
2(1_6)(6‘ +e")—m
o0 o0 o0
] 14+ 2s Y 14 2s _
e) f(t) = (sint+2cost u(t—2nmn); F(s) = —— e M Y (s) = e TS,
© f6) = ) 2 ul=2mm) () = 5o ) 0= @52 2
n=0 n=0 n=0
14 2s _As+B  Cs+1)+D

(s2+1)(s2+254+2)  s24+1 (s+12+1

where
As +B) (s + D2+ 1) +(C(s + 1) + D)(s? +1) = 1 + 2s.

2B+ C+ D = 1 (sets=0);
—A+B+2D = -1 (sets=—1);
5A+5B+4C+2D = 3 (sets=1);
A+C = 0 (equate coefficients of s3).
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Solving this system yields A = 0, B =1, C = 0, D = —1. Therefore,
14 2s 1 1

G212 +25+2) 241 G+D2+1
< (1—e")sint.

Since sin(t — 2nx) = sint,

14 2s
2+ D(s2+25+2)

—2nms

< u(t —2nmw) (1 — e_('_z’m)) sint,

SO

y(t) = sint i u(t —2nm) (1 — e_('_z’m)) .

n=0

If2mr <t <2(m+ 1)m,

m 1 _62(m+1)7r
y(t) =SintZ(l—e_(t_2nn)) = m+1_ W e_t Sint.

n=0
o0 N _ 1 .
(f)f(z):%u(t—n);F(s)zEnZ:;e ,Y(S)—m,

1 1 1 +1 1 1(1 2el + 2,)
—— = —— + =—— < — (1 =2¢ +¢7);
ss—D(s—-2) 25 s—1 25-2 2

—ns

=g 340 -m (1-2¢7 40,
y(t) = ! i u(t —n) (1 -2 + ez(’_”)) )
2n=0
Ifm<t<m+41,
y(t) = Z (1 —2eiT 4 ez('_")) = % —elm Z e" + Eez('_m) Z 2"
n=0 n=0 n=0
om+1 =t ] e
- T2 ¢ 1—e 2 1—e2

8.5.24. (a) The assumptions imply that y” (t) = /O - by’a(t) —o® on («, to) and (¢, B), y"(to+) =
fltot) = by'(to) —cy(to) _ Sto=) = by' (o) = cy(to)

nd y"(to—)
a a

(b) Since y” has a junp discontinouity at #9, applying Exercise 8.4.23(c) to y’ shows that y’ is not

differentiable at #9. Therefore,y cannot satisfy (A) on («, 8) if f has a jump discontinuity at some 7y in

(o, B).
8.5.26. If 0 <t < tg, then y(¢) = z¢(¢). Therefore, y(0) = z¢(0) = ko and y’(0) = z'(0) = k1, and

. This implies the conclusion.

ay” + by +cy =azy+bzy+czo= folt) = f(t), 0<t<t.
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Now suppose that 1 < m < n. For convenience, define #,41 = oo. If 1, < t < tp41, then
y(@) = Z?:o Zm(1), so

m m
ay’ +by +cy = (azj + bz +cz) = fo+ Y (fe = fec)) = fn = fo tm <1 <lmyi1.
k=0 k=1

Thus, y satisfies ay” + by’ + ¢y = f on any open interval that does not contain any of the points #1,

12,.., 1.
Since z(tm) = z/(tm) form = 1,2, ..., y and y’ are continuous on [0, 00). Since y”(t) = —(by'(t) +
cy())/aift # ty (m =1,2,...), " has limits from the left at ¢1, ..., t,.

8.6 CONVOLUTION

a s as
8.6.2. (a)sinat <+ ——— andcosbt < ————, so H(s) = .
(@) 52+ a? 52+ b2 (s) (52 + a?)(s2 + b?)
1 a
b) ¢! < and sinat < ————,s0o H@§) = ——F ————.
(®) s—1 s2 + a? (s) (s —D(s%2+a?
. a 1 as
(¢) sinhat < P and coshat < o2 so H(s) = m.
) 2ws 52 — @? 2ws(s? — w?)
(d) ¢t sinwt < m and f cos wt < m, so H(s) = m.
t t
(e) e’/ sinwtcosw(t —t)dt = / (¥ sinwt) (e(’_f) cosw(t — t)) dt; e’ sinwt < 2
0 0 (S — 1)2 + 0)2
—1 —1
and e’ cos wt < %, so H(s) = (s—)a)z
-1)*+o ((s = 1)? + »?)
t t 2 1
t 2 T _ 2 2t (t—1) .42 2t t
t — dt = t — dr;t dt —,
(f)e/ot( T)etdrt /Ote t —n1)e T, t%e <_)(s—2)3 and te <—>(S_1)2 S0
HS) = ——— .
© = =617
t t
1
(g)e_'/ e "tcosw(t —t)dt = / te e D cosw(t—1)d1; te 2 < ———— ande ' cos wr <
0 0 (s +2)?
s+1 s+ 1
S0 H(s) = .
et Y = Tt v o
t t
(h) e’/ e>Tsinh(t —1)dt = / e (e(’_f) sinh(s — ‘L’)) dr;e’ « and e’ sinht <&» ————,
0 0 s—3 (S — 1)2 —1
1
H(s) = .
I P Y (g
() re? < and sin2¢ < 2 so H(s) = 2
(s —2)2 52+ 47 (s —2)2(s2+4)

1
1 SOH(S) = m

6
(j)t3<—>—4ande’<—>
s

>

o 36!
K)1® < —andefsin3r< ——— soH(s) = ———— .
W1 gudemsnd e (o o 1O = T 1759
M < 33 and 13 < %, so H(s) = g
N ) Ky
7 2 2.7
"< Zandefsin2t < ——— S0 H(s) = — .
(m)t’ < o5 and ™' sin2f < GIETa so H(s) TG T 17T d
24
4 . _
(n)t <> S_S and sin 2t < m, SO H(S) = m
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1 Y(s) 1 1 s2+1 1 1 )
8.64. (a) Y(s) = Pl L; Y(s)(l + S—Z) = S—Z; Y(S)s—2 = S—Z; Y(s) = 2T S0 y = sint.

52 s2+1
T soy =te .
B

C
s_2+ m,where A(s—1)2 4+ Bs(s—1)+ Cs = s2+ 1. Settings = 0 and s = 1 shows that A = 1

1 1
and C = 2; equating coefficients of s? yields A + B = 1, so B = 0. Therefore, Y(s) = —+(71)2,
s s —
soy =1+ 2te".
1 Y(s) 1 1 s 1 s+ 1 1 1
DY) ==+ —Y )| 1-——) == Y(s = =53 Y(s) = ==+
@Y 2 s+1 ()( s+1) 52 ()(s+1) 52 (s) s3 sz 53
(2
soy=t+5.
1 sY(s) 1 53 452 4+ 1
(e) sY(s) — 4 = S—2+m; Y(s)(s—s2 1) =4+ S—Z; Y(s) 711 = >—: Y(s) =
@s2+1D)(s2+1)  4s*+524+1 4 5 1 5, 1 4
= =-+4+— , =44 —t —t".
§3 53 s s3+ 5050 +2 2+24
s—1 Y(s) 1 s—1 s s—1 s—1
Y()= ———— ;Y 1— = YS)—— = ——Y() = —— =
DY) s2+1+s2+1 (S)( s2+1) s2+1 (S)s2+1 s2+1 (s) 52

1 1 I —;
T soy=1-t.
s s2 Y

t 0 t
8.6.6. Substitutingx =t —1t yields/ ft—1glr)dr = —/ fx)gt —x)(—dx) = / S(x)gl—
0 t 0
x)dx = / f(r)gt —1)dr.
0

F(s) ko(as +b) + kia

8.6.8. p(s)Y(s) = F(s) + a(kr + kos) + bko, so (A) Y(s) = ©) + 20) . Since
p(s) = a(s —r1)(s — rz) and therefore b = —a(r1 + r2), (A) can be rewritten as
Y(s) = F(s) N ko(s —r1—r2) ki

Cals—r)(s—r2)  (s—r)s—ra)  (s—r)s—r2)

1 1 1 1 et — e!
- — <
(s—r)s—r2) r—ri\s—rn s—rn ro—ry

so the convolution theorem implies that

F s 1 t erz‘r _erl‘r
SLURE LAy,
a(s—ri)(s—r2) alJy r2—n
S—r1—"r2 r 1 r1 1 rpe"t —rie"2t
= - < .
(s —r1)(s —r2) Fo—ri18§—ry Frp—riS—ry ry— 11
Therefore,
rzerlt _ rlerzt erzt _ erlt 1 t erz‘r _ erl‘r
y() = ko + kq 4+ —a|] —f(t—-1)dr.
rp—ri rp —r a 0 rp—ry
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F(s) ko(as +b)+ kia

8.6.10. p(s)Y(s) = F(s) + a(k1 + kos) + bko, so (A) Y(s) = 20) 20) . Since
p(s) = a(s — A)? + w? and therefore b = —2a, (A) can be rewritten as
F(S) k()(S - ZA) kl
Y(s) = .
(s) a[(s—)k)2+a)2]+ =22+ w?  (s—1)?+w?
m <~ ée’“ sinwt, so the convolution theorem implies that
F(S) ! At .
Al 22 T o7 <~ 2o o e f(t—1)sinwrdr.
s 24 _ =H-4 < eM (cosa)t—isina)t)
(s—A)2+w2  (s—A)2+ w? a) ’
Therefore,
At A' . kl . 1 t At .
y(@) =e* |ko|coswt — —sinwt | + —sinwt |+ — | e f(t — 1) sinwrdr.
o) ® aw Jo
8.6.12. (a)
ay” +by" +cy = fot) +u(t —t1)(f1(t) — fo(t)), y(0) =0, y'(0) = 0;
P()Y(s) = Fo(s) + Lu(t —t1)(f1(t) = fo(t))) = Fo(s) + e """ L(g);
F —St
Y(s) = o(s) +e G(s). ®)

p(s)

1
(b) Since Fy(s) <> fo(t), G(s) < g(¢), and ﬂ < w(t), the convolution theorem implies that
p(s

t t
Fols) <—>/ wt—1) fo(t)dr and 2 <—>/ w(t — 7)g(t) dr.
p(s) 0 p(s) 0
o eNG(s) ! o
Now Theorem 8.4.2 implies that W < u(t — t1)/ w(t —t1 —1)g(r) dt, and (B) implies that
0

y() =/0 w(t—t)fo(t)dr+u(t—t1)/0 _lw(l—ll—f)g(f)dt.

(©) Let zo(t) = [y w(t — ) fo(r)dr and z1(t) = [y w(t — v)g(r)dz. Then y(t) = zo(t) + u(t —
t1)z1(t — t1). Using Leibniz’s rule as in the solution of Exercise 8.6.11(b) shows that

Zo(t) = /o w'(t — 1) fo(r)dzr, zi(t) = /0 w'(t —1)g(t)dr, t>0,

Jo(t)

a

t t t
zo(t) = +/ w'’(t — 1) fo(r)d7, 2] (t) = % +/ w’'(t —1)g(t)dr, >0,
0 0
if t > 0, and that

azg +bzg+czo = fo(t) and az| +bz) +czi = filt + 1) — fot +11), t>0.
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This implies the stated conclusion for y’ and y” on (0, ¢) and (¢, o), and that ay” + by’ + cy = f(¢)
on these intervals.

(d) Since the functions zo(¢) and i (t) = u(t —t1)z1(t —t1) are both continuous on [0, co) and A (¢) = 0
if 0 <t < tq, y is continuous on [0, c0). From (c), y’ is continuous on [0, #1) and (1, 00), so we need
only show that y’ is continuous at #;. For this it suffices to show that 4’(¢;) = 0. Since h(t;) = 0 if

h(t)—h =h
t <t1,(B) tlgrll (tiitl(tl) =0.1Ift > 11, then h(t) = / w(t —t17)g(r)dt. Since h(ty) =0,
- - 0
h(t) —h =
PO < [ - - ool ®)
- 0

Since g is continuous from the right at 0, we can choose constants 7' > 0 and M > 0 so that |g(7)| < M
if 0 < t < T. Then (B) implies that

‘h(z) —h(t)

-t
— fM/ lwit—t, —1)|dr, t1<t<t+T ©)
- 0

Now suppose € > 0. Since w(0) = 0, we can choose 77 such that 0 < 77 < T and |w(x)| < ¢/M if
O0<x<T.Ifny<t<hh+Tiand0 <71 <t—1t1,then0 <t —1t; — 1 < T1, so (C) implies that

‘h(t)_h(tl) -

r—n

e, hh<t<tu+T

h(t)—h
Therefore, lim 70) (t)
t—>t1+ t—1h

8.7 CONSTANT COEFFICIENT EQUATIONS WITH IMPULSES
—104+(s+D(Ts—2) 2 N 5
s=DGE+2)s+1D)  s+2 s+1°

1 1 1/ 1 1 1 el —e
5 2 —2t 5 —t; — J— - ; = L_l = 5
Y A S T G )61 3 (s—l 5 +2) v p(s) 3

5
y =22 457 + Ut =1 (e(f—l) _ e—z(t—l)).

= 0. This and (B) imply that 4’ (¢;) = 0.

~ 10 ~
8.7.2. (s*+s—2)Y(s) = 31 +(=94+78)+ 7Y (s) =

8.7.4. (s2+ 1Y (s) =

—14s;
s2+9

?(s)— 3 +s—1_3( 1 1 )+s—1_1(8s—5 3 )
T2+ D249 s24+1 0 8\s24+1 5249 241 8\s241 s249)
1 1 1

A:—fﬁcost—Ssint—sin3t;—:—;w:L_1 —— | =sint; y = —(8cost—5sint —

Y 8( )p(s) s2+1 p(s) Y 8(

sin3t) — 2u(t — w/2) cost.

. 8 . 8+ s(1—y) 4 3 8
87.6.(s2—1DYV(s) = -+ 1—5;Y(s) = = S.
(s ) s * Y sc—DEs+1)  s—1 +s+1 s

1 1 11 1 » 1)_e'+e—'

p(s):(s—l)(s+1):§s—l_s+l - p(s)
3¢~ — 8 + 2u(t — 2) sinh(¢ — 2);

E

. 8 . 8 8 8 A
878, (2 + 97 (5) = —5 +85:(A) T (s) = i +

= -0 +4) P14 -6+ 52
Bs+C
% where A(s? + 4) + (Bs + C)(s —2) = 8. Setting s = 2 yields A = 1; settings = 0
s
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yields 44 —2C = 8,50 C = —2; A + B = 0 (coefficient of x?), so B = —A = —1; therefore
8 L SH2 o (A)impliesthat § = e +7 cos 2¢ —sin2¢; — !
SO impliesthat y = e cos2t—sin2t; — = ——;w =
P Y p(s)  s2+4

1
—— ) = =sin2¢. Sincesin(2t — ) = —sin2¢, y = e?' + 7 cos 2t —sin 2t — —u(t —m/2) sin 21.
p(s) 2 2

(s —2)(s2+4) Ts-2 244
-1

1 I—s(s—1) A B C
8.7.10. +2s+1)Y —+ 2— 2; Y = +
(6* 425+ DY () = @2=9)- () = s—DE+D2 s—1 s+1 (s+1)2
where A(s + 1) + (B(s + 1)+ C)(s —1) =1—s(s—1). Settings = 1 yields A = 1/4; setting s = —1

yields C = 1/2; since A + B = —1 (coefficient of s2), B = —1 — A = —5/4. Therefore, ?(s) =

1 1 5 1 +1 1 1 +1 ~t(21—5); 1 1 L_l(l) rot
- —— - 1y = —é e = ——w= — | =te
45—1 4s+1 26+127 "1 P6) G +1)2 ()

1 1
y = Ze’ + Ze—’(2z —5) +2u(t —2)(t —2)e 2.

. —(+D+1 i 1
8712, (s24+25s+2)Y () = R2—5)—2;Y(s) = —————; y = ¢ '(sint —cost); — =
( 6) = @) =2¥6) = (= e 5

1 1
—_—w = L' ——) = e ’sins. Since sin(f — 7) = —sins and sin(t — 27) = sint,
GriETl (p(s)) t-m =20
y = e *(sint —cost) —e Tyt — x)sint — 3u(t — 27 )e 2 sins.

14+ s(7—2s) 7 1 6 1 1

~ 1 ~
8.7.14. (252-35-2)Y (5) = —+2(Q2—s5)+3; Y (s) = = - -
@7=35=2)Y () = S0 H3 Y0 = 5 5 —2) ~ 105s—2 55412 25°
Wan 1

)7: leZt 6e_t/2 1 1 1 = —(—— ;w:L_l (—1 ) =
10 5 2’ p(s) 2+ 1/2)(s—=2) 5\s—2 s+1/2 p(s)
1 2t —t/2y. , — 7 2t 6 —t/2 1 1 2(t—2) —(-2)/2Y.
g(e e ), y = Ee ge E + gu(t 2) (e e )’
A s A s 1 1 s s
8.7.16. (s2 4+ DY (s) = —— —1; Y (s) = — - (-2 _ _
DY) =5 +4 (®) (s2+1D)(s2+4) s2+1 3 (s2 +1 52+ 4)
1 1 1 1 1
————; 9 = —(cost —cos2t — 3sint); — = —;w:L_1 —— | = sint. Since sin(t —
2417 3( ) pls)  s2+1 p(s)) (
7/2) = —cost and sin(t — ) = —sint,

1
y = g(cost —cos2t — 3sint) —2u(t —w/2)cost + 3u(t — m)sint.

1 1
s—DE+D2  (s+ 12
1 A B C

(s—l)(s+1)2_s—l-'_s+1+(s+1)2

8.7.18. (s2 + 25 + DY (s) = BRSNS < P (s) =

where A(s + 1)2 + (B(s + 1) + C)(s — 1) = 1. Setting s = 1 yields A = 1/4; setting s = —1 yields
C = —1/2;since A + B = 0 (coefficient of s2), B = —A = —1/4. Therefore,

1 11 1.1 1 1

(s—l)(s+1)2:4s—1_1s+1_§(s+1)2‘

This and (A) imply that
?()_1 1 1 1 3 |
VITUS—1 45+l 26+
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A_l_t 1 #._—IL_—L
y_4(1e T = e = () =
y=7 (' —e (14 61)) —u(t — 1)t — De™ ™ + 2u(t —2)(t —2)e~ 2.

8.7.20. Y +4y = 1 —2u(t —/2) + 8(t — ) —38(t —37/2), y(0) =1, y'(0) = —1. (s> +4)Y (s) =

1 —2e7s/2 . 1—2e7 /2 51 1 1 /1 s .
———— 45— LT () = CSince ——— = = (== ——), 7 (s) =
s e (s) s(s2 +4) +s2+4 lnces(s2+4) 4(s s2+4) (s)
1 3 1 1 s 3 1 11
S S ——— P JC Y (. P = 2 cos2t—=sin2t+—+—u(t—n/2)(14cos 2t).
4s 452+ 4 5244 ¢ S T3 g) ) T geosimgsin2id g qut—n/2)(14cos21)

1 1
w=L"! (—) = —sin2¢. Since sin2(t — ) = sin2¢ and sin 2(t — 37/2) = —sin2¢,

p(s) 2
3 1 . 1 1 1 . 3 .
y = 2 cos 2t — 3 sin2¢ + 7 + Zu(t —7/2)(1 + cos2t) + Eu(t — m)sin2t + Eu(t —3m/2)sin2t.
t—to) —ult —t 1 e—Sto — —s(to+h)
8.7.26. w(t) = e~ sint; fi(t) = =10 Z( 0= (2125 +2)i(s) = %;
1 e—St0 _ e—s(t0+h) 1 (S +1)+1 1 1
Y _ _ 1 _ ot t . t :
) = SR T R n D - e tay < g (e st +sin)
0, 0=t <ty
1
() = o [1 — e~ (cos(r — 1) + sin(r — to))] , to <t <ty+h,
e—(t=10) A
e” (cos(t —tg—hn) +sin(t —tg — —Ccos(t —tg) —sin(t —tg)|, t =ty+ h.
S [¢" (cos(t —to — ) + sint 1o — 1)) — cos(t — 10) = sin(t — 10) h
t —to) —u(t —to—h 1 e=sto — g=slto+h)
8.7.28. w(t) = e'—e?; f(1) = e~ to) Z( ° )§(S2+3S+2)Yh(-5') = E%;
1 e=sto — g=sto+h) 1 1 1 1 e 2 .1
Y = — ’ = —_ _— —_ - —_ =
W) = I s6 D6+ 2672 s+l T ¢ T3
(e =17
2 9
0, 0=t <ty
—(t—to) 2
e —1
yh([): %, to <t <ty+h,
—(—10) _ 1)2 _ (¢—(—t0—h) _ )2
(e ) Zh(e ), t >ty +h.

8.7.30. (a) (s2—1)Y(s) = 1,50 = w = L—l( ! ) = %(e’—e_’); y =7+ Zu(z -

s2—1
_1 - t—k —t—k _1 < t—k —t—k\ _
k)w(t—k)—ZZu(t—k)(e —e ).Ifm§t<m+1,theny—22(e —e )—
=0 k=0
elm t)Z m+1_1 elm t)
—e e —e
= Z(e—l)
. 1 ad
b2+ DY()=1s0) =w=L"" (m) =sint;y =y + Z u(t —2km)w(t —2km) =

k=0
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o0
sin? Z u(t —2km). If 2mm <t <2(m + 1), then y = (m + 1) sint.
k=0

(c)(s2—3s+2)?(s)=1,soﬁ=w=L‘1( !

(2t B\, 5 _
i) =@ ey = Y

Hw( —k) = iu(z —k) (ez(’_k) —e’_k). Ifm <t <m+1,theny = Zm: (ez(’_k) —e’_k) =

k=0 k=0
2 ) m ok m % 2 )€2m+2 -1 ( )€m+1 -1
t—m _t-m — ,2(t—m _ L t-m
e Z e e Z e e P e Py
k=0 k=0
1 o0 o0
_ 7-1 i g _ o k
dw=1L (s2 n 1) = sint; y = kz_:lu(t —kmyw(t —kn) = smtkz_:l(—l) u(t — k), so

m=0,1,...).

0, 2mmw <t < (2m + )m,
y= —sint, (2m+ )xr <t < (2m + 2)m,



CHAPTER9
Linear Higher Order Equations

9.1 INTRODUCTION TO LINEAR HIGHER ORDER EQUATIONS

c c 2¢
9.1.2. From Example 9.1.1, y = clx2+czx3+—3 y = 2C1X+3C2x2——i, and y” = 2C1+6C2x+—33,
X X X

where

C1—Cp—C3 = 4
—2c1+3c2—c3 = -—14
2C1 — 6C2 — 2C3 = 20,
2 3, 1
soci =2,cp=-3,¢c3=1,and y = 2x~ —3x~ + —.
x
n—1
9.1.4. The general solution of y™ = 0 can be written as y(x) = Z em(x — x0)™. Since yV) (x) =
=0
n—1 " (x —x )i—l
Z m(m—1)---(m—j +1)cm(x—x0)™" 7,y (x9) = j!c,. Therefore, y; = (_701)‘, 1<i<n.
, ‘ i—1)!
m=j

9.1.6. We omit the verification that the given functions are solutions of the given equations.

e* e7* xe™* 1 1
(a) The equationis normal on (—oo0, 00). W(x) =| e* —e™ e *(1—-x) [ WO0)=|1 -1 1
e* e e *(x-2) 1 1 =2
4. Apply Theorem 9.1.4.
(b) The equation is normal on (—o0, 00).
e* e* cos2x e*sin2x
W(x) =| e*  e*(cos2x — 2sin2x) e*(2cos2x +sin2x) |;
e® —e*(3cos2x 4+ 4sin2x) e*(4cos2x — 3sin2x)
1 1 0
wW@O)=|1 1 2 |8. Apply Theorem 9.1.4.
1 -3 4
(¢) The equation is normal on (—oo, 0) and (0, c0).
e e x
W(x)=|e* —e™ 1 |=2x.Apply Theorem 9.1.4.
e¥ e * 0
(d) The equation is normal on (—oo, 0) and (0, c0).
e*/x e */x 1
W(x) = e*(1/x —1/x?) —e ™ (x +1)/x2 0 | =2/x2. Apply Theorem 9.1.4.
e*(1/x —=2/x2+2/x% e (x2+2x+2)/x> 0

159
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x x? e 0 0 1
(e) The equation is normal on (—oo,00). W(x) =| 1 2x e* WO)=|1 0 1 |=2;Apply
0 2 ¢ 0 2 1
Theorem 9.1.4.
(f) The equation is normal on (—oo, 1/2) and (1/2, 00).
x e¥ e* er
1 e* —e™* 2e* )
W(x) = 0 ef e 4eQy) = e“*(12x — 6). Apply Theorem 9.1.4.
0 e¥ —e™* 8e?*
(g) The equation is normal on (—o0, 0) and (0, c0).
1 x2 er e—2x
0 2x 2% 2%
W(x) = 0 2 402 4p-2x = —128x. Apply Theorem 9.1.4.
0 0 B8e?* —8e=2¥
X X X
9.1.8. From Abel’s formula, (A) W(x) = W(x/2) exp (—/ tantdt);/ tant dt = —Incos? =
/4 /4 /4
- ln(«/f cos x); therefore (A) implies that W(x) = +/2K cos x.
1 e e ™ 1 1 1
9110. @ W(x)=|0 e* —e™ |=(E)e ™| 0 1 —-1|=2.
0 e* e ™ 0 1 1
e* e*sinx e~ cos x
by Wkx) = e* e*(cosx +sinx) e*(cosx —sinx) | =
e~ 2e* cos x —2e*sinx
1 sin x cos x
= 3| 1 cosx+sinx cosx —sinx
1 2cos x —2sinXx
1 sin x cos X
= 3|0 cos x —sinx
1 2cosx —sinx —2sinx —cosx
1 sin x cos X
= e3*| 0 cosx —sinx |=—e3*
0 —sinx —cosx
2 x+1 x242
C©OWkx)=|0 1 2x =4
0 0 2
x  xlIn|x| 1/x 1 Inlx| 1/x2
@ WwWkx) = I Injx|+1 —=1/x2|=|1 In|x|+1 —1/x?
1/x 2/x3 0 1 2/x2
1 1 In |x| 1 1 Injx| 1
= |1 Injx|+1 -1 =10 1 -2
1o 1 21 Yo 1 2
1 1 Injx| 1
= |0 1 —2|=4/x%
X
0 0 4




1
0
0
@Wkx)=1| o
K
ex
O W(x)=| e*
ex
(g W)
X
) W)= 1
0

=e*(x? —2x +2).

@ W)
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x x2/2 x3/3 x"/n!
1 x  x2/2 x" 1/ (n —1)!
0 1 x x"72/(n —2)!
0 0 1 X3 -3) | =1
0 0 0 1 |
e x 1 X 1 1 X
—e * 1 = 1 — 1 =10 -2 1—x |=2x.
e * 0 1 0 0 0 —x
e*/x e */x 1
= e¥/x —e*/x? —e % /x —e ¥ /x? 0
e¥/x —2e*/x2+2e%/x3 e /x +2e7F/x%>+2e7F/x3 0
1/x 1/x 1
= 1/x —1/x? —1/x—1/x? 0
1/x=2/x2+2/x3 1/x4+2/x24+2/x3 0
_ 1/x —1/x? —1/x—1/x?
T x=2/x2+2/x3 1/x+2/x%+2/x3
. 1/x —1/x? -2/x Py
T 1 x=2/x24+2/x3 4/x% | :
x2 ¥ x x? 1 2
2x e* |=e*| 1 2x 1 =ex(x[22x i}—[xz iiD
2 e 0o 2 1
x x> 1/x 1/x? 0 —2x3 2/x 3/x?
1 3x2 —1/x2 =2/x3 | |1 3x2 —1/x* -=2/x3
0 6x 2/x* 6/x* |~ |0 6x 2/x3  6/x*
0 6 —6/x* —24/x° 0 6 —6/x* —24/x°
-2x3  2/x 3/x? -2 2/x*  3/x°
= —| 6x 2/x3  6/x* |=—x*| 6 2/x* 6/x°
6  —6/x* —24/x° 6 —6/x* —24/x°
-2 2/x* 3/x°
= —x*| 0 8/x* 15/x° | =—240/x>.
0 0 —15/x°

161
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e* e x e I 1 x 1
. et —e™ 1 2| L5l 1 -1 1 2
O W= o 0 4 [T 1 10 4
e* —e™™ 0 8e* 1 -1 0 8
IIX 1-|1—x (1) 1—22x I—x I+x 1-2x
— 2x - _ 2x
= e = —e 1 1 4
1 10 4 A )
1 —1 0 8
2 14x 1-2x 2 I4+x 1-2x
= —>|2 1 4 =—e>| 0 —x 3+42x |=6e>2x—1).
0 -1 8 0 -1 8
e e 2 1 x? I 1 1 x?
202 —2e72* (0 2x 2 =2 0 2x
® W =l yex 4o 0 2 |T|a 40 2
8e2X —8e™2* 0 0 8 -8 0 0
2 -2 2x 0 -2 2x
= |4 4 2 |=|8 4 2 |=_128x
8 -8 0 0 -8 0
9.1.12. Let y be an arbitrary solution of Ly = 0 on (a, b). Since {Z1,..., 2} is a fundamental set of
n

solutions of Ly = 0 on (a, b), there are constants ci, ¢2,..., ¢, such that y = Zciyi. Therefore,

i=1

n n n n
y = Zci Z ajjy; = Z Cjyj, withC; = Zai_,-ci. Hence {y1,..., yn} is a fundamental set of
i=1  j=1 j=1 i=1

solutions of Ly = 0 on (a, b).

n
9.1.14. Let y be a given solutionof Ly = 0 and z = Z y(-i_l)(xo)y_; Then 2 (x0) = y™(xo),

Jj=1
r =0,...,n — 1. Since the solution of every initial value problem is unique (Theorem 9.1.1), z = y.
9.1.16. If {y1, y2,..., yn} is linearly dependent on («, b) there are constants c1, ..., ¢y, not all zeros,

such that ¢c1y; + ¢c2y2 + -+ + ¢cnyn. Let k be the smallest integer such that ¢, # 0. If &k = 1, then

1
ifk =n,theny, =0,50y, =0-y; +0-y,4+---4+0- y,.

9.1.18. Since F = Z iflil f2i2v ey fnin’

Y Sl Prins s Suin Y E ity Sy Srin o+ Y E friy fains s S,
Fi+F+-+ Fy.

1 , 1
y1 = —(c2y2++-+cnyn);if 1 <k < n,theny; = 0-y1+---+0-yk_1+C—(Ck+1yk+1+---+Cnyn);
k

F/
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n

9.1.20. Since y = — (P /Po)y\" ™ Exercise 9.1.19 implies that

k=1
V1 Y2 Yn
i Y3 Y
W =—
o T
—k —k —k
Skt P/ Po)y" ™ h_ (Pe/ Py Yl (Pe/ Po)y
so Exercise 9.1.17 implies that
N Y2 Yn
i Ys Y
w3y D
Py
k=1
-2 -2 -2
U G ST G
—k —k —k
yin ) yén ) L. y’(ln )
However, the determinants on the right each have two identical rows if k = 2, ..., n. Therefore, W’ =
W w’ P W * Pt
17 Separating variables yields — = ——1; hence In (x) = —/ 1(0) dt, which implies
0 w Py W(xo) xo Po()
Abel’s formula.
9.1.22. See the proof of Theorem 5.3.3.
9.1.24. (a)
2 _ 2 2 _ 2
x x*—1 x*+1 x x*—1 x*+1 21 x241
Pyx)=—|1 2x 2x =—|1 0 0 = 5 ) —4;
0 2 2 0 2 2
x x2—-1 x2+1 x x2—-1 x2+1 1 2x 2x
Pix)=|1 2x 2x =0;Ph,(x)=—1] 0 2 2 =0;P3(x)=|0 2 2
0 0 0 0 0 0 0O 0 O
0. Therefore, —4y”’ = 0, which is equivalent to y”’ = 0.
(b)
e~ e x 1 0 0 x
Pp=—|e* —* 1 |=—|1 -1 1 |=—=|0 =2 1 |==2x;
e~ e 0 1 0 1 1 0
x e x 1 1 x 0 2 x
Pi=]¢e¢* —™* 1 |=|1 -1 1|=]|0 0 1 |=2
e* —e™ 0 1 -1 0 1 -1 0
e~ e x 1 1 x 0 0 x
Py=—]| e* e 0 |=—-|1 0|=—|1 1 0 |=2x;
e* —e™ 0 1 -1 0 0o -2 0
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e* —e™* 1 1 -1 1 0 0 1
P3 =| e e 0|=]1 1 0|=11 2 0| =-2.
e¥ —e™* 0 1 -1 0 1 -1 0
Therefore, —2xy"" + 2y” + 2xy’ — 2y = 0, which is equivalent to xy”" — y"”" — xy’ + y = 0.
(c)
e xe™* 1 1 X 1 | 1—x
Pix)y=—|e* e*(1—-x) 0|=—|1 1—=x O =—‘1 2 =3-2x;
e e *(x-=2) 0 1 x=2 0
e* xe™* 1 b 1 | 1—x
Pix)=|e* e*(1—-x) 0 |= I1-x 0 =‘1 3 =72;
e e *3—-x) 0 3—x 0
e* xe™* 1 1 b 1 | x
Pr(x)=—| e e*(x=2) 0|=—|1 x=2 0 :—‘1 3_ ‘:2)6—5,
e* e *3—-x) 0 1 3—x 0
e* e *(1l—-x) 0
P3(x) =] e e *(x—=2) 0 |=0.
e e *3—-x) 0
Therefore, (3 —2x)y"” + 2y” + 2x — 5)y’ = 0.
(d)
x x?2 e x x2 1 x x2-2 0
Po(x) = —|1 2x e |=—|1 2x 1 |=—€"|1 2x—-2 O
0o 2 * 0o 2 1 0 2 1
2
_ x| X X -2 X2 .
= = 22 e (x* —2x + 2);
x x2 e¥ R
Pix)=| 1 2x &* |=¢" = x%e™;
0 o~ 1 2x
x x- e R
P(x)=—| 0 2 ¢* |=-¢F 0 2 ‘——erx;
0 0 e
1 2x e
Pis(x)=|10 2 e° |=¢F (1) sz =2e*.
0 0 e
erefore, —e” (x° — 2x + + x“e — 2xe + 2e = 0; which 1s equivalent to (x< — 2x +
Th £ X (+2 2 2 y/// 2 xy// 2 xy/ 2 xy 0 hich i q ival 2 2
Z)y/// _xzy// + ny/ —2y =0.
(e)
x x2  1/x 1 x 1/x? I x 1/x?
Po(x) = —| 1 2x —1/x?>|=—x|1 2x —1/x2|=—=x|0 x —2/x?
0 2 2/x3 0 2 2/x3 0 2 2/x3
_ x =2/x2 | _ 6
- 2 2/x3 | T %
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x x2  1/x
6 2 6
Pix)=|1 2x —1/x? |=—— ’1“ ;x =——:
0 0 —6/x* * *
x x2  1/x N
12
Px)=—| 0 2 2/x* |=—= ’(; "’2 =5
0 0 —6/x* * *
1 2x —1/x?
6 12
P3(x) =0 2 2/x3 = - (1) sz = e
0 0 —6/x* x x
6 6 12 12
Therefore, ——y"" — — " + <y — —y = 0, which is equivalent to x*y"” + x?y” — 2xy’ + 2y = 0.
X X X X
(®
x+1 e ¥ x+1 1 1 x+1 0 -8
Po(x) = —| 1 e 33 |=—e*| 1 1 3|==*| 1 0 -6
0 e 9e¥ 1 9 0 1 9
= ¥ *+1 -8 = 2e**(1 —3x);
1 —6
x+1 e 3 x+1 1 1 x+1 0 =26
Pi(x) = I e 33 |[=e**| 1 1 3 |=e*| 1 0 24
e 27e3% 0o 1 27 0o 1 27
. 4x x+1 —26 _ Ax _ .
= e 1 o4 =2e™(12x — 1);
x+1 e 3 x+1 1 1
Pr(x) = —| 0 e 93 |=—¢*| 0 1 9
0 ¥ 27e% 0 1 27
x+1 1 1
= —*| 0 1 9 |=-18"(x+1)
0 0 18
1 e¥ 3e3 11 3 11 3
P3(x) =] 0 e 93 [=¢*| 0 1 9 |=e*| 0 1 9 |=18e*.
0 e* 27e3 0 1 27 0 0 18
Therefore,

2e4(1 —3x)y" + 2e**(12x — 1)y" — 18e**(x + 1)y’ + 18¢**y = 0,
which is equivalent to

Bx—1y" —(12x=1)y" +9(x + 1)y’ =9y = 0.



166 Chapter 9 Linear Higher Order Equations

(g

Po(x)

Pi(x)

P (x)

P3(x)

x x3 1/x 1/x?
1 3x%2 —1/x2 =2/x3
0 6x 2/x3 6/x*
0 6 —6/x* —24/x°
1 x? 1/x%2  1/x3
L0 2x2 —2/x? =3/x3
0 6x 2/x3 6/x*
0 6 —6/x* —24/x°
2x  —2/x3  =3/x*
x2| 6x  2/x3  6/x*
6 —6/x* —24/x°
x x> 1/x 1/x?
L3 —1x? =2/x°
0 6x 2/x3 6/x*
0 0 24/x5 120/x
1 x2  1/x2 1/x3
10 2x* —2/x* -3/x7
1o 6x 2/x3  6/x*
0 0 24/x5 120/x
2x  —2/x3 —=3/x*
—x*| 0 8/x* 15/x*
0 24/x° 120/x°
x x> 1/x 1/x?
1 3x%2 —1/x2 =2/x3
0 6 —6/x* —24/x5
0 0 24/x°> 120/x°
1 x2  1/x? 1/x3
L0 2x2 —2/x? =3/x3
0 6 —6/x* —24/x°
0 0 24/x5 120/x
2 =2/x* =3/x°
X310 0 —15/x5
0 24/x% 120/x°
x x3  1/x 1/x?
10 6x 2/x* 6/x*
0 6 —6/x* —24/x5
0 0 24/x5 120/x
6 2/x* 6/x°
—x2| 0 —8/x* —30/x°
0 24/x> 120/x°

=X

= —2x

=2x

= —6x

O O = =

2

X
3x

2

6x

6

2x2

=X

2x
0
0

2

—X

2

=—X

3

=X

O O = =

3
24

= —x

6x

6

—2/x3
8/x3

O O = =

2x
6x

8/x3
24/x°

SN

3x2

0

2 —8/X4
24/x

1/x?
—1/x2
2/x3
—6/x*

1/x3
-2/x3

6/x*
—24/x°

—2/x2
2/x3
—6/x4

—3/x3
6/x*
—24/x°

—3/x4
15/x%

0 —15/x5

x2

1/x?
—1/x?
2/x3

24/x°

1/x3
—2/x3
6/x*
120/ x©

6x
0

—2/x3
2/x3
24/x3

—3/x*
6/x*
120/ x©

15/x%

1200
120/x° -

’

x6

1/x?
—1/x2
—6/x4
24 /x°

1/x3
-2/x3
—24/x°
120/x®

—2/x*
—6/x4
24/x3

—3/x°
—24/x°
120/ x©

—15/x5 | _ 720

120/x6 | = ¥7°

2/x*
—6/x4
24/x°

6/x>
—24/x°
120/ x©

-30/x°

1440
120/x% | —

’

x6



Py(x)

Therefore,

(h)

Po(x) =

Pi(x)

2 _1/+2  _9/y3
Lo3x% /x5 —=2/x 6 2/x*  6/x5
0 6x 2/x 6/x 4 5
4 5 |=x| 6 —6/x* —24/x
0 6 —6/x’ —24/x 0 0  24/x5 120/xS
0 0 24/x5 120/x°
4 5
6 2/x4 6/x X —8/x* —30/x° 1440
x| 0 —8/x* -30/x = 6x 24/x5 120/x5 | = "
0 0 24/x°  120/x® *
240 1200 720 1440 1440
(4) " ” U —
x5 xS w7 X8 T y=0
which is equivalent to x*y® 4 5x3y”" — 3x2y” — 6xy’ + 6y = 0.
xIn x| 1/x x? 1 Inlx| 1/x? x
Injx|+1 —1/x% 2x 1 Injx|+1 —1/x% 2x
1/x 2/x3 2 |70 1/« 2/x3 2
—1/x2  —6/x* 0 0 —1/x2 —6/x* 0
2
1 In|x| 1/)62 X | _2/x? x
0 1 —2/x* x 3
3 =x| I/x 2/x 2
0 1/x 2/x° 2 _1/x2 —6/x* 0
0 —1/x*2 —6/x* 0
1 -2/x% x 1 —2/x%2 «x 3
1/x 2/x3 2 |=x|0 4/x3 1 |=x _g;; 1}x =
—1/x2 —6/x* 0 0 —8/x* 1/x *
x  xIn|x| 1/x x? 1 In|x]| 1/x2  x
|1 Infx]+1 =1/x* 2x | _ |1 Inx|+1 —1/x* 2x
0 1/x 2/x3 2 | 0 1/x 2/x3 2
0 2/x3>  24/x° 0 0 2/x3 24/x° 0
2
1 Injx| 1/x2 x | 2/ x
0 1 —2/x* x 3
—Xx 3 =—-x| 1l/x 2/x 2
0 1/.x Z/X 2 2/x3 24/x5 0
0 2/x3 24/x> 0
DY)
1 2/); X 4/x3 1 36
—X O 4/x 1 = —X 28/ 35 _2/ 2 = —4’
0 28/x5 —2/x2 o o X

S O = =

Section 9.1 Introduction to Linear Higher Order Equations
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x  xlIn|x| 1/x x? 1 In|x| 1/x*  x
|1 Infx]4+1 =1/x% 2x | _ |1 In|x|+1 —1/x% 2x
P =10 i Zeixt 0 |[TF 0 —1/x2 —6/x* 0
0 2/x3 24/x° 0 0 2/x3  24/x°> 0
2
1 In|x| 1/x2 X | _2/x? x
0 1 —2/x* x 5 4
= x 2 4 =X —1/.x _6/.x 0
0 —1/x% —6/x° 0 2/x3  24/x5 0
0 2/x3 24/x°> 0
1 —2/x2 x 4
— 12
— x| 0 —8/x* 1/x |=x 288//;“5 _12//);2 .
0 28/x° —2/x2 *
2
S IR
Pi(x) = — N 4 =—x| —1/x*2 —6/x* 0
0 —1/x% —6/x" 0 2/x3 24/x5 0
0 2/x3 24/x° 0
3
1/x 2/)(?4 2 _4/xt 2)x 2
= —x| 0 —4/x 2/x | =-— 20/x5  —d/x2 ==
0 20/x° —4/x2 *
142
A IV RIRRE
P4(x) = 2 4 = _1/x2 _6/x4 0
0 —l/x%  —6/x" 0 2/x3 24/x5 0
0 2/x3 24/x°> 0
- —1/x* —6/x* | _ 24
= 2/x3 24/x5 | T TN
Therefore,
12 36 12 24 24
(4) " ” U —
U s ey T =0
which is equivalent to x*y® + 3x2y"” — x2y” 4 2xy’ —2y = 0.
(i)
e¥  e¥ x e* 1 1 x 1
et —e™ 1 2| L, |1 -1 1 2
Po) = Tox e 0 4 [T |1 1 0 4
e¥ —e* 0 8e?* 1 -1 0 8
2 1 x 1 2 1 x 1
oo s 2| Lo -1 12
T 02 10470 0 —x 3
0 -1 0 8 0 -1 0 8
-1 1 2 -1 1 2
= 2| 0 —x 3 |[=2*| 0 —x 3
—1 0 8 0 -1 6
_ 2x | —X 3 _ 2x 1)
= 2 1 6 ‘—66‘ 2x —1);




169

Section 9.1 Introduction to Linear Higher Order Equations

1

2

4
16

er

2e2%
0 4e%*

16e2*

x
1
0

X
_e_x
X
eX

R R R R
VOV Vv
|
Il
~
=
~
—
R

16

Zer

er
262x

e—x
_e_x

0 8e?*

_e_x

16

16e2*

VYU v v

— O O

—
x1_A0
—_— O
o]

N

V
N

|

Il
oo 2

6e2*(5 — 2x);

_zer

X er
0
0

e—x

o

4e2%
8€2x

e—x
_e_x

R R

16

16e2*

e—x

VYU v v

P3(x)

24xe>*;

—X
—X

8
16

16

0 0 12

0

16

= —24e%*,

6

12

12

0 o0

Therefore,

6e2*(2x — 1)y® —24xe2*y" + 6¢2*(5 — 2x)y" + 24xe>*y — 24>y = 0,
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which is equivalent to (2x — 1)y® —4xy” + (5 —2x)y” + 4xy’ —4y = 0.

9.1.24. (j)

2x

262x
4e2*
8€2x
2 =2
4 4
8 -8

Po(x)

er

262x
4e2*
16e2*
2 =2
4 4
16 16

Pi(x)

er

2e2%
8€2x
16e2*

2 =2
8 -8
16 16

P> (x)

er

4e2*
8€2x
16e2%*

4
8
16

P3(x)

4
-8
16

Py(x) =

Therefore, —128xy™® +128y"+512xy"—512y = 0, which is equivalentto xy® —y"”"—4xy" +4y’ = 0.

e 2 1 x2 1 1 1 x?
—2¢72* 0 2x | |2 -2 0 2x
4e7™2* 0 2 | |4 4 0 2
—8¢72* 0 0 8 -8 0 0
2x 2 =2 2x

2 |=10 8 2—4x | =—128x
0 0 0 —8x

I 111 ¥
27> 0 2x|_ |2 -2 0 2
4e72* 0 2 |~ 4 4 0 2
16e™2* 0 0 16 16 0 0
2x 2 =2 2x

2 |=—|0 8 2—4x |=128;
0 0 0 -8

e 2 1 x2 1 1 1 x?
—2¢7* 0 2x|_| 2 -2 0 2x
—82* 0 0| |8 -8 0 0
16e72* 0 0 16 16 0 0
2x

8 -8 )

0 |=2x 6 16 = 512x;

0

e72x 1 x2 1 1 1 x?
4™ 0 2 | _ |4 40 2
—8e™2* 0 0 | 8 -8 0 0
16e72* 0 0 16 16 0 0
2

8 8

0 =—2‘ 16 16 ‘_ 512;

0
2e%*  _2e¢72X (0 2x
4% 4e7 0 2 —o
8e2* _8e™2* 0 0 |
16e?*  16e™2* 0 0

9.2 HIGHER ORDER CONSTANT COEFFICIENT HOMOGENEOUS EQUATIONS

922. p(r)=r*+8r2=9= (-1 + (%2 +9);y = c1e* + c2e™* + c3c083x + ¢4 5in3x.

924. p(r) =2r34+3r2=2r =3 =(r = )(r + DQ2r 4+ 3); y = c1e* + c2e ™ + c3e73¥/2,
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92.6. p(r) =4r3—=8r24+5r—1=( —1DQ2r — )%y = cie* + e¥2(cy + c3x).
9.28. p(r)=r*+r2=r2(r2 4+ 1); y =1 + cax + c3c0s X + c4sinx.
9.2.10. p(r) = r* + 12r2 + 36 = (r2 + 6)%; y = (c1 + c2x) cos v/6x + (c3 + c4x) sin /6x.

92.12. p(r) = 6r* + 513+ 7r2 +5r + 1= Qr+ DGr + D2+ 1); y = cre ™2 4+ cre™/3 +
€3COSX + C4qsinXx.

9.2.14. p(r) = r*—4r34+7r2—6r+2 = (r—1)2(r>—2r+2); y = e*(c1 +c2x +c3c08 x + ¢4 sinx).

9.2.16. p(r) =r>+3r2 —r =3 = (r — 1)(r + )(r + 3);

y = cre* 4 cpe ™ 4 c3e 3 c1+crt+e; = 0
y = cre® —coe ¥ —3cze 3 c1—c2—3¢c; = 14
y" = c1e® + cre” 4 9cze c14+c3+9%; = —40

c1=2,c0=3,c3 =5,y =2e* +3e* —5e73*.

9.2.18. p(r) = r3 —2}" —4 = (r —2)(r2 +2r +2);

y = e ¥(cicosx + cpsinx) + cze?* ci1+c¢c3 = 6

y = —e*((c; —ca)cosx + (c1 + c2)sinx) + 2cze? ; —c1+cr+2c3 = 3

y" = e *(2c;sinx —2cpcosx) + 4cze” —2cr+4c3 = 22
c1=2,c0=-3,c3 =4,y =2e ¥cosx —3e *sinx + 4e*.

9.2.20. p(r) =r3—6r2 +12r —8 = (r —2)3;

y = e*(c1 + cax + c3x?) g = 1
y = e®*(2cy +cy+ (2ca 4+ 2¢3)x + 2¢3x?) : 2¢c1+¢c, = -1
Yy = 2e**(2cy +2ca +c3+2(ca +2¢3)x +2c3x%) 4y +4er+ 203 = —4

c1=1,c0=-3,c3 =2,y = e>*(1 —3x + 2x?).

9.2.22. p(r) =8r3 —4r2—2r + 1= Q2r + HQ2r — 1),

y = e¥2(cy + cax) + cze¥/? ci+es = 4
Yy = 2e¥%(c1 + 2024 c2x) — Eeze™? %Cl +cp— %03 = -3
Y'o= e Per et eax) + geze™? gt et ge =

c1=1lcy=-2c3 =3y =e"2(1 —2x) + 3e7/2.

9224. p(r) =r*—6r3+7r2+6r—-8=(@r —1)(r—2)r —4H(r + 1);

y = cre¥ + e +cze*r 4 cpe ci+cet+estes = =2
Y = c1e¥ +2c2e% +4dcze* —cqe™ 1+ 200 +4cz—cs = -8
Yy’ = cre® + dcpe? + 16c3e** 4 cpe™™ T ey +4es +16c34+cy = —14°
Y = cre® + 8cre?* + 64cze** —cpe™ ¢y +8cr+64c3—cy = —62

cr=—4,cr=1,c3=—1,c4 =2,y = —de* + e —e** 427 .
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9.2.26. p(r) =r*+2r3—2r2—8r—8=(r —=2)(r +2)(r> +2r +2);
P

! 2¢

ler _ 2C2€_2x

c1+c2+c3
2¢1—2¢cr —c3+ ¢4
4ec1 + 4cy —2c¢4

8c1 — 8¢y + 2¢3 + 2¢4

c1e?* + cre™2* + e ¥(c3cosx + c48inx)
— e ((c3 —cq)cos x + (c3 + c4) sinx)
4c1e® + dere™> 4+ e¥(2c3sinx — 2c4cos X)
8c1e?* — 8coe 2% + e7*((2¢3 + 2¢4) cOS X + 2(cq4 — €3) sinx)

cir=lca=1,c3=3,c4=1;y =e* + e 2 4 ¢ *(3cos x + sinx).

9.2.28. (a) W(x) = | e~

1.

b)) W(x) =

() W(x) =

(e) W(x) =

W(0)

® Wix) =

e~ xe* e?* 1 0 1 10
eX(x+1) 2 |;WO)=|1 1 2|=|11
e¥ e*(x +2) 4e* 1 2 4 1 2
cos 2x sin2x e3* 1 0 1 1
—2sin2x  2cos2x 3¢ |;WO0)=| 0 2 3 |= 0
—4cos2x —4sin2x 9e3% —4 0 9 —4
e *cosx e *sinx e* 1
—e *(cosx +sinx) e *(cosx —sinx) e* [;W(0) =| —1
2e *sinx —2e ¥ cosx e* 0
1 x x2 €F 1 0 01
0 1 2x e* |, 101 0 1| _
0 0 2 e} W) = 00 2 1] !
0 0 0 e 0 0 0 1
e~ e COS X sin x
e* —e ™™ —sinx  cosx |,
e* e —cosx —sinx |’
e* —e™X sinx —cosx
1 1 1 0 1 1 1 0 |
_ 1 -1 0 Iy |1 -1 0 I ol
B 1 1 -1 o |1 1 -1 0| |
1 -1 0 -1 O 0 0 =2
1 1 1 |
= 2|1 -1 0 :4‘ _1‘:—8‘
-2
cos X sin x e*cosx e*sinx
—sinx Cos X e*(cos x —sinx) e*(cos x + sinx)
—cosx —sinx —2e%*sinx 2e* cos x
sinx —cosx —e*(2cosx + 2sinx) e*(2cosx —2sinx)

W = O

SN O

O =

Il
O =
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1 0 10 1 0 10 Lo
0 1 11 0 1 11
W(O)_—IOOZ_OOIZ__I_;g
0 -1 -2 2 0 -1 -2 2
111 111
= |0 12]|=01 2|=5
0 -1 3 005

9.2.40. (a) Since y = Q1(D)P1(D)y + Q2(D)P>(D)y and P1(D)y = Po(D)y = 0, it follows that
y=0.

(b) Suppose that (A) ajuy +---+ a,u, +byvy +---+ bsvg = 0, where ay, ..., a, and by, ..., by are
constants. Denote v = aquy + -+ + a,u, and v = byvy + - -+ + bsvs. Then (B) P1(D)u = 0 and (C)
P,(D)v =0. Sinceu+v = 0, P,(D)(u+v) = 0. Therefore,0 = P>(D)(u+v) = P>(D)u+ Pr(D)v.
Now (C) implies that P,(D)u = 0. This, (B), and (a) imply that v = ayu; + --- + a,u, = 0, so
a; =---=a, = 0,since uy, ..., u, are linearly independent. Now (A) reduces to byvy +- - -+ bsvs = 0,
so by = c--- = by = 0, since vy, ..., vy are linearly independent. Therefore,uy, ..., u,,vy,..., v, are
linearly independent.

(c) It suffices to show that {y1, y2, ..., yn} is linearly independent. Suppose thatcy y1+---+cnyn = 0.
We may assume that yq, ..., y, are linearly independent solutions of p;(D)y = 0 and y,+1,..., yn are
solutions of P(D) = p2(D)--- px(D)y = 0. Since p;(r) and P,(r) have no common factors, (b)
implies that (A) c1y1 + -+ ¢ yr = 0and (B) ¢;+1Yr+1 + -+ + cunyn = 0. Now (A) implies that
¢y =---=c¢r = 0,since y1,..., y, are linearly independent. If k = 2, then y, 1, ..., y, are linearly
independent, 80 ¢, +1 = -+ = ¢, = 0, and the proof is complete. If k > 2 repeat this argument, starting
from (B), with p; replaced by p,, and P, replaced by Pz = p3--: pj.

9.2.42. (a)

(cos A+ isinA)(cos B +isinB) = (cosAcosB —sin Asin B)
+(cos Asin B + sin A cos B)
= cos(A + B) +isin(4 + B).

(b) Obvious forn = 0. If n = —1 write

1 1 cosf —isinf

cos@ +isinf cos@ +isinf cosd —isinf
0 —isin®
= u:cos@—isin@:cos(—9)+isin(—9).
cos2 0 + sin“ 6

1
(d) If n is a negative integer, then (B) (cos 6 + i sin6)" = — . From the hint, (C)
(cos @ + i sin §)Inl
1

— = (cos O —isin®)" = (cos(—6) + i sin(—0))"!. Replacing 6 by —6 and n by
(cos @ + i sin §)I7l

|n| in (A) shows that (D) (cos(—8) + i sin(—0))"| = cos(—|n|6) + i sin(—|n|@). Since |n| = —n, (E)
cos(—|n|0) + i sin(—|n|0) = cosn6 + i sinnd. Now (B), (C), (D), and (E) imply (A).

(e) From (A), zj = cos 2km + i sin2kmx = 1 and {} = cos(2k + 1) +isin(2k + 1) = cos(2k +
)r =cosm = —1.

(f) From (e), p"/"z¢,....p
the stated factoriztion.

1nz,_y are all zeros of z* — p. Since they are distinct numbers, z” — p has
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From (e), p'/"&. ..., p"/"¢,—y are all zeros of 2 4 p. Since they are distinct numbers, z” + p has
the stated factoriztion.

2k 2k
9.2.43. (a) p(r) = r3> =1 = (r — 20)(r —21)(r — 22) where zx = cos Tﬂ + i sin Tﬂ, k=0,1,2.
1 3 1 3 1\? 3
Hence, zo = 1,21 = —3 + i%, and 7, = —3 —i%. Therefore, p(r) = (r — 1) ((r + E) + Z)’

) gex, e /2 cos (?x) e/ 2gin (?x)} is a fundamental set of solutions.

k+Dm . (2k+ D
§————+4i1siIn—

(b) p(r) = r’+1 = (r—40)(r—{1)(r—{2) where §x = co k=0,1,2.
1 1 1)\?
Hence, ¢y = 3 + i?, L =-1¢ = 3 i?. Therefore, p(r) = (r + 1) ((r - E) + %), S0
e ", e*/2 cos (?x) , e*/%sin (?x)} is a fundamental set of solutions.
4 2k + Dm
(©) p(r) = r*+64 = (r—2+/20)(r —2+/281)(r —2+/282)(r —2+/2¢3), where ¢ = cos —————+
. Ck+Dn 1+ —141i —1—i 1—1i
i sin——— k = 0,1,2,3. Therefore, {o = ———, {1 = , (= ,and {3 = ——,
1 ) 7 &1 7 &2 7 {3 7

so p(r) = ((r —2)%> + 4)((r + 2)®> + 4) and {e?* cos2x, e2*sin2x, e 2* cos 2x, e ¥ sin2x} is a
fundamental set of solutions.

2k 2k
d) p(r) =7r°—1 = (r—2z0)(r—z1)(r —z2)(r —z3)(r —z4)(r —z5) where z;x = cos —~ +i sin —
1 V3 1 V3 1 V3
k =0,1,2,3,4,5. Theref =lLzi=-4i——Za=—cti—z3=—-1,24 = —= —i—
0,1,2,3,4,5. Therefore, zg , 21 2+l 7 ,222 2+l 7 ,Z32 ,Z4 7 i
1 3 1 3 1 3
e R AT () R [ (R R

3 3 3 3
gex, e, e*/? cos (%x) , e %sin (%x) e 2 cos (%x) , e ?sin (%x)} is a funda-

mental set of solutions.
(e) p(r) = o+ 64 = (r —280)(r — 2C1)(r — 252)(r — 2L3)(r — 2;4)(r — 2¢5) where { =

2k +1 2k + 1 3 3 i
cos u+i sin u,k =0,1,2,3,4,5. Therefore, {, = £+l—,§'1 =i, = —£+l—,
j_ 6 f 2 2 2 2
3 ] 3 ]
G == - ’5 {4 = i and s = 5= - ’5 50 p(r) = (2 + 4)((r — V32 + D((r + V/3)* + 1) and

{cos 2x, sin2x, e=V3% cos X, e~V3%sin X, eV3% cos X, eV3% sin x} is a fundamental set of solutions.
®p(r)=0r—1)°—1=(r—1—z0)(r—1—z1)(r—1—2z2)(r—1—z3)(r—1—z4)(r—1—zs) where z; =
V3 1 V3

COS—+lSln— — 4 . erefore, Zg = .21 = _+l_, Ty = —— +l_, 3 =
5 5 B 9 Ly Ly Ty Ty s X0 1 2 2 2 2 2 3

1 3 1 3 3\* 3 1\? 3
=gz = =i 0 ) = ’("2’(("5) * Z) (("5) * Z)
3 3 3 3
and § 1, e2*, e3*/2 cos (%x) , e3*/2gin (%x) , e®/? cos (%x) , e/ sin (%x)} is a funda-

mental set of solutions.

6
5 4 3 2 r-—
(g) p(r) =r r r r r 1 =

1
. Therefore, from the solution of (d) p(r) =
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1\? 3 1\*> 3
(r+1)((r—§) +Z) ((r+§) +Z) and
3 3 3 3
e, e*/2 cos (%x) . e/ % sin (%x) e 2 cos (gx) , e /% gin (%x)} is a fundamen-

tal set of solutions.

9.3 UNDETERMINED COEFFICIENTS FOR HIGHER ORDER EQUATIONS

9.3.2. If y = u=3%, then y"" — 2y" — 5y’ + 6y = e 3¥[(u" — 11u" + 34u’ — 24u) — 2(u" — 6u’ +
) — 5’ — 3u) + 6u] = e 3¥"” — 11u” + 34u’ — 24u). Let u, = A + Bx + Cx?, where
(=244 + 34B — 22C) + (=24B + 68C)x — 24Cx% = 32 — 23x + 6x2. Then C = —1/4, B = 1/4,
—3x
A=-3/4and y, = ¢ 1
9.3.4.If y = ue 2%, then y”’ + 3y" — y' — 3y = e 2*[(u" — 6u” + 12u’ — 8u) + 3(u” — 4u’ + 4u) —
(' —2u) —3u]l = e 2*(u" —3u” —u' + 3u). Letu, = A+ Bx + Cx?, where 34 — B — 6C) +
(3B —2C)x +3Cx? =2—17x+3x2. ThenC =1,B = -5, 4= 1,and y, = e 2*(1 — 5x + x?).

B —x+x?).

9.3.6. If y = ue*, then y"”"+y" =2y = e*[(u"" 4+ 30"+ 3u'+u)+ " +2u' +u)—2u] = e* (""" +4u"+
5u’). Letu, = x(A+ Bx+Cx?), where (5SA+8B+6C)+(10B+24C)x +15Cx? = 14+ 34x+15x2
ThenC =1,B=1,A=0,and y, = x2e*(1 + x).

93.8.If y = ue*, then y"" —y"—y' +y = e*[(u"” +3u”" + 3 +u)— " +2u"+u)— (' +u)+u] =
e*(u" +2u"). Letu, = x2(A + Bx) where (44 + 6B) + 12Bx = 7+ 6x. Then B = 1/2, 4 = 1,

2,x
xX-e
2+ x).

2

9.3.10. If y = ue3~, then y"'—5y" +3y"4+9y = e3* [ +9u" +27u’ +27u)—5W" + 61’ +9u)+3(u’' +
3u)+9u] = e3* ("’ +4u”). Letu, = x?>(A+Bx+Cx?), where (84+6B)+(24B+24C)x +48Cx? =
22 —48x2. Then C = —1,B =1,A=2,and y, = x2e3*(2 + x — x?).

and y, =

9.3.12. If y = ue™/?, then 8y —12y" + 6y’ —y = e*/2[8(u"" 4+ 3u" /2 +3u'/4 +u/8) — 121" +u’ +
144

u/4) + 6 +u/2)—u] = 8e*/2u", sou" = iy Integrating three times and taking the constants
3,x/2
e

3
of integration to be zero yields u, = Z_s(l + x). Therefore, y, = T(l + x).

9.3.14. If y = ue?*, then y® 43y 43" —3y' =2y = e>*[(u™® 4 8u”" 4+ 24u" 4+ 32u’ 4 16u) + 3" +
6u” 4+ 120’ 4 8u) + (u” + 4u’ + 4u) — 3’ +2u) —2u] = e u® + 11u” 4 43u” + 69’ + 36u). Let
up, = A+ Bx where (364 +69B) +36Bx = —33—36x. Then B = —1, 4 = 1,and y, = ¢>*(1 —x).

9.3.16. If y = ue®, then 4y® — 11y” — 9y’ —2y = e*[4u™® + 4u” + 6u” + 4u’ + u) — 11(u" +
2u' +u) — 9 + u) —2u] = e*(du® + 16u” + 13u” — 154’ — 18u). Let u, = A + Bx where
X

—(184+15B) —18Bx = —1 4+ 6x. Then B = —-1/3,A =1/3,and y, = %(1 —X).

9.3.18. If y = ue™, then y® —4y” +6y" —4y' +2y = e*[(u® +4u"" +6u" + 41’ +u)—4 " +3u" +
3u +u)+ 6" +2u' +u)—4@ +u)+2u] = e*w™® +u). Letu, = A+ Bx +Cx?>+ Dx3 + Ex*
where (A 4+ 24E) + Bx + Cx?> + Dx®> + Ex* =244+ x+x* Then E=1D =0,C =0B =1,
A=0,and y, = xe*(1 + x3).

9.3.20. If y = ue?*, then y® 4 3 —2y" — 6y’ — 4y = > [u™® + 8u”” + 24u” + 32u’ + 16u) +
"+ 6u” 4+ 120" 4 8u) —2(u” + 4u’ + 4u) — 6(u’ 4 2u) — 4u] = > ™ 4 ou” + 28u” 4 30u’). Let
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up = x(A+ Bx + Cx?) where (30A+56B + 54C) + (60B + 168C )x + 90Cx? = —(4+28x + 15x2).
2x
i (1 —x?).

ThenC =—-1/6,B =0,A=1/6,and y, = 7

9.3.22. If y = ue*, then y® —5y" + 4y = e*[(u™ + 40" + 6u" + 4’ +u) — 5" 4+ 2u’ +u) + 4u] =
™ + 4u” +u” — 6u'). Letu, = x(A + Bx + Cx?) where (=64 + 2B + 24C) + (—=12B +

X
6C)x —18Cx% =3+ x —3x%,50C = 1/6, B = 0, A = 1/6. Then y, = %(1 +x2).

9.3.24. If y = ue®, then y® — 3y + 4y’ = >[(u™® + 8u” + 24u” + 32u’ + 16u) — 3" +
6u” + 120" + 8u) + 4@’ + 2u)] = ™ + 5u” + 6u”). Let u, = x2(A + Bx + Cx?) where

(124 4 30B + 24C) + (36B + 120C)x + 72Cx> = 15 + 26x + 12x2. Then C = 1/6, B = 1/6,
2,2x
A:l/Z,andyI,:xg B+ x +x?).

9.3.26. If y = ue™, then 2y™® — 5y 4 3y" 4 y/ —y = e*[2(u™ + 4u”" + 6u” + 4u’ +u) — 5u” +

3u” 4+ 3u' 4+ u) + 3" +2u +u) + W +u) —u] = e*Qu® 4 3u’”). Let u, = x3(4 4+ Bx), where
3,x
(184 +48B) + 72Bx =11+ 12x. Then B =1/6,A =1/6,and y, = re (1 + x).

6

9.3.28. If y = ue?*, then y® — 7y + 18y” — 20y’ + 8y = >*[(u® + 8u"” + 24u” + 32u' +
16u) — 7" 4 6u” 4+ 120" + Su) + 18(u” + 4u’ + 4u) — 20(u’ + 2u) + 8u] = e>* U™ + u'"). Let
up = x3(A + Bx + Cx?) where (64 + 24B) + (24B + 120C)x + 60Cx? = 3 — 8x — 5x2. Then so

3,2x
C=-1/12B=1/12,A=1/6,and y, = x12
9.3.30.If y = ue ™, then y"” + y" — 4y’ —4y = e™*[(w"" —3u” +3u' —u) + W’ —2u' +u) — 4w’ —
u) —4u] = e X" —2u” — 3u’). Let up, = (Ao + A1x)cos2x + (Bo + Bix)sin2x, where

24 x—x?).

841 —14B; = =22
144 +8B7 = —6
849 — 14By — 154, — 8B = 1
14A9 + 8By + 841 —15B; = —1.

Then Ay =—1,B; =1,40=1,Bo=1,and y, = e~ [(1 —x)cos2x + (1 + x) sin2x].

9.3.32. If y = ue”, then y"”'=2y"+y'—2y = e*[(u""+3u"+3u'+u) 2" +2u' +u)+ (u'+u)—2u] =
e*(w" +u” —2u). Letu, = (Ao + A1x + A2x?) cos 2x + (Bo + B1x + Byx?) sin 2x where

—6A, —8B, = —4

84, —6B, = -3

—6A1 — 8By —24A, + 8B, = 5

841 —6B1 — 84, —24B, = -5

—6A9 — 8By — 1241 + 4By + 24, + 12B, = -9
849 — 6By —4A, — 12B; — 124, + 2B, = 6.

X
Then A, =0,B, =1/2; 4, =1/2,B1 =—-1/2; 40 = 1/1, By = 1/2;and y, = %[(1+x)0032x+
(1 —x + x?)sin2x].

9.3.34. If y = ue*, then y""" — y" + 2y = *[(W"” + 3u” 4+ 3u' + u) — W’ + 2u' + u) + 2u] =
e*(W"” 4+ 2u” + u’ + 2u). Since cos x and sin x satisfy v’ 4+ 2u” +w’ + 2u = 0, let u, = x[(Ao +
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Aix)cosx + (Bg + Bpx)sinx] where

—44,+8B; = 4

—841—-4B; = -—12
—2A¢9+4Bg+ 441 +6B; = 20
—4A9g—2By—6A1 +4B; = —12.

Then A; =1,B; =1; A4g = 1, Bo = 3;and y, = xe*[(1 4+ x) cosx + (3 + x) sinx].

9.3.36. If y = ue3*, then = e3*[(u"” + u” + 27u’ + 27u) — 6(u” + 6w’ + u) + 18(u’ + 3u)] =
e3> (" + 3u” + 9u’ + 27u). Since cos 3x and sin 3x satisfy u””’ + 3u” + 9u’ + 27u = 0, letu, =
x[(Ao + A1x) cos3x + (Bo + Bjx)sin3x] where

—364; +36B; = 3

—36A41 —36B; = 3

—1849 + 18By + 64, + 18B1 = -2

—1849 — 18Byg — 184; + 6B = 3.
3x

Then A} = —1/12, By = 0; Ag =, By = —1/12;and y, = _xfz

(x cos 3x + sin 3x).

9.3.38. If y = ue®, then y® — 3y +2y" + 2y —4y = X [u™ + 4u"" + 6u" + 4u' + u) —

3u” 4 3u” 4 3u' 4 u) + 2" + 2u' +u) + 40 +u) +ul = P +u” —u’ +u' —2u). Let

uUp = Acos2x + Bsin2x where 184 — 6B = 2and 64 + 18B = —1. Then 4 = 1/12, B = —1/12,
X

and y, = i—z(cos 2x —sin2x).
9.3.40. If y = ue™, then y® + 6y” + 13y” + 12y + 4y = e *[u™® — 4u” + 6u” — 4u’' +

u) + 6" —3u” + 3 —u) + 13" —2u' + u) + 12u' —u) + 4u] = e X @™ + 20" + u”). Let
up = (Ag + A1x)cos x + (By + B1x)sin x where

—-2B; = -1

247 = -1

—2By— 641 —2B; = 4
249 + 241 —6B; = 5.

—X
Then Ay = —1/2,B1 =1/2, A0 =—-1/2,Bp = —1,and y, = —67[(1 + x)cosx + (2 — x)sin x].

9.3.42. If y = ue*, then y® —5y"” 413y — 19y’ + 10y = e*[(u™® +4u"" + 6u" + 4u’ +u) —5u"" +
3u” +3u' +u) + 13" +2u' +u) — 19’ 4+ u) + 10u] = e @™ —u”" + 4u” — 4u’). Since cos 2x
and sin 2x satisfy u® —u”” + 4u” — 4u’ = 0, letu, = x(Acos2x + B sin2x) where 84 — 16B = 1

X
and 164 + 8B = 1. Then A = 3/40, By = —1/40,and y, = %(3 cos 2x — sin 2x).

9.3.44. If y = ue*, then y® —5y"” +13y” =19y’ + 10y = e*[(u™® +4u"" + 61" + 4u’ +u) —5u"" +
3u” +3u' +u) + 13" +2u' +u) — 19’ 4+ u) + 10u] = e @™ —u”" + 4u” — 4u’). Since cos 2x
and sin 2x satisfy u® — "’ + 4u” — 4u’ = 0, letu, = x[(Ao + A1x)cos2x + (By + Byx)sin2x)]
where
164, —32B; = 8
324, + 16B, —4
849 —16By —404; — 12B; 7
1649 + 8By + 124; —40B; = 8.
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X
Then A; = 0, By = —1/4; Ag = 0, Bo = —1/4,and y, = —%(1 + x)sin 2x.

9.3.46. If y = ue?*, then y® —8y"” +32y” — 64y’ 4 64y + 4y = >*[(u™® + 8u”" 4 24u” + 32u’ +
16u)—8(u"” +6u” + 121’ +8u) + 32 (u” +4u’ +4u) — 64 (' 4+ 2u) +64u] = ¢2* (U™ +8u” 4 16u). Since
cos 2x, sin2x, x cos 2x, and x sin 2x satisfy u® + 8u” + 16u = 0, let up = x2(Acos2x + B sin2x)

xzer

32

9.3.48. Find particular solutions of (a) y"" —4y” + 5y’ —2y = —4e*, (b) y"" —4y" + 5y' —2y = e?%,
and (¢) " —4y” + 5y’ —2y = —2cosx + 4sinx.

@) Ify = ue*, then y""—4y"+5y' =2y = e*[(u""+3u”+3u'+u)—4 " +2u" +u)+ 5’ +u)—2u] =
e*(u" —u"). Let uy, = Ax? where —24 = —4. Then A = 2, and y;, = 2x2e”.

(b) If y = ue?~, then y"”" — 4y"” + 5y" — 2y = e?*[(u"" + 6u" + 12u’ + 8u) — 4(u" + 4u’ + 4u) +
5’ +2u) —2u] = e (" + 2u” 4+ u'). Letus, = x. Then y,, = xe?*.

(©)If y3p = Acosx+ Bsinx, then y3, —4y5,+5y3,—2y3p = (2A+4B) cos x+(—4A+2B) sinx =
—2cosx +4sinxif A =—1and B =0, s0 y3p, = —cos x.

From the principle of superposition, y, = 2x2e* + xe?* — cos x.

where —324 = land —32B = —1. Then A = —1/32, B =1/32,and y, = —

(cos 2x — sin2x).

9.3.50. Find particular solutions of (a) y"”" —y" = =2(1 + x), (b) y"" —y’ = 4e*,(¢) y"" —y = —6e™*,
and (d) y"”" — y’ = 96¢3*

(a) Let y1p = x(A+ Bx). Then y{, =y}, = —A—2Bx = =2(1+x) if A = 2 and B = 1; therefore
Yip = 2x + 2x2.

(b)If y = ue*, then y"” — y' = e*[(u”" + 3u” + 3u’ +u) — (W' + u)] = e* W + 3u” + 2u’). Let
uzp = 4x. Then y;, = 4xe*.

(©Ify =ue ™, theny” —y" = e [ —3u" +3u' —u) — (' —u)] = e (" —3u” + 2u’). Let
uzp = —3x. Then y,, = —6xe™™ .

(d) Since e3* does not satisfy the complementary equation, let y5, = Ae3*. Then yj{; - yj‘p =
24Ae3*. Let A = 4; then Vap = 4%,

From the principle of superposition, y, = 2x + x2 4+ 2xe* — 3xe™ + 4¢3%

9.3.52. Find particular solutions of (a) y”' +3y” +3y'+ y = 12e ™ * and (b) y"" +3y" + 3y ' +y =
9cos2x — 13sin2x.

(@) If y = ue™2*, then y"” +3y" + 3y +y = e X[ — 3u” + 3u’ —u) + 3(u" —2u' + u) +
3(u' —u) +u] = e *u". Letu}, = 12. Integrating three times and taking the constants of integration
to be zero yields u;, = 2x3. Therefore,y 1, = 2x3.

(b) Let y2, = Acos2x + Bsin2x where —114 —2B = 9and 24 —11B = —13. Then 4 = —1,
B =1,and y;, = —cos2x + sin2x.

From the principle of superposition, y, = 2x3¢™2*

— cos2x + sin 2x.
9.3.54. Find particular solutions of (a) y® — 5y” 4+ 4y = —12¢*, (b) y®* — 5y” + 4y = 6e™*, and (c)
y® —5y” 4 4y = 10cos x.

@) If y = ue*, then y® —5y" + 4y = e*[u™® 4+ 4u"" + 60" + du' +u) — 5" 4+ 2u' +u) +4u] =
e*u® + 4u" +u” — 6u'). Let uy, = 2x. Then y;, = 2xe*.

(b)Ify = ue ™, then y® —5y" +4y = e *[(u™® —du"" +6u" —4u’ +u)—5u" =2’ +u) +4u] =
e ™ —4u"” +u” + 6u’). Let up, = x. Then y,, = xe ™.

(c) Let y3, = Acos x4+ Bsinx where 104 = 10and 10B = 0. Then 4 = 1, B = 0, and y3, = cosx.

From the principle of superposition, y, = 2xe* + xe™ + cos x.

9.3.56. Find particular solutions of (a) y® 4 2y"" —3y” —4y’ 4+ 4y = 2¢*(1 + x) and (b) y® +2y"" —
3y" — 4y’ + 4y = e 2%,
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@) If y = ue*, then y® 42y —3y" — 4y’ + 4y = e*[(u™® + 4u"" + 6u” + 4u’ + u) + 2" +
3u” + 3w +u) = 3" + 20 4+ u) — 4 +u) +4u] = e @@ + 6u” +9u”). Letuy, = x2(A+ Bx)
2

X
where (184 + 36B) + 54Bx =2+ 2x. Then B = 1/27,A = 1/27,and y1, = E(l + x)e*.
(b) If y = ue™2, then y® 4+ 2y —3y" — 4y’ + 4y = e 2 [(u™® — 8u" + 24u" — 32u’ + 16u) +
2" — 6u” 4+ 120’ — 8u) — 3" — 4u’ + du) — 4’ —2u) + 4u] = e U — 6u” + ”). Let
2

uzp = Ax? where 184 = 1. Then A = 1/18 and y, = T—ge_zx.

From the principle of superposition, y, = ;C—4[(2 +2x)e* + 3e7 ).

9.3.58. Find particular solutions of (a) y®* 4 5y” 4+ 9y” + 7y’ + 2y = e (30 + 24x) and (b)
y(4) 4 sy/// 4 9y// 4 7y/ 4 2y — _e—Zx_

@ Ify =ue ™, then y® 4+ 59" +9y" + 7y +2y = e *[(u® —du"” + 6u" — 4’ +u) + 5" —
3u” 4 3u' —u) + 9" —2u' +u) + T’ —u) +2u] = e ¥ ™ +u""). Letu;, = x3(A + Bx) where
(64 +24B) +24Bx =30+ 24x.The B= 1,4 = 1,and y1, = x3(1 + x)e™~.

(b) If y = ue™2, then y® + 5y +9y" +7y' +2y = e 2 [(u™® — 8u’” + 24u" — 320’ + 16u) +
5" —6u” + 120" — 8u) + 9(u” — 4u’ + 4u) + 7’ —2u) +2u] = e U@ —3u” + 3u” —u’'). Let
uzp = x. Then yp, = xe 2%,

From the principle of superposition, y, = x3(1 + x)e™ + xe™2*.

9.3.60. If y = ue?~, then y"" —y" —y'+y = e2*[(u"" + 6u" + 12u’ + 8u) — (u” + 4u’ + 4u) — (' + 2u) +
ul = 2" +5u” + 7u’ + 3u). Letu, = A+ Bx, where (34 + 7B) +3x = 10+ 3x. Then B = 1,
A=1landy, = e?(1 + x). Since p(r) = (r + N(r — )%,y = e2*(1 + x) + c1e™™ + e*(c2 + ¢3x)

9.3.62. If y = ue?~, then y""'—6y" +11y'—6y = > [(u""+6u"+12u’+8u)—6(u" +4u’'+4u)+11(u'+
2u)—6u] = e** (" —u'). Letu, = x(A+ Bx +Cx?) where (—A+6C)—2Bx—3Cx? = 5—4x—3x2.
Then C = 1, B = 2, A = 1, and y, = xe?*(1 + x)2. Since p(r) = (r — D)(r —2)(r — 3),
y = xe?*(1 4+ x)? 4+ c1e* + c2e?* + c3e3*.

9.3.64. If y = ue*, then y"” —3y" + 3y —y = *[(w” + 3u” + 3u' + u) — 3" + 2u' + u) +
3w +u) —u] =e*u’”. Letu” = 1 + x. Integrating three times and taking the constants of integration
3

3,x
to be zero yields u = %(4 + x). Therefore, y, = %(4 + x). Since p(r) = (r — 1)3,y =
x3e* . )
3 4+ x)+ e*(c1 + cax + c3x%).

9.3.66. If y = ue™2*, then y"”" +2y" —y' —2y = e 2%[(u"" — 6u” + 12u’ — 8u) + 2(u" — 4u’ + 4u) —
(' —2u) —2u] = e 2 (" — 4u” + 3u’). Letu, = (Ao + A1x)cos x + (Bg + B1x)sin x where

44, +2B; = =2
—2A41+4B; = -9

449 +2By—8B; = 23
—2A9+ 4By +84; = 8.

3
Then Ay = 1/2, By = —2; Ag = 1, By = 3/2,and y, = ¢~ 2 [(1 + %) cos x + (E —Zx) sinx:|.

3
Since p(r) = —Dr+D@F +2),y = e_zx[(l + %) cos X + (5 - Zx) sinx:| +cre + e +

c3e” %,
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9.3.68. If y = ue™, then y® —4y” 4 14y” =20y’ +25y = e*[(u™® +4u"" + 6u" + 4u’ +u) — 4" +
3u” + 3u’ 4 u) + 14" + 2u’ +u) — 20’ + u) + 25u] = e* ™ + 8u” 4 16u). Since cos 2x, sin 2x,
x cos 2x, and x sin 2x satisfy u™® +8u” + 16u = 0, let up = x2[(Ao+ A1x) cos 2x + (Bo+ By x) sin 2x]
where

-964; = 6

—-96B; = 0

—3240+48B; = 2

—48A4; —32By = 3.
x2e

X
(I + x)cos2x. Since p(r) =

Then Ay = —1/16, By = 0; Ag = —1/16, By = 0, and y| = —
2,Xx
16
93.70. If y =ue *, then y”" —y" —y' +y = e[ = 3u" + 3w —u) — " —2u" +u) — (W —
u) +u)l = e *W” —4u” + 4u’). Let up, = x(A + Bx), where (44 — 8B) + 8Bx = —4 + 8x.
Then B = 1,4 = 1, and y, = x(1 + x)e™ . Since p(r) = (r + 1)(r — 1)? the general solution is
y=x(1+x)e™ 4+ cre™™ + cpe* + c3xe*. Therefore,

16

x
[(r—1)2+12y=— (1 + x)cos2x + e* [(c1 + c2x) cos 2x + (c3 + c4x) sin 2x].

y x(1 4+ x)e™™ e * ef xe c1
Yo o= —e(xP—x—1) |+]| e € e*(x+1) ca
y” e~ (x%2 —3x) e ¥ e¥(x+2) c3

Setting x = 0 and imposing the initial conditions yields

2 0 C1
0 = 1 + -1 1 1 cy |,
0 2 c3

soci=1,cp=1,c3=—1,andy = e (1 +x + x2) + (1 — x)e*.

9.3.72. If y = ue™, then y” —2y" — 5y’ 4+ 6y = e *[(u® — 4u" + 6u” — 4u’' + u) + 2" —
3u” 4 3u' —u) + 2" =2’ +u) + 2 —u) +u = e —2u"” +2u”). Letu, = x>(A + Bx),
where (44 — 12B) + 12Bx = 20 — 12x. Then B = —1, A = 2, and y, = x2(2 — x)e™*. Since
p(r) = (r +1)2(r? + 1), the general solutionis y = x2(2—x)e™* 4+e (¢ +c2x) 4¢3 cos X + ¢4 sinx.
Therefore,

y x2(2 —x)e™* e~> xe ¥ cos X sin x c1
v x(x2 —5x +4)e™* N —* (1—x)e™™ —sinx  cosx o
y' | T | —(x3 —8x% 4 14x —4)e™* e (x—2)e* —cosx —sinx c3
y"” (x3 = 11x2 4 30x — 18)e ™™ - (3—x)e " sinx —cosx 4
Setting x = 0 and imposing the initial conditions yields
3 0 1 0o 1 0 ¢
-4 | o, | -1 1 0 1 e
7 | 4 1 -2 -1 0 c3 |’
22 —18 —1 3 0 -1 Cq
soc1=2,c=—l,cs=1l,c4=—1,and y = (2 —x)(x2 + 1)e™ + cos x —sin x.

9.3.74. If y = ue®, then y® — 3y 459" —2y" = e*[(u™ + 4u"" + 6u” + 4u’ +u) — 3" + 3u" +
3u' +u) + 4" + 20" +u) =2 +u)] = e u® 4+ u” +u” +u’). Since cos x and sinx satisfy
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u® +u” +u" +u' =0,letu, = x(Acosx + Bsinx) where —24 — 2B = —2 and 24 — 2B = 2.
Then A = 1, B = 0, and y, = e*cos x. Since p(r) = r(r — 1)[(r — 1)? + 1] the general solution is
y = e*cosx + c1 + e*(ca + ¢3c08x + c48in x). Therefore,

y xe* cosx 1 e* e* cosx e*sinx
y' _ e*((x + 1)cos x — x sinx) n 0 e* e*(cos x — sin x) e*(cos x + sin x)
y'ol e*(2cos x —2(x + 1) sinx) 0 e* —2e%sin x 2e* cos x
y" —e*(2x cos x + 2(x + 3) sinx) 0 e* —e*(2cosx +2sinx) e*(2cosx —2sinx)
Setting x = 0 and imposing the initial conditions yields
2 0 1 1 1 0 c1
O _ |t o1 11 2
-1 ] 2 o1 0 2 c3 |’
=5 0 01 -2 2 Cq
soc1 =2,c=—l,c3=1,c4=—1,and2 + ¢*[(1 + x)cosx — sinx — 1].

9.4 VARIATION OF PARAMETERS FOR HIGHER ORDER EQUATIONS

e xe x2e™’
942. W = —2xe™ e (1 —2x2) 2xe (1 — x2) =2e73,
e (4x2 —2) 2xe ¥ (2x2—3) 2 (2x*—5x2+1)
—x2 2,—x2 —x2 2,—x2
Wi = 2xe 5 * 2e o | = X2 Wy = ¢ 2 * 2e o | =
e (1 —=2x%) 2xe ™™ (1—x*) —2xe ¥ 2xe ¥ (1 —x*)
) 2
2xe 2x; Wi = e > zxe i = e 2y = Fm = LNCER = _FW2 =
’ —2xe™ ¥ (1 —2x?) LT o pow 20 2 PoW
32. , _ FW2 7/2 2 s5p 3/2
=X uy = =«/§/2;u1 =x")Tuy = —=x"""us = x77 /3y, = ur1y1Huaya+usys =
PoW 5
i —x2_7/2
105
e* e *
1 — — ex e—x
ex(xx— 1) e‘x()gc +1) - -
— _ — 2. - X X
944. W =|0 — = =2/X5Mi = () e (x4 1)
eX(x2—-2x4+2) e *(xZ+2x+2) X2 - X2
0 x3 x3
e e
2 1 - e *(x+1) 1 - e*(x —1)
. — X - £ ¥ — X _ =
2’ W2 = e *x+1) | 2 » Ws = e*(x —1) 2z o=
0 —5— 0 —=—
X X
FW1 FWZ FWZ
P =2 u) = AT =e (x+1)up = P =e*(x — 1) u; = —2x;up = —e *(x + 2);
Uz = e (x —2); yp = ury1 +usys +uzys = —2(x* +2)/x.
e* e* ! ) x 1
X 2 -2 e — —X(x —1
946. W = | e* —er —ijx? | = 272y x| = 0Dy, o
2 X —e™¥ —__ X
e* e7* = x2

1
2
C3
C4
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1
et = e*(x +1) e* e * Fw,
X = —-——-:_ = = —Z: / = = - —_ M 4 =
o _i 2 ; Wa oF X 25 uy PoW e " (x —1); u)
X2
FW, FW, ) x?2
- =e*(x+1);ul = =-2x"y,=1u +u +u =-2—.
P ( ); u P Yp =U1y1 +uzys +uzys 3
Vx 1 2
X — x
1
X 2 2
1 v 15 Vs 5% vxox
948. W =| — ——0 2x |=— W = =—— W= _1
2/x 2x3/2 4x 1, 2 3 2x
1 3 5 T 0x3/2 X Vx
VESERRE
3x%/2 A 1 FW FW ;
. — — . — — _ . - _ — /2. —
2,W3— 1 ~ 1 = x’ull_PoW_ 5Vx; uly = POW_3x s uy =
2/x  2x3/2
FW2 2 10 3/2 6 5/2 2
= — Uy = ——x"";uy = =x"“; uz3 = 2In|x|; =u +u +u = 2x“In|x| —
PoW o 3 2 5 3 XI5 yp 1)1 2)2 3)3 |x]
32 3
Exz. Since —Exz satisfies the complementary equation we take y, = In|x|.
ex
x 1/x — 1 o
B 1 - | 2f0-n | T — e
9.4.10. W - 1 —; T - T, Wl —_ 1 ex(x_l) —_ ;,
2 e*(x2-2x+2) 2 32
O 3
x x
e* 1
X - e*(x —2) X - FW; FW,
= X = = X =——u, = =1u, =— =
" efx—1) raa il IS T W T U T TR
x2 x2
FW; 23—
XQ—x)uy = —2 = —2xe ™ Uy = xjuy = M; us = 2e(x + 1) yp = ury1 +
PoW 3
2x3 +3x24+6x+6 2 .
Upyr + U3y3 = ix . Since x + T satisfies the complementary equation we take
_ 2x2+6
Yp = 3
X ex e_x ex e—x e—x
9412. W =| 1 e —e™ |=2x;W1 =] | x| =2 Wy = ‘ —x | =—eF(x +
er —e 1 —e
0 e* e
x e* FW1 FWZ _ FWZ
1); W3 = L e | = eX(x —1)u) = PoW =—-lLu,= “ W =e (x+1)/2;uf = NG =

eX(x—1)/25u1 = —x;up = —e X (x+2)/2;uz = " (x—2)/2; yp = u1 Y1 +Uzy2s+uszys = —x2-2.
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1
3/2
Jx 1/4/x x3/ P 1 " |
1 1 3J/x 3 N 32
9414w =| 2vx 222 252 | _ 12, | 1 3 3
1 3 3 15 X6 2x3/2 2 2y 5/2
T4x3/2 4x5/2 4% 4x7/2 3 3 15
3 15 3 105 4x5/2 4 /x  4x7/2
8x5/2  8x7/2  8x3/2  §y9/2
1 1
Jx o x3? =7 Jx 7 FEE]
6 o 1 3yx 3 _ 5 1 1 3 B
¥z T 2%} % zlxss/z = 2 3 T 2\/1; _2)§3/2 _less/z -
C4x32 a4 x 4xT2 Tax32 4xsi2 ax12
1
. 3/2
X X
[ ﬁ
2 1 1 3Jx 2 FW, . FW,
——92; W4 = — = ——32; ”1 = — = —3x’ u2 = — =
x9/ 2\/5 2)3c3/2 % x3/ PoW PoW
C4x32 4xSi2 4 x
FW, FW, 3x2 4
3x2; u’3 = _P()I/; = 1 u; = P()I/; = —x3; uy = —%; Uy = x3; Uz = X; Ug = _XT;
¥5/2
Yp =Uu1y1r +uzys +uszys = W
2 3 4
X X x X 2 3 4 3
1 ZX 3x2 4x3 4 x x2 * 3 6 * x2 * 3
94.16. W = 5 | =12x% Wy =| 2x  3x 4x =2xW,=| 1 3x 4x
0 2 6x I 2 6x  12x2 0 6x I2x
0 0 6 24x
2 4 2 3
X X X X X X 2
FWw;
6x% Wa = | 1 2v 4x’ | = 6xti We = | 1 2v 3¢ | = 2% = — ui = —%;
0 2 12x2 0 2 6x 0
, FW, x FW, 1, FW, 1 x3 x2 X
u2 = = —’ u3 = — = ——; u4 = — = —’ ul = ——’ M2 = —’ u3 = ——’
PoW 2 PoW 2 PoW 6x 18 4 2
In |x| x*In|x|  11x* 1x*
Uy = JYp = u1y1+uzyz +uzys = — . Since — satisfies the complementary
6 0 6 36 36
equation we take y, = al 2|x|
2 2
X X 1/x 1/x 2 2
1 2x —1/x2 —2/x3 . > X .
94.18. W = 3 4 | =-T72/x% W = | 2x —1/x* =2/x° | = —12/x%
0 2 2/)(? 6/)(? 2 2/)(?3 6/)(?4
0 0 —6/x* —24/x°
x 1/x 1/x? x x%  1/x? x x2  1/x
Wo=1|1 —1/x2 =2/x3|=—6/x>Ws=|1 2x =2/x3|=12/x>Wy=|1 2x —1/x?
0 2/x3 6/x* 0 2 6/x* 0 2 2/x3
FWw; FW; FW; FW,
6/x;u} = _POI/; =-2u, = F"; =1/x;u} = _POI/; = 2x2; uy = F"; =—x3 u; = =2x;
Uy = Injx|; us = 2x3/3; Uy = —x4/4; Yp = U1y1 + Uzys + uzysz = x21n|x| — 19x2/12. Since

—19x2/12 satisfies the complementary equation we take y, = x2In|x]|.
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er
eX % e¥/x —
X
e*(x —1) e?*(2x — 1)
e* Zer 3 — 6x
= X -
9420 W x g2 e*(x* —2x +2) 202%(2x7 — 2x + 1) x4’
e e S E— 3
N by €(x3=3x2+6x—6) 2e*(4x>—6x% + 6x —3)
e* 8e s P
er e* er
X X
Wi = | 902 eX(x —1) e?*(2x — 1) _ e
LT se 2 7 =3
oy (X2 —2x+2) 2eP(2x*—2x+1)
4e 3 3
o e* er
X X
A eX(x —1) e?*(2x — 1) _ et
X2 2 x3’
L. f(x?—2x+2) 2eZX(2x2x— 2x + 1)
€ 3 . 3
X
e* er 6‘_
ezx(Z))Cc— 1) e>*(2—x)
Wz =|e¥ 2¢% — =T 3
2e2¥(2x? —2x + 1)
2
e* 4e* 3
er er i
er(i— 1) ¥ (x +2)
2 _ .
Wy=| e* 2" — =73
X (42
sy €T(xT—2x+2)
e* 4e* 3
FWwy FW, _ Fw, FW, —
u, = — =3ul, = =3¢ N ul, =— =3Q2—x)u, = = -3¢ ¥ (x +2);
N 27 Pow 3T T T =y = et )
up = 3x;up = =3¢ Y u3 = 3x(4—x)/25 uq = 3¢ (x +3); yp = ury1 + uUayz + uzyz =
3e*(x2 + 4 6 3e*(2 3
ex ;_ s ). Since M is a solution of the complementary equation we take y, =
X X
3xe*
7
x x3  xlnx 2 xlnx
9422. W = |1 3x%2 l4+lnx | = —4x% W = N = x3-2x3Inx; W, =
3x 1+ 1Inx
0 6x 1/x
x xlnx x x3 Fw, 1 FW, 1
Il [T UM g | SN0 = g = 2Inx/x - S = —pp =
, FW, 2 5 1
Uy = PoW = —;; u; = (Inx)* —Inx; u; = —Zx—z; uz = —2Inx; y, = uryr +uzy2 +uszysz =

x x
—x(Inx)?—xInx— 5 Since —x Inx — > satisfies the complementary equation we take y, = —x (Inx)?
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The general solutionis y = —x(In x)2 +c1x + c2x3 + caxInx, so
—x(Inx)? x x3 xlnx
Y 2 2 ‘1
’ _ | —(nx)*—=2Inx 1 3x* 1+Inx
y = + C2
M 2Inx 2 1
y — - — 0 6x — c3
X X X

Setting x = 1 and imposing the initial conditions yields

4 0 1 1 0 c1
4 | = O [+ 1 3 1 2
-2 -2 0 6 1 c3

Solving this system yields ¢; = 3, ¢, = 1, ¢c3 = —2. Therefore,y = —x(In x)?+3x +x3—2xInx.

e¥ e xe o2 o
9424. W = | e* 2% e *(1—x) |=e>(6x—5); W) = 202 ox(1—x) | = e*(1—3x);
e 4e* e ¥(x—2)
e* xe . _ | e _ ,3x. 0 _ Fw _ o —
W, = & e~*(1—x) =1-2x; W3 = oF Dp2% = e u] = POW—1—3x,u2_
FW, Cx FW, N x(2—3x) _ e
— =e *Q2x —1); u; = =eu = ——uy = —e Qx4+ 1); us = —;
P ( ); uj PoW 1 3 2 ( ); U3 3
X
Yp = U1Y1 + Uzys + U3y = —e*(3x% 4+ x + 2)/2. Since —% is a solution of the complementary
*@3 1
equation we take y, = _e(x%)x.
*@3 1
The general solutionis y = _e(x%)x + c1e® + c2e® + c3xe ™, 50
e*(3x + I)x
2 x 2x —x
y Xrn 2 e xe c1
yo|l=] =& (3x -;7x +1) +| e* 2 e*(1—x) o
v e*(3x2 £ 13x + 8) e 4 e (x=2) [ [ e
2
Setting x = 0 and imposing the initial conditions yields
—4 0 1 1 c1
-19 —4 1 4 -2 c3
*@3 1
Solving this system yields ¢; = —3, ¢, = —1, ¢3 = 4. Therefore, y = _e(x%)x —3e¥ — e 4
4xe™.
x x2 e x2 e x er
9426. W =| 1 2x e° |=e (x2=2x+2); W = L | =er(x2=2x); W, = L=
x 2x e I e
0 2 e
2 FWw FW; FW;

X x 1 2 2
eX(x —1); W3 = =x%u, = =x(x =2 u, = — =1-xu, = =
=D:iWs =17 o ‘ VS e =Ry P PW

> —x x4 6x24+12x + 12 6x2 + 12x ,
Xx%e T, yp =uryr +uzyz +tuszy; = — . Slnce—f is a solution of the

x4+ 12
c

complementary equations we take y, = —
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4412
The general solutionis y = 2 + +ci1x + szz + c3e”, so
y (x*+12)/6 x x?2 e 1
y | == 2x3/3 +] 1 2x € 2
y” 2x2 0 2 e c3

Setting x = 0 and imposing the initial conditions yields

0 2 0 0 c1
5|=—]101]+]1 01 c2
0 0 0 2 c3
4
. . . x*+12 5 N
Solving this system yields ¢c; = 3, ¢, = —1, ¢3 = 2. Therefore, y = — +3x —x° 4+ 2e”.
x+1 e* e3x X 3x 3x
9428. W =| 1 of 3¢ |=2e%@x—l) Wi =| ¢ &, |=2etmwy=| FFL €
0 o 9p3x e* 3e 1 3e
3x . — x+1 er — Xx. /_FI/V1 — Xx. /__FWZ__ _ .
e(3x+2),W3—‘ 1 o —xe,ul—POW—Ze,uz— W 3x — 2;
FW, _ x(3x +4) e 2*(2x + 1)
l 2x X
= 5 =2 ) = - = —-— =
u PoW xe Ui e’ up 7 Us 1 Vp uryr1 +
*(6x2 +2x -7 Te*
Upys + Uzys = _¢ (6x” + 2x ). Since % is a solution of the complementary equation we take
xe*(3x +1)
Yp =Ty
*@3 1
The general solutionis y = —w +c1(x + 1) + cre™ + c3e?*, 30
y —xe*(3x +1)/2 x+1 e* o3
y =] —e*@Bx2+T7x+1)/2 |+ 1 e* 3e3
y” —e*(3x%2 4 13x + 8)/2 0 e 9e3

Setting x = 0 and imposing the initial conditions yields

3 0 111 c1
% =| -3 |+ 113 ¢
I —4 01 9 c3
. . . 1 1 1 *GBx +1 +1 €
Solving this system yields ¢; = o ) = T c3 = 3 Therefore, y = _xe ( ; ) + a >~ % +
2x
e
7
5 1
X x - xInx 1
Y x2 - xInx
I 2x —— Inx+1 12 Y Inx 3
9.4.30. W = 1 =-—5WM=|2x - Ihx+1]|=06——-—;
0o 2 - — X é( X X
x3 X 7 1
0 0 _6 1 x3 X
x? x?




1
X X xIlnx © 22 xlnx
1 4
W=11 -= Inx+1|=-— 2;W3— 1 2x lnx1+1
5 1 0 ;
0 pes =
—uy = — 1=91nx/2——;u’2= 2=—;u’3=_ »
) e 4 PoW — x PoW
O9xInx 27x X3 9x
up = —T;uz=3lnx;u3=_7;u4:_7;
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:—_x; W4 =

187

1

x x% =
1 2 XI =
X —? ==

0 2 F
FWy 9

/

Y= pow T T

Yp = uUry1tuzys+uszys; = 3x2Inx—7x2.

Since —7x? satisfies the complementary equation we take y, = 3x%Inx.

¢
The general solutionis y = 3x2Inx + c1x + cx? + 2 + c4xInx, so
X

5 1
X x — xInx
y 3x%Inx x| ol
3/ 6x1Inx + 3x I 2x —— Inx+1 ¢
” = 6Inx +9 + f 1
y 2 Cc3
1 6 3 N
y - X X Cq
X 6 1
00 -2 =
Setting x = 1 and imposing the initial conditions yields
-7 0 1 1 1 0 c1
—-11 { | 3 + 1 2 -1 1 c2
-5 19 02 2 1 c3
6 6 0 0 —6 -1 (N
Solving this system yields ¢c; = 0, ¢, = —7, ¢3 = 0, c4 = 0. Therefore, y = 3x2Inx — 7x2.
x Jx 1/x 1/4/x
1 1/2J%  —1/x2 —1/2x3/ VX L - 1/
94.32. W = =—9/8xS; Wy =| 1/2yx —1/x* —1/2x3?
0 —1/4x32 2/x3  3/4x5/2 32 3 5/2
0 3/8x%2 —g/x* —15/8x7/? —1/AxTE 2/t 3/4x
x 1/x 1/4/x x Jx 1/4/x
3/4xtWo = | 1 —1/x%2 —1/2x32 | =3/2x72Ws = | 1 1/2x —1/2x32 | = —3/4x2;
0 2/x3 3/4x5/2 0 —1/4x32  3/4x°/2
X Jx 1/x
Fw, FW;
Wy = | 1 1/2x —1/x2 | = =3/2x%/2%; up = — 1 = 1/x; uy, = 2 —2//x;
0 —1/4x% 2/x3 PoW PoW
FW, FW,
uy = P I/; = —x;u, = P I/; =2Jx;u; = Inx;uy = —4x;uz = —x2/2; uy = 4x3?/3;
0 0

Yp =
take y, = xInx.

The general solutionis y = xInx + ¢1x + c24/X + ¢3/x + ¢4/ /X, 50

y xInx X Jx

y' Inx + 1 1 1/2x

y" 1/x 0 —1/4x32
y" —1/x? 0 3/8x5/2

1/x 1//x
—1/x2  —1/2x%2
2/x3  3/4x5/2

—6/x* —15/8x7/2

U1y1 +Uzy2 +uszys = xInx — 19x/6. since —19x/6 satisfies the complementary equation we

o O
—_

2
3
4

o o
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Setting x = 1 and imposing the initial conditions yields

2 0 I T B c1
o | | 1 112 -1 <12 || e
4 [T 1Mo 14 2 34 e
a7 - 0 3/8 —6 —15/8 || c4

1 1
Solving this system yieldsc; = 1,¢2, = —1,¢3 = 1, ¢4 = 1. Therefore, y = xlnx+x—ﬁ+—+7.
X X

. FW;
9.4.34. (a) Since u’/ = (-"/ P—W; (1 £ j < n), the argument used in the derivation of the method of

variation of parameters implies that y, is a solution of (A).
(b) Follows immediately from (a), since u; (xo) =0, j =1,2,...,n.
(c) Expand the determinant in cofactors of its nth row.
(d) Just differentiate the determinant n — 1 times.

. 3/ G(x,1) o . .
e If0 < j < n—2, then ol has two identical rows, and is therefore zero, while
X x=t
3" 1G(x,t
dx/ x=t
. x , Y9G (x,1)
(f) Since y,(x) = G(x,0))F@t)dt, y,(x) = G(x,x)F(x)+ 3 F(t)dt. ButG(x,x) =
X0 X0 X
, Y9G (x,1) . . ; . .
0 from (e), so y,(x) = 3 F(t) dt. Repeating this argument for j = 1,...,n and invoking
x X
(e) each time yields the conoclusion.
9.4.36.
yi) (@) y2() t 2 1/t
@ @ oy | o= |1 2t —1/?
yi(x) yi(x)  y2(x) xox* 1/x
. 2 1/t 2t 1/t 1]t ¢?
= Yo —e2 T cye [T 2
22 —1)2(Q2x +t
D S e Co )
Xt
toz 1 6 (x —12Q2x + 1)
Since Po(t) = t3and W(t) = | 1 2t —1/t2 | = =, G(x.,t) = 3 S0y, =
x x2  1/x ! Xt
X 2
(x—1)"2x +1)
———— —F(@t)dt.
/xo 6x13 ®
9.4.38.
i) yi@)  y2(0) r 1t e/t
O @ o | = |1 =12 e/t = 1/1?)
yi(x)  yix)  ya2(x) x 1/x e /x
— 1/t e'/t RSN e'/t +i t 1/t
- —1/t%2 e'(1/t —1/t?) x| 1 e(1/t—1/t?) x| 1 —=1/t?

xe!  e'(t—2) 2e* x%e' —e't(1 —2)—2te*

12 xt xt xt2
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t 1/t e/t 2e(1—1)
Since Po(t) =t(1 —t)and W(t) = | 1 —1/t? ef(1/t —1/t?) =——Gx 1=
0 2/13 e'(1/t—2/12+2/13) !
2 _t(t —2) —2te™ ¥ xZ—t(t —2)—2te* ™
Yo o2 e ,syp—/x (=2 =277 by ar,
2x(t — 1)2 o 2x(t — 1)2
9.4.40.
yi@) @) y200)  y3() 1 ¢t 2 1/t
oo @ 0 oy | _ |0 1 20—/
yi@ oyl y5©) Y5 00 2 2/
yi(x) yi(x)  ya(x) y3(x) 1 x x* 1/x
t 2 1/t 1 2 1/t
= —|1 2t =1/t2 |+x|0 2t —1/¢?
0o 2 2/ 0 2 2/t
1 ¢t 1/t e
X210 1 =1/ |+~-]0 1 2t
0 0 2/ Yo o 2
6 6x 2x* 2 2(t—x)°
B t 12 13 x  oxt3
1t 2 1/t
. _ o1 2t =1/ 12 _(x—1)? [T x=0)?
Since Py(t) =t and W(zt) = 00 2 213 __t_“’G(x’t)_ S0y = s
00 0 —6/t*
9.4.42.
yit)  yi@) y20t)  ya(@) 1 2 e e
i oy oy 30 | _ |0 20 2e2 —2e7H
yi@) Y@ oy y5) 0 2 4 de7
yi(x) yi(x) y2(x) ys(x) 1 x2 2 e
12 eZt e—2t 1 eZt e—2t
= —| 2t 2% 272 |4+x%| 0 2% 27
2 4 e 0 4e* 47
1 2 e 1 2 2t
—e®| 0 2t —2e7% |40 2t 2e*
0 2 de 0 2 4de?

1 2 2t e 2t
0 2t 2¢* —2¢7%
0 2 4de? 472
0 0 B8e? —8e %
201 +21) + e 20701 = 21) —4x? + 412 =2

Since Py(¢t) =t and W(t) = = —128¢,

G(x.t) =

2(x—t) 2( 32)t2 2 2 0

* et 4 2¢) + e 21 —2¢) — 4x* + 412 =2

yp=/ ¢ ( ) +e (2 ) —4x F(r)dt.
X0 32t

—(16¢% — 8) + 16x2 — 2¥ D1t + 4) + 237D (81 — 4).

F(t)dt.






CHAPTER 10

Linear Systems of Differential
Equations

10.1 INTRODUCTION TO SYSTEMS OF DIFFERENTIAL EQUATIONS

10.1.2. Q) = (rate in); — (rate out); and Q) = (rate in), — (rate out),.
The volumes of the solutions in 77 and 73 are V;(¢) = 100 + 2¢ and V,(¢) = 100 + 3¢, respectively.
T, receives salt from the external source at the rate of (2 Ib/gal) x (6 gal/min) = 12 Ib/min, and from

T, at the rate of (Ib/galin T5) x (1 gal/min) = Q> Ib/min. Therefore, (A) (rate in); = 12 4
1
100 + 3¢

T»; hence (B) (rate out); = (Ib/galinT;) x (5§ gal/min) =

100 + 3¢

Q». Solution leaves 77 at 5 gal/min, since 3 gal/min are drained and 2 gal/min are pumped to

01 x5 Q1. Now (A)

1 B 5
100 + 2t © 100 + 2¢

1
d (B) imply that (C) 0" = 12— ———— 100 + 3¢ =%
and (B) imply that (C) Q] 1001220 T 1003, 22

T, receives salt from the external source at the rate of (1 1b/gal) x (5 gal/min) = 5 Ib/min, and from

i
0y x2=——0, Ib/min. Therefore, (D
100427 21 ¥ 2 = 555, Q1 [b/min. Therefore, (D)

1
(rate in), =5+ 5017 Q1. Solution leaves T at 4 gal/min, since 3 gal/min are drained and 1 gal/min is
4
dto T1;h E) (rate out), = (1b/galin T 4 gal/min) = ——— 4=—"-—0>.
pumped to T7; hence (E) (rate out), = ( 1b/gal in T,) x (4 gal/min) 100+ 3¢ 07 x T 0>

0>. Now (C) and (F) form the desired

T, at the rate of (Ib/galin 77) x (2 gal/min) =

Now (D) and (E) imply that (F) Q) =5+

system.

01

1
50+¢<" 100+ 3¢

"o _ ! _ 2 X .
10.1.8. mX" = —aX' —mgR see Example 10.1.3.

X113

Li = gi(ti, y1i, y2i),

Jii = gt y1i.y2i)s

Li = g1(ti+hyi+hl, y+hJi),

Joi = gt +h,yi+hli,y2i +hJu),
Yii+1 = yu -+ %(111‘ + 1),

h

V2,i+1 = Y2i + z(Ju + J2i).

2

191
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10.2 LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS

10.2.6. Let y; = y@=D i =1,2,... n;then Vi =Yi+1,i =1,2,....,n—1and Py(t)y, + P1(t)yn +
<o+ Py(t)yr = F(t), so

0 1 0 0 0
0 0 1 .- 0 0

1 1
A:_F : : : o and f:F :
o 0o 0 -1 1 o
Pn Pn—l Pn—2 Pl F

If Py, P1,..., P, and F are continuous and Py has no zeros on (a, b), then Py /Py, ..., P,/ Py and F/ Py
are contnuous on («, b).

10.2.7. (a) (c1 P +¢2Q)}; = (c1pij+c2qij) = c1pij+caq;; = (c1 P'+c20")ij; hence (c1 P+c20) =
C1P/ + CzQ/.

r
(b) Let P be k x rand Q ber x s;then PQ is k x s and (PQ);; = Z Ditqi; - Therefore, (PQ);./. =
=1

r r
ZPz{lqu + ZPil%/j = (P'Q)ij + (PQ");;. Therefore, (PQ)' = P'Q + PQ".
=1 1=1

10.2.10. (a) From Exercise 10.2.7(b) with P = Q = X, (X2) = (XX) = X'X + XX'.

(b) By starting from Exercise 10.2.7(b) and using induction it can be shown if Py, P,,..., P, are
square matrices of the same order, then (Py P> --- P,) = P{P,--- P, + P1Py--- P, +---+ PiP,--- P,.
Taking Py = P, = --- = P, = X yields (A) (Y?)Y = Y'Y L +YY'Y" 2 4 Y2Y'Y" 3 ... 4

n—1
yr-ly’ — ZYrY/Yn_r_l.
=0
(¢) If Y is a scalar function, then (A) reduces to the familiar result (Y”) = nY 1Y’

10.2.12. From Exercise 10.2.6, the initial value problem (A) Py (x)y™ + Py (x)y®* VD 4... 4 P, (x)y =
F(x), y(x0) = ko. ¥’ (x0) = k1,..., y" D (xg) = kn_; is equivalent to the initial value problem (B)
y = A@t)y + £(¢), with

0o 1 0 0 0 P
0 0 1 - 0 0 0
1 1 ki
A=—— : : : . : f=— : ,and k = .
PO . . . . . PO . :

0 0 0 - 1 0 L
Py Puy Pyy - Py F nt

Since Theorem 10.2.1 implies that (B) has a unique solution on (a, b), it follows that (A) does also.

10.3 BASIC THEORY OF HOMOGENEOUS LINEAR SYSTEM

1
10.3.2. (a) The system equivalent of (A) is B)y' = _T(x) [ Pz(x(; Py (x; :| y, where y = [ i, :|

Lety; = [ i,l :| and y; = [ i,z :| Then the Wronskian of {y;,y>} as defined in this section is
1 2

[y,l ﬂ:w.
Y1 Va2
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(b) The trace of the matrix in (B) is — P1 (x)/ Po(x), so Eqn. 10.3.6 implies that W(x) = W(x¢) exp { - /
X

10.3.4. (a) See the solution of Exercise 9.1.18.

(© Y1 Yz ainnynn +aizy2r dnyiz tdnyz | _ a1 Y1 Y12 Y21 Y22
Y21 Y22 Y21 Y22 Y21 Y22 Y21 Y22
anW + a120 = ay; W. Similarly, [ y,ll y,12 :| =anW.
21 V22

10.3.6. (a) From the equivalence of Theorem 10.3.3(b)and (e), Y (#o) is invertible.

(b) From the equivalence of Theorem 10.3.3(a)and (b), the solution of the initial value problem is
y = Y(t)c, where ¢ is a constant vector. To satisfy y(z9) = k, we must have Y (f9)e = k,soc = ¥ "1 (zp)k
andy = Y (1) Y (k.

—4t 3t
| e —2e c1—2c2 = 10 _ _
10.3.8. (b)y = [ o4t :| + Cz[ 503 :| where 1 +50, = —4 ,80¢1 = 6,cp = —2, and
6e~4 + 4¢3
Y= [ 66‘_4t _ loe3t

—4t T3t _ 1
©ri=| & T [fro= | Jlre=3] 3 Ty =rorox-

1 [ SeT4 4 2e3t DeTH D3t :|

7| SemH —5e3t e 4 503t

3t t
10.3.10. (b) y; = cl[ 23, :| + cz[ _2, :|, where socy = 5,c; = —3, and

[ 5e3 —3e!
Y= 5e3 43¢t |

3t t
© (1) = [ o }Y(0>=[ Lo }
3t t 3t t
o= fr=rorek=3] GtE LT e
—e™2 —e™2 et —1—cy+c3 = 0
10.3.12. (b)y = ¢; 0 4| e | 4c3| e* |, where co+c3 = =9 ,s0
e 0 et c14+e3 = 12
| —e‘i’2+ e
cr=11,c=—10,c3=1,andy = = | —10e72" + ¢*
3 1le™2! 4 *
—eT2 T2 o -1 -1 1 -1 -
©Y() = 0 e 2 e* [1Y(0) = 0 1 1 [Ylo==| -1 2 -1 |;
e 0 e 1 01 311

| De=2 1 oA o2 g4t =2t | L4t
y=YO)Y 10Ok == | —e 2 4e* 2072 fe* o2 f e |k
3 e Lot o2t g G4t o2t 4 L4t

10.3.14. If Y and Z are both fundamental matrices fory’ = A(t)y, then Z = CY, where C is a constant
invertible matrix. Therefore, ZY ' =C and YZ! = C7!.

10.3.16. (a) The Wronskian of {y1,y2, ..., ¥} equals one when ¢ = ty. Apply Theorem 10.3.3.
(b) Let Y be the matrix with columns {y;,y2,...,y»}. From (a), Y is a fundamental matrix for
y' = A(t)y on (a, b). From Exercise 10.3.15(b), so is Z = Y C if C is any invertible constant matrix.

* Pi(s)
o Po(s)

asf.
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10.3.18. (a) T'( (1) = Z'(t)Z(s) = AZ(t)Z(s) = AT'(t) and I';1 (0) = Z(s), since Z(0) = 1. I'}(t) =
Z'(t +s) = AZ(t +s) = AT, (¢) (since A is constant) and I';(0) = Z(s). Applying Theorem 10.2.1 to
the columns of I'; and I'; shows that I'y = I',.

(b) With s = —¢, (a) implies that Z(t)Z(—t) = Z(0) = I; therefore (Z(t))™! = Z(~t).

(¢) e%4 = I is analogous to e®? = ¢® = 1 when a is a scalar, while e +94 = ¢?4¢%4 i5 analagous

to e 9 — p1a,5a when ¢ is a scalar.

10.4 CONSTANT COEFFICIENT HOMOGENEOUS SYSTEMS I

1| —5 —
10.4.2. Z‘ > 3 “ 5 i | = (A 4+ 1/2)(A + 2). Eigenvectors associated with A = —1/2 satisfy
-3 3 X1 _ 0 _ . _ . _ 1 —t/2 .

[ _4 4 :||: X :| = [ 0 :|, so x; = Xxp. Taking x, = 1 yields y; = [ 1 :|e . Eigenvectors
. . . 3 3 X1 0 . .
associated with A, = —2 satisfy ‘i ‘i N =1 g [sox = —xa Taking x, = 1 yields

2
Y = [ _1 :|e_2’. Hence y = c; [ i :|e_'/2 +ca [ _i :|e_2’.
—1-A —4 . . . .
10.4.4. 1 1ol = (A — 1)(A + 3). Eigenvectors associated with A; = —3 satisfy

2 4 = 0 , 80 x; = 2x,. Taking x, = 1 yieldsy; = 2 e~3'. Eigenvectors
1 =2 X2 0 1

associated with A, = 1 satisfy [ _T _; :| [ il :| = [ 8 :|, so x; = —2x,. Taking x, = 1 yields
-1 - 2

=2 2 =2
y2=|: ) :|e’.Hencey=01|: ) :|€_3t+C2|: ) :|e’.

4—-A -3 _ . . . _ . 2 =3 X1 _
10.4.6. ‘ s 1.1 ‘ = (A—2)(A—1). Eigenvectors associated with 1| = ZSatlsfy[ 2’ 3 :| [ o :| = [
3
SO x| = Exz' Taking x, = 2 yields y; = [ ; :|eZ’. Eigenvectors associated with A, = 1 sat-

. 3 -3 X 0 . . 1
ISfY[Z ) :||: x;:|= [ 0 :|,SOX1 = X2. Tak1ngx2 = 1yleldsy2 = [ 1 :|et_ Hencey =

1
cl[ ; :|eZ’+02|: ] :|e’.

1-X -1 -2
10.4.8. 1 —2-2A -3 = —(A 4+ 3)(A + 1)(A — 2). The eigenvectors associated with
—4 1 —-1-2A
4 -1 =2 : 0
with A; = =3 satisfy the system with augmented matrix 1 1 =3 - ¢ |> which is row
-4 1 2 :0
1 0 -1 0
equivalent to 01 =2 0 | Hence x; = x3 and x, = 2x3. Taking x3 = 1 yields y; =

0
0

|
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1
2 |e™3". The eigenvectors associated with with A, = —1 satisfy the system with augmented ma-
1
2 -1 =2 : 0 101 : 0
trix 1 —1 =3 + ¢ |[»whichisrowequivalentto [ o | 4 (- ¢ |- Hencex; = —x3
-4 1 0:0 000 : 0
-1
and x, = —4x3. Taking x3 = 1 yields y, = —4 |e™". The eigenvectors associated with with
1
-1 -1 =2 0
A3 = 2 satisfy the system with augmented matrix 1 —4 -3 - ¢ |[>whichisrow equivalent
—4 1 -3 0
1 0 1 0 -1
o o 1 1 o0 |- Hence x; = —x3 and x = —x3. Taking x3 = 1 yields y3 = -1 |e?.
1
0 0 0 0
-1 -1
Hence y = c; e 3 4 —4 et +es| -1 |e*.
1 1
10.4.10. 1 —1 —A —2 = —(A = 1)(A + 2)(A — 2). The eigenvectors associated with
-1 -1 —-1-2A
2 5 8 :0
with A; = 1 satisfy the system with augmented matrix 1 =2 —2 +: ¢ |[>whichisrow equiv-
-1 -1 =2 0
2
1 0 3% 0
alent to 0 1 % o | Hence x; = §x3 and x, = §x3 Taking x3 = 3 yields y; =
00 O 0
-2
—4 |e'. The eigenvectors associated with with A, = —2 satisfy the system with augmented ma-
3
5 5 8 :0 1 1.0 :0
trix 1 1 —2 : ¢ |[> which is row equivalentto [ o o | : ¢ |- Hence x; = —x»
-1 -1 1 :0 000 :0
and x3 = 0. Taking x, = 1 yields y» = 1 |e™2'. The eigenvectors associated with with

0
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1 5 8 :0

A3 = 2 satisfy the system with augmented matrix 1 =3 —2 +: ¢ |[>whichisrow equivalentto

7
4 =7
0 1 % o | Hence x; = —%x3 and xp, = —%x3. Taking x3 = 4 yields y3 = -5 |e?.
4
0 0 O 0
-2 -1 =7
Hencey=c; | —4 |e' +c; 1 [e™ 45| =5 | €.
3 4
4—7 -1 —4
10.4.12. 4 —3-2A -2 = —(A = 3)(A + 2)(A + 1). The eigenvectors associated with
1 -1 —1-2A
1 -1 -4 : 0
A1 = 3 satisfy the system with augmented matrix | 4 _g _o ! ( |, which is row equiva-

1 =1 —4 : 0

lent to 0 1 —7 + ¢ |- Hence x; = llx3 and x = 7x3. Taking x3 = 1 yields y; =

11
7 |e3. The eigenvectors associated with A, = —2 satisfy the system with augmented matrix
1
6 -1 —4 : 0 1 0 -1 : 0
4 —1 -2 : ¢ |>whichisrowequivalentto| o | _p : ( |.Hencex; =x3andx; =
1 -1 1 : 0 00 0 :0
1
2x3. Taking x3 = 1 yieldsy, = | 2 |e 2. The eigenvectors associated with A3 = —1 satisfy the sys-
1
5 -1 -4 : 0 1 0 -1 :0
tem with augmented matrix [ 4 _» _» : ( |,whichisrowequivalentto| o |1 _1 : o
1 -1 0 :0 00 0:0
1 11
Hence x; = x3 and x, = x3. Taking x3 = 1 yieldsys = 1 |e . Hencey = ¢; 7 |3 + Cco
1 1
3—-1 2 -2
10.4.14. -2 T-2A -2 = —(A + 5)(A — 5)%. The eigenvectors associated with A; =

—10 10 —-5-2A
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8§ 2 -2 : 0

—5 satisfy the system with augmented matrix 2 12 —2 : o |> which is row equivalent to

-10 10 0 : 0

1 1
o | Hence x; = §x3 and x, = §x3. Taking x3 = 5 yieldsy; = 1 [e™>'. The

|
)
&}

|
S}
o

eigenvectors associated with A, = 5 satisfy the system with augmented matrix 2 2 0
—-10 10 -10 0
1 -1 1 :0
which is row equivalent to 0 oo : o | Hence x; = x» — x3. Taking x, = O and x3 =
0 00 :0
-1 1
1 yields y, = 0 |e>. Taking x = 1 and x3 = O yieldsys = | 1 |e>. Hencey =
1 0
1 -1 1
il 1 e +e, 0 [e+ce3| 1 |e.
5 1 0
—7—A 4

10.4.16. ‘

—6 7—A —6 2

$0 X1 = % Taking x» = 3 yields y; = [ ; :|eS’. Eigenvectors associated with A, = 5 satisfy
2 4 [x ] [0 2
-6 12 X2 o 1
T T s 27 s, T2 1 27 [2
solutlonlsy—cll:3:|e +cz|: 1 :|e . Now y(0) = _4 = C1 3 +cy 1 1= 24 b

so ¢; = —2 and ¢, = 2. Therefore, y = —[ é :|eS’ +[ ; :|e_5’.

, 80 X1 = 2x5. Taking x, = 1 yields y, = e The general

(=)

10.4.18. 21211 _1_513 = (A — 9)(X + 3). Eigenvectors associated with A; = 9 satisfy
12 —12 x| _| O i _ . _ . _ 1 | o .
[ 24 o4 :| [ X :| = [ 0 _, so x;1 = xp. Taking x, = 1 yields y; = 1 :|e . Eigenvec-
. . . [ 24 —12 x1 | _ _ . _ .
tors associated with A, = —3 i 2w —12 :| [ w |=lol SO X1 = Exz. Taking x, = 2 yields

y2 = [ ; :|e_3’. The general solutionisy = cl[ i :|69' + czl: ; :|e_3’. Now y(0) = [ g :| =

cl[ i :|+C2|: é :| = [ g :|,soc1 = 7 and ¢, = —2. Therefore, y = [ ; :|€9t—|: i e 3,

‘ = (A—=5)(A+5). Eigenvectors associated with A1 = SSatisfy[ —12 4 :| [ il :|
2

o)
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1_ 1 0
6 3
10.4.20 % —é -1 0 = —(A + 1/2)(A — 1/2)2. The eigenvectors associated with with
1
0 0 53— A
2 1 o:o0
A1 = —1/2 satisfy the system with augmented matrix | 2 1 0o 0 | which is row equivalent to
3 3 :
0 0 1 0
[ 1 :
I 5 0 :0 -1
. _ X2 _ . _ . _ —t/2
001 : o0l Hence x; = 5 and x3 = 0. Taking x, = 2 yieldsy; = 2 e .
0
L0 00 : 0
The eigenvectors associated with with A, = A3 = 1/2 satisfy the system with augmented matrix
[ 1 1 : .
-1 0 :0 1 -1 0 : 0
% _ % 0 0 | which is row equivalent to 0 0 0 : ¢ |- Hence x; = xp and
L 0 00 :0 0 00 : 0
1
X3 is arbitrary. Taking x = 1 and x3 = O yieldsy, = | 1 e'?, Taking x, = 0 and x3 = 1 yields
0
0 -1 1 0
y3 = 0 |e!/2. The general solutionis'y = ¢; 2 e_'/2+cz 1 e'/2+C3 0 |e'/2
1 0 0 1
4 [ —1 1 0 4
Nowy0)=| 7 | = 1 2 | +c| 1 [4+¢e3] O 2 =17 ,s0c¢1 = 1,¢c2 = 5, and
1 . 0 0 1 1
-1 5 0
c3 = 1. Hencey = 2 [e24 | 5 |24 ] 0 |2
0 | 0 1
6—1 =3 -8
10.4.22. 2 1-4 -2 = —(A — DA + 2)(A — 3). The eigenvectors associated with
3 -3 —5-2

5 -3 -8 : 0

A1 = 1 satisfy the system with augmented matrix [ » (o _5 : ¢ [, whichisrow equivalent to

3 =3 =6 : 0

1 0 -1 0

0 1 1 * o | Hencex; = x3and xp = —x3. Taking x3 = yields y; = —1 |e'. The
1

00 O

8§ -3 -8

0
eigenvectors associated with A, = —2 satisfy the system with augmented matrix | 5 3 -2 0 |
0

3 -3 3
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1 0 —1 0
which is row equivalentto | o 0 : o |- Hencex; = x3andx, = 0. Taking x3 = 1 yields
00 O 0
1
y2=1 0 e™?!. The eigenvectors associated with A3 = 3 satisfy the system with augmented matrix
1
3 -3 8 :0 1 -1 0 : 0
2 —2 —2 + ¢ |,whichisrow equivalentto [ 0 1 o0 |- Hence x; = x5 and x3 =
3 -3 8 :0 0 0
1 1
0. Taking x, = 1 yieldsys = | 1 . The general solutionisy = c;| —1 |e' +c2| 0 [e72 +
0 1 1
1 0 1 1
c3| 1 |e. Now y(0) = 1 =c1| -1 | +c +c3f 1 = —1 socy =2
1 1 0 —1
2 3 1
¢» = —3,and c¢3 = 1. Therefore,y = | —2 |e'—| 0 e 24| 1
2 3 ] 0
3—-1 0 1
10.4.24. 11 -2-2 7 = —(A = 2)(A + 2)(A — 4). The eigenvectors associated with
1 0 3—A4
1 01 :0
with A1 = 2 satisfy the system with augmented matrix | 11 _4 7 : ( |, which is row equiv-
1 01 :0
1 01 :0
alent to 0 1 1 : o |- Hence x; = —x3and x = —x3. Taking x3 = 1 yields y; =
000 :0
-1
—1 |e?'. The eigenvectors associated with with A, = —2 satisfy the system with augmented ma-
1
501 :0 1 00 :0
trix 11 0 7 - ¢ |> which is row equivalentto [ o o | : ¢ |- Hence x; = x3 =0
1 05 :0 L 00 0 : 0
0]
and x» is arbitrary. Taking x3 = 1 yields y, = 1 |e™?'. The eigenvectors associated with with
0
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A3 = 4 satisfy the system with augmented matrix 11 —6 7 + o |»which is row equivalent

1 0 -1 : 0

1 0 -1 0 1]
to| 9o 1 —3 - (o |- Hencex; = x3 and xo = 3x3. Taking x3 = 1 yieldsy; = 3 |e*.
1
00 O 0 -
[ —1 0 1 [ 2]
The general solutionisy = c¢;| —1 [e* +ca| 1 |[e2 +c3| 3 |e*. Nowy(0)=| 7 | =
|1 0 1 | 6 ]
—1 0 1 2
ci| —1 + co| 1 +c3| 3 = 7 |,s0c1 = 2,¢c; = —3,and c3 = 4. Hencey =
1 0 | 1 6
-2 0 [ 4
=2 | —| 3 e+ | 12 |e¥
2 0 | 4
3—-1 —1 0
10.4.26. 4 -2—-2 0 = —(A+1)(A—2)2. The eigenvectors associated with ; = —1 sat-
4 —4 2—AX
4 -1 0 : 0 1 0 -1
isfy the system with augmented matrix | 4 _1 (o : ¢ |,whichisrowequivalentto| o | _q
4 —4.3 :0 00 0
1
Hence x; = x3/4 and x, = x3. Taking x3 = 4 yields y; = 4 |e™. The eigenvectors associated
4
1 -1 0 :0
with with A, = A3 = 2 satisfy the system with augmented matrix | 4 _4 ¢ ! ( [, whichisrow
4 —4.0 : 0
1 -1 0 0
equivalent to 0 o0 : o0 | Hence x1 = x» and x3 is arbitrary. Taking x, = 1 and x3 = 0
0 00 0
1 0
yields y, = 1 |e?'. Taking x, = Oand x3 = 1yieldsy; = | O |e?". The general solution is
0 1
1] 1 0 7 1 1
y=c1| 4 |e"+ca| 1 [eX4c3] 0 [eX. Nowy(0)=| 10 | =c| 4 |+e| 1 |+
4 0 1 2 4
0 -7 1 6
cs|l 0 | =] 10 [,s0c; =1,c5=6,andc3 = —2. Hencey=| 4 |e™" + 6 |e?.
1 | 2 4 -2
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10.4.28. (a) If y(fp) = 0, then y is the solution of the initial value problem y’ = Ay, y(ty) = 0. Since

y = 0 is a solution of this problem, Theorem 10.2.1 implies the conclusion.

(b) It is given that | () = Ayi(¢) for all #. Replacing ¢ by ¢ — v shows that y| (t —7) = Ay:1(t — 1) =
Ay, () forall ¢. Since y,(¢) =y} (t — 1) by the chain rule, this implies that y/, (t) = Ay»(¢) for all ¢.
(©Ifz(t) = yi1(t — 1), thenz(t2) = y1(t1) = ya(t2); therefore z and y, are both solutions of the initial

value problemy’ = Ay, y(f2) = k, where k = y, (7).

10.4.42. The characteristic polynomial of A is p(1) = A2 — (a + b) + ab — ap, so the eigenvalues of

bh—
A are Aq uan

a+b+
fy, where y = /(a —b)? + 4af; x; = [ 26

b—a—vy
2p

Xy =

b—a+y

:| and

are associated eigenvectors. Since y > |b — a|, if L1 and L, are lines through

the origin parallel to x; and x;, then L; is in the first and third quadrants and L, is in the second and

2

b—a+y

fourth quadrants. The slope of L; is p =
() if aB

A1 > 0 and limy_, o, P(¢) = lim;00 Q(f) = oo (monotonically); (iii) if ®8 > ab, then A

> 0. If Qo

pPy there are three possibilities:

ab, then A; = 0 and P(t) = Py, Q(t) = Qo for all t > 0; (ii) if «f < ab, then

1 < 0and

limy o0 P(¢) = lim;00 Q(f) = O (monotonically). Now suppose Q¢ # pPo, so that the trajectory

cannot intersect L, and assume for the moment that (A) makes sense for all 1 > 0; that

is, even if

one or the other of P and Q is negative. Since A, > 0 it follows that either lim;_,, P(t) = o0 or
lim; 00 Q(f) = oo (or both), and the trajectory is asymptotically parallel to L,. Therefore,the trajectory
must cross into the third quadrant (so P(7") = 0 and Q(T') > 0 for some finite T) if Q¢ > pPo, or into

the fourth quadrant (so Q(7') = 0 and P(T) > 0 for some finite T') if Q¢ < pPy.

10.5 CONSTANT COEFFICIENT HOMOGENEOUS SYSTEMS II

—A —1
I -2-2

—1
—1

X1

10.5.2. ‘
X2

= (A+1)%. Hence A; = —1. Eigenvectors satisfy [ }

I

s0 x1 = x». Taking x, = 1 yields y;

1

1 =1 w1 _T1 ) B 1] T
[1 —1:||:u2:|__1 .Letul—landuz—O.Thenyz—l:O:|e +[1
lution is v — 1__,+ 1__,+ 1 tot
solutionis y = ¢; 1_e C2 O_e 1 e )
10.54.y = ‘ 3__lk 1i)k ‘ = (A—2)2. Hence A, = 2. Eigenvectors satisfy[ _} _} :| [

so x; = —Xx3. Taking x, = 1 yieldsy; = [ 1_

0
0

J-[v]

e, For a second solution we need a vector u such that

:|te_’ . The general

X1
X2

J=[5]

¢?'. For a second solution we need a vector u such that

11 up | [ -1 B _ 1 e -1
[_1 —1:||:u2:|_|:1 :|.Letu1——landuz—O.Thenyz—l:O e +_1 te”.
The general solutionisy = c; [ 1_1 :|62' + 2 ([ (;1 :|€2t + [ 1_1 :|l€2t).

-10-2 9 | _ 2 _ . . —6 9 x]_JO
10.5.6. ‘ 4 a3y ‘ = (A+4)”. Hence A; = —4. Eigenvectors satlsfy[ 4 6 :| | x :| = [ 0 :|,
SO X1 = %xz. Taking x, = 2 yieldsy; = 5 e~*. For a second solution we need a vector u such that

6 97wt ] _[3 . B [ =1 ]e™ 37 _a

[ 4 6 :||: 1y :|— [ 5 :|.Letu1 = —5and up = 0. Theny, = [ 0 :|T+ 5 te " . The
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. 3 4 -1 Je* 3 4
generalsolutlonlsyzcl[ 2 :|e_ "+ e ([ 0 :| 3 +[ 2 :|te_ ’).

A 2 1
10.5.8. —4 6—A 1 = —-A(A — 4)2. Hence Ay = O and A, = A3 = 4. The eigenvectors
0 4 2—A
021 :0
associated with A; = 0 satisfy the system with augmented matrix | _4 ¢ 1 : ( |, whichis
0 4 2 :0
1
I 0o 3 0 | |
row equivalentto | o 1 % o0 |- Hence x; = —§x3 and x, = —§x3. Taking x3 = 2 yields
0 0 O 0
-1
y1 = —1 |. The eigenvectors associated with A, = 4 satisfy the system with augmented matrix
2
-4 2 1 :0 1 0o -3 :0 |
4 2 1 : o |> which isrow equivalentto | o | _% o0 |- Hence x; = §x3 and
0 4 =2 :0 00 0 :0
1
Xy = §x3. Taking x3 = 2 yields y, = 1 |e*. For a third solution we need a vector u such
2
—4 2 1 Ui
that | —4 2 1 U, | = 1 |. The augmented matrix of this system is row equivalent to
0 4 -2 us 2
1
1 0 -5 0 | 0 4 1
o 1 -1 1 |.Letus =0,u; =0,and u; = =. Theny; = 1 |— + 1 |ze*. The
2 2 2
0 2
0 0 0 0
general solution is
-1 0 o4t 1
y=c1| =1 |4+ca| 1 [e* 4¢3 1 7+ 1 |ze*
2 2 0 2
—-1-1 1 -1
10.5.10. -2 —A 2 =—-A-2)1 + 2)%. Hence A; = 2and A, = A3 = —2. The

=3 1 -1

0
eigenvectors associated with A; = 2 satisfy the system with augmented matrix | _» _» 2 10
0

—1 3 =3
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1 0 O 0
which is row equivalentto | o 1 _1 : ¢ [- Hence x; = 0and x» = x3. Taking x3 = 1 yields
00 0:0
0
y1 = 1 |e?. The eigenvectors associated with A, = —2 satisfy the system with augmented ma-
11 -1 :0 1 0 -1:0
trix | _5 9 2 : ¢ |>whichisrow equivalentto | o 1 0 : o |- Hencex; = x3and
-1 3 1:0 00 0:0
1
x2 = 0. Taking x3 = 1 yields y» = 0 |e™2'. For a third solution we need a vector u such
1
1 1 -1 Uy 1
that | =2 2 2 uy | = | 0 |. The augmented matrix of this system is row equivalent to
-1 3 1 us 1
1
1 0 -1 5 | | o2t 1
0 1 0 - % .Letu3=0,u1:E,anduzzi.Theny3= 1 3 + (1) te 2
00 O 0
The general solution is
1 1 o2 1
y=ci| 1 |eX+c| 0 [e® 4¢3 1 +1 0 |re7*
2
1 1 1
6—21 =5 3
10.5.12. 2 —1-A 3 =—-A+2)A - 4)2. Hence A\; = —2 and A, = A3 = 4. The
2 1 1—A
8§ =5 3 0
eigenvectors associated with A1 = —2 satisfy the system with augmented matrix | , 1 3 -0 |
2 1 3 0
1 01 :0
which is row equivalent to 011 : 0 | Hence x; = —x3 and x, = —x3. Taking x3 = 1
000 :0
-1
yieldsy; = | —1 |[e™2. The eigenvectors associated with A, = 4 satisfy the system with augmented
1
2 =5 3 0 1 0 —1 0
matrix | o _5 3 . (o |, whichisrow equivalentto | o | _1 : (o |- Hence x; = x3
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and x, = x3. Taking x3 = 1 yields y, = 1 |e*. For a third solution we need a vector u such
1
2 =5 3 ul
that | 2 -5 3 Uy | = 1 |. The augmented matrix of this system is row equivalent to
2 1 =3 us3 1
10 -1 3 1
1 et a
0 1 —=1 0 |-Letus =0,uy = z,anduy =0. Theny; =| 0 |— + 1 |te™. The
2 0?2 1
00 O 0
-1 1 4t 1
L —2t 4t ¢ 4t
general solutionisy =cy| —1 |e " 4+c2| I |[e™ +c3 0 > + 1 1 |te
1 0 1
15-12 -9 | _ 2 o . 12 97 x]_[o
10.5.14. ‘ 16 _9_2 ‘ = (A—3)~. Hence A; = 3. Eigenvectors satlsfy[ 16 —12 :| | :| = [ 0 :|,
3 -
SO X1 = X2, Taking x, = 4 yieldsy; = [ i 3", For a second solution we need a vector u such
12 =9 [ w ]1_[3 1 3 e 137
that[ 16 _12:||: u2:|_|:4:|' Let u; = Zanduz—O. Then y, = I:O:|T+ _4 te.
The general solution is y = 34 [ ] ﬁ + 3 te3). Now y(0) = > =
g y=c1| 4 | €2 0 |3 4 |t ) yO) = | g
3 1 5 57 5 12
4 = = = — = t_ 3t
c1|:4:|+cz|:0 :| [8:|,soc1 2 and cy 4. Therefore, y [8:|e [16:|te .
—7—A 24 _ 5 _ . . —12 24 [ x1]_[O
10.5.16. ‘ —6 172 ‘ = (A=5)~. Hence A; = 5. Eigenvectors satlsfy[ 6 12 :| B :| = [ 0 :|,

2

s0 x; = 2x,. Taking x, = 1 yieldsy; = 1

[z (] =

—12 24

Uy
that[ 6 12

Uz

/ N L
1 N —

¢>!. For a second solution we need a vector u such

5t

and u, = 0. Thenyzzl:(l):|%+ 1

te>,

5t T
The general solution is y = ¢ 1 e+ (1) % +[ % :|l€5t). Now y(0) = [ ? :| =
2 1 3 ) 37 s 12
6 | = — — _ t_ 5t
cl[ 1 :|+cz|: 0 :| = [ 1 :|,soc1 = 1 and ¢, = 6. Therefore,y = [ 1 :|e [ 6 :|te .
—-1-2 1 0
10.5.18. 1 —1—-2 -2 =—QA-1DA+ 2)2.Hence A; = land A, = A3 = —2. The
-1 -1 —1-2A
-2 1 0 0
eigenvectors associated with A1 = 1 satisfy the system with augmented matrix 1 -2 -2 o0 |
-1 -1 =2 0
102 :0
4
which is row equivalent to 0 1 % 0 Hence x; = —§x3 and x, = —§x3. Taking
00 O 0
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x3 = 3 yields The eigenvectors associated with A, = —2 satisfy the system with augmented matrix
1 1 0 :0 1 1.0 :0
1 1 -2 0 |» which is row equivalentto [ o o | : ¢ |- Hence x; = —x; and
-1 -1 1 :0 000 :0
-1
x3 = 0. Taking x, = 1 yieldsy, = 1 |e™2'. For a third solution we need a vector u such
0
1 1 0 Uy -1
that 1 1 -2 Uy = 1 |. The augmented matrix of this system is row equiva-
-1 -1 1 U3 0
110 : -1 -1
lentto | o o 1 : —1 |- Letua =0,u; = —1,andus = —1. Theny; = 0 [e7? +
. -1
000 : O
-1 -2 -1 -1 -1
1 |te™%'. The general solutionisy = ¢;| —4 |e'+4ca 1 |e % 4¢3 0 e + 1 |te
0 3 0 —1 0
6 -2 —1 —1 6
Now y(0) = 5 =l 4 |+ 1 |+e3| 0 |= 5 [,s0c1 ==2,¢c0 =3,
=7 3 0 —1 -7
-1
and c3 = 1. Therefore, y = 8 |ef+| =3 e+ 1 |te 2.
—6 —1 0
-7—1 —4 4
10.5.20. -1 0—2A 1 =—-A+3)A - 1)?. Hence Ay = —3 and A, = A3 = 1. The
-9 -5 6—A
—4 —4 4 : 0
eigenvectors associated with A; = —3 satisfy the system with augmented matrix | _ 31 0 |
-9 -5 9 :0
1 0 —1 0
which is row equivalentto | o 0 : o |- Hencex; = x3andx, = 0. Taking x3 = 1 yields
00 O 0
1
yi=1| 0 e73'. The eigenvectors associated with A, = 1 satisfy the system with augmented ma-
1
-8 —4 4 :0 10 0:0
trix -1 -1 1 : o |> which is row equivalent to 0 1 -1 : o |- Hencexy =0

-9 -5 -5 : 0 00 0 :0
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0
and x, = x3. Taking x3 = 1 yields y, = 1 |e’. For a third solution we need a vector u such
-8 —4 4 Uy 0
that | —1 —1 1 Uy | = 1 |. The augmented matrix of this system is row equivalent to
-9 -5 5 us
1 0 0 : 1 1 0
01 =1 : —2 |- Letuz =0,u; = 1,anduy = —2. Theny; = -2 |e' + 1 |ze.
. 0 1
00 o0 : O
1 0 1 0
The general solutionisy = c;| 0 e 4| 1 [ef + c3 -2 le"+| 1 |te' Now
1 | 0 1
—6 1 0 [ 1 —6
y(0) = 9 = c1| 0 | +c2 1 +c3| =2 = 9 |,socit = —2,¢c, = 1, and
-1 1 | 0 —1
2 —4 0
= —4. Therefore, y = 0 |e 3 + 9 |ef—| 4 |te'.
2 1 4
4—7 - —4
10.5.22. -3 -1 —)L -3 =—-A+4HA - 8)%. Hence A\; = —4 and A, = A3 = 8. The
1 -1 9—-1
8 -8 —4 : 0
eigenvectors associated with A; = —4 satisfy the system with augmented matrix | _3 3 -3 0
1 -1 13 : 0
1 -1 0 :0
which is row equivalent to | () 0 1 : o | Hencex; = x;andx; = 0. Taking xo = 1 yields
0 00 :0
1
y1 = 1 |[e’. The eigenvectors associated with A, = 8 satisfy the system with augmented matrix
0
-4 -8 -4 : 0 1 01 :0
-3 -9 _—3 : ( |[|>whichisrow equivalentto [ o | o : ¢ |- Hence x; = —x3 and
1 -1 1 :0 000 :0
-1
x2 = 0. Taking x3 = 1 yields y» = 0 |e®. For a third solution we need a vector u such that
1
—4 -8 —4 Uy -1
-3 -9 3 Uz = 0 |. The augmented matrix of this system is row equivalent to

1 -1 1 U3 1
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1 1 3
0 (1) 0 - _i .Letus =0, u; = é,anduzz—l.Theny3= —1 e—8t+ _(1) ted,
: 4 4 4 4 1
0 0 0 0
1 —1 8t -1
The general solutionisc;| 1 |e’ +cs 0 €8 +c3 1 |& + 0 [7e% ]|. Now y(0) =
0 1 4 1
—4 1 -1 3 —4
1 =c| 1 +cz|: 0 [ +c3 —% = 1 |,s0oc; = —1,cp = =3, and ¢c3 = —8.
-3 0 1 0 -3
1 -3 8
Therefore, y = 1 e + 2 |e¥ + 0 |ted
0 -3 -8

1 -1 1 :0 10 0 :0
with augmented matrix _1 3 -3 - 0 | which is row equivalent to 01 =1 - 0
-2 2 -2 10 00 0 :0
0
Hence x; = 0 and x, = x3. Taking x3 = 1 yieldsy; = 1 |e®. For a second solution we need a
1 -1 1 U 0
vector u such that | —1 3 3 uy | = | 1 |. The augmented matrix of this system is row
-2 2 =2 us
1o o0 : -1 _
. 4 1 1 et
equivalentto | o 1 _1 1 |.Letus =0,u; = —-,andup = —. Theny, = 1 [—+
1 4 4 4
0 0 0 0
1
0 1 -1 1 V1 T4
1 |£e®. For a third solution we need a vector v such that | —1 3 =3 vy = %
-2 2 =2 v3 0
0 0 x |
The augmented matrix of this system is row equivalent to 1 =1 % .Letvy =0,v1 = 3’
0

0
0 O
1 L | et t2 6t
and v, = 3 Then y3 = 1 |— + . The general solutionisy =
0
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-1 ] o6t
c1| 1 |e® +¢, 1 | — 4| 1 [zre®
1 o4 1
Lt et =1 6t 0 | 2,6t
o8 0 1
—-6—2A —4 —4
10.5.26. 2 -1-2 1 = —(A+2)3. Hence A; = —2. The eigenvectors satisfy the sys-
2 3 1-A4
—4 —4 —4 0 1 00 :0
tem with augmented matrix 2 1 1 : o |>whichisrowequivalentto| ¢ | 1 : o
2 3 3 :0 000 :0
Hence x; = 0 and x, = —x3. Taking x3 = lyieldsy; = | —1 e~2". For a second solution we need a
—4 —4 —4 Ui 0
vector u such that 2 1 1 uy | =| —1 |. Theaugmented matrix of this system is row
2 3 3 Uus 1
100 : -1 —1
equivalentto | o 1 1 1 |- Letus =0,u; = —1,and us = 1. Theny, = 1 |e™? +
. 0
0 0 0 : 0
0] —4 —4 —4 vy
—1 |[te™?. For a third solution we need a vector v such that 2 1 1 vy =
B i 2 3 3 U3
- 1 00 3
. The augmented matrix of this system is row equivalentto | ¢ 1 | _% .Letvs =0,
0 )
B - 0 0 0 : 0
3 ¢ -1 0 2,-2t
3 1 t
vy = —,and vy = ——. Theny; = [ -2 ¢ + 1 [te™ 4+ | -1 ¢ . The general
4 2 0 4 1 2
] -1 0
solutionisy =c¢; | —1 e 2 4 ¢, 1 e 4| =1 |te™?
1 0 1
3 —2t -1 2 -2t
t
v || =2 | & |1 e ] ez
0 0 1
—-2—-A —12 10

10.5.28. 2 —24—-1 11 = —(A + 6)>. Hence A; = —6. The eigenvectors satisfy the
2 —24 8-A



4 -12 10 : 0 10 1 :0
system with augmented matrix | » _1g 11 : ¢ |,whichisrowequivalentto| ¢ 1 _%
2 -24 14 : 0 00 0 :0
X -2
Hence x;1 = —x3 and xp, = ?3 Taking x3 = 2 yields y; = 1 |e . For a second solu-
2
4 —12 10 Uy -2
tion we need a vector u such that 2 —18 11 Uz = 1 |. The augmented matrix
24 14 us3
-1
of this system is row equivalent to 0 % é Let us3 = 0, u;y = —1, and u, =
0 0
6]
Theny, = —| 1 . For a third solution we need a vector v such that
0
4 —12 10 vy —1
2 —-18 11 U2 = é . The augmented matrix of this system is row equivalent to
| 2 24 14 V3 | 0
1 -
1 0 1 -3 | 12 o6t
1o 1 |. Let =0, = ——,and v, = — Th = — 1 —
O 1 -5 —36 €l U3 U1 3 and vy en ys O 36
| 0 0 0 : 0 N
[ 6 —6t =2 | 2, -6 =2 6 ] e
t t
1 ¢ + 1 ¢ . The general solutionisy = ¢ 1 {e S +e|—| 1 ¢ +
6 6
| 0 2 0 |
. 12 ] -6 ? =6t . —% (2061
c3| — -
36 0 6 5 2
—4 -2 0 —1
10.5.30. -1 —3-2A -1 = —(A+3)3. Hence A; = 3. The eigenvectors satisfy the sys-
1 0 —2—-2A
-1 0 -1 : 0 101 :0
tem with augmented matrix [ _; o _—1 : ( |[,whichisrowequivalentto| o ¢ o ' o
10 1:0 000 :0
-1
Hence x; = —x3 and x; is arbitrary. Taking x, = Oand x3 = 1 yieldsy; = 0 |e 3. Taking x, =
1
0
land x3 = Oyieldsy, = | 1 |e~3. Fora third solution we need constants  and 8 and a vector u such

0
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N =

te
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-1 0 -1 Uy —1 0
that | —1 0 -1 U | =« 0 | +B8| 1 |.Theaugmented matrix of this system is row
1 0 1 U3 1 0
1 01 o
equivalentto | o o o a+p | hence the system has a solution if « = —f = 1, which yields
0 0 0 0
-1 1
the eigenvector x3 = | —1 |. Takingu; = 1 and u, = u3 = 0 yields the solutiony; = | 0 e 34
1 0
-1 —1 0 1
—1 |[te™3. The general solutionisy = ¢y 0 e +er| 1 |e ¥ +es 0 |e 3+
1 1 0 0
—3-2A —1 0
10.5.32. 1 —1-2A 0 = —(A 4+ 2)3. Hence A; = —2. The eigenvectors satisfy the
-1 -1 —2—-2A
-1 -1 0 : 0 1 1.0 :0

system with augmented matrix

1 1 0 : o |>whichisrowequivalentto| o ¢ ¢ : o0

-1 -1 0 : 0 000 :0
Hence x; = —x» and x3 is arbitrary. Taking x, = 1 and x3 = O yieldsy; = 1 |e™2, Taking x, =
0
0
Oand x3 = 1yieldsy, = | 0 |e~2. Fora thirdsolution we need constants & and B and a vector u such
1
—1 -1 0 Uy —1 0
that 1 0 U | =« 1 | +B8| O |.Theaugmented matrix of this system is row
—1 -1 0 U3 0 1
1 10 o
equivalentto | o o o a+p | hence the system has a solution if « = —f = 1, which yields
0 0 0 : 0
-1 1
the eigenvector x3 = 1 |. Takingu; = 1and u; = u3 = 0yields the solutiony; = | 0 e 2 4
—1 0
-1 —1 0 1
1 |ze7%. The general solutionisy = ¢ 1 e 2 4c| 0 |e® 4¢3 0 |e? +
-1 0 1 0
10.5.34
Vs —Ays = (M1 — AyveM! + (A1 — Ayute*'’ + uett!

2 A1t

t
+(A1 1 — A)x + xtet!!

A

= —ueM! —xret!

+ue*t + 0+ xteM’ = 0.

te

te

-3t

—2t
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Now suppose that c1y; + c2y2 + c3y3 = 0. Then
(2
¢1X + ca(u + tx) + ¢3 (V + tu + ?x) =0. (A)

Differentiating this twice yields c3x = 0, so ¢3 = 0 since x # 0. Therefore,(A) reduces to (B) ¢1x +
c2(u + tx) = 0. Differentiating this yields ¢c;x = 0, so ¢; = 0 since x # 0. Therefore,(B) reduces to
¢3x = 0,50 ¢c; = 0 since x # 0. Therefore,y;, y2, and y3 are linearly independendent.

10.6 CONSTANT COEFFICIENT HOMOGENEOUS SYSTEMS III

10.6.2. ‘ _1_1ng 9jk ‘ = (A + 1)2 + 4. The augmented matrix of (4 — (=1 +2i)I)x = 0
10— : —=5+i
10 =2 4 - 0 , which is row equivalent to ! 13- . Therefore,x; =
—26 10-2i : O 0 0 00
(5 —i)x2/13. Taking x» = 13 yields the eigenvector x = 51_31 . Taking real and imaginary parts of

e (cos 2t + i sin2t)) [ 51_31 :| yields

4| 5c082t +sin2t + et 5sin2t — cos 2t
y=cae 13 cos 21 c2¢ 13 sin 2

5—-A —6

10.6.4.‘ 2

‘ = (A —2)% + 9. Hence, A = 2 + 3i is an eigenvalue of A. The associated

3-3i —6
3 -3-3i

eigenvectors satisfy (A — (2 + 3i) 1) x = 0. The augmented matrix of this system is

which is row equivalent to bo=t=i 0 . Therefore,x; = (1 4+ i)x,. Taking x, = 1 yields
0 0 0
1+

x1=1+i,sox=[ 1

:| is an eigenvector. Taking real and imaginary parts of e?(cos 3t +

141

i sin31) [ 1 :| yields y = ¢1e? [ cos 3¢ — sin 3¢ :| 4 epe? [ sin3f + cos 3t :|

cos 3t sin 3¢
-3-2A 3 1
10.6.6. 1 —-5-12 =3 =—-QA+1 (()L +2)2 + 4). The augmented matrix of (4 +
-3 7 3-1

-2 3 1 :0 1 01 :0
Ix =0is 1 —4 -3 - ¢ |[>whichisrowequivalentto| ¢ | 1 : ¢ |- Therefore,x; =

-3 7 4 :0 000 :0

-1

Xy = —x3. Taking x3 = 1yieldsy; = | —1 |e™". The augmented matrix of (4 — (=2 +2i)I)x =0

1
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0
o0 |- Therefore,x; =
0

—1-2i 3 10 1o -4
is 1 32 -3 . o |>whichisrowequivalentto | o 1 1%1
-3 7 5-2i : 0 00 0 :
(+1) =i oo . | L
x3and xp, = — 3 x3. Taking x3 = 2 yields the eigenvector x, = | —14i |. The real
2
1+ cos 2t — sin2t
and imaginary parts of e 2!(cos2¢ +isin2t) | —1+4+i |arey, = e 2| —cos2t—sin2¢ | and
2 2cos2t
sin2¢ + cos 2t
y3 = e 2| —sin2t + cos2t |. Therefore,
2sin2t
-1 cos 2t — sin 2t sin2¢ + cos 2t
y=ci| =1 |e? +cpe | —cos2t—sin2t |+ cze 2| —sin2t + cos2t
1 2cos2t 2sin2t
-3-2A 1 -3
10.6.8. 4 —-1-2 2 =—-(A-1) (()L +1)2 + 4). The augmented matrix of (A—1)x = 0
4 -2 3—-14
-4 1 =3 10 101 :0
is 4 -2 2 : ¢ |>whichisrowequivalentto [ o | 1 : ¢ |- Therefore,x; = xp =
4 -2 2 : 0 000 :0
-1
—x3. Taking x3 = 1 yieldsy; = | —1 |e’. The augmented matrix of (4 — (—1 4+ 2i)I)x = 0 is
1
-2-2i 1 =3 0 1o L o
4 —2i 2 © o |>whichisrowequivalentto | o | _1 : ¢ |[.Therefore,x; =
4 -2 4-2i 10 00 0 : 0
| —i —1+i ]
— x3 and x, = x3. Taking x3 = 2 yields the eigenvector x, = 2 . The real and
2
—141i —sin2t — cos 2¢
imaginary parts of e *(cos 2t + i sin2t) 2 arey, = e’ 2 cos 2t and y3 =
2 2cos2t
cos2t — sin 2t
et 2sin 2t . Therefore,
2sin2t
-1 —sin2t — cos 2t cos2t — sin2t
y=rc1 1 e 4+ cpe? 2 cos 2t + cze”? 2sin2¢

1 2cos 2t 2sin 2t
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10.6.10. - ‘ 7 _23A 5 :531 = (A —2)? 4+ 1. The augmented matrix of (4 — (2 +i)I)x = 0 is
1 —3i - : _ 1430
g =3 > -0 , which is row equivalent to ! 2 . Therefore,x; =
2 —-1-3i 0 0 0 :0
1+ 3i . . . 14 3i . . .
7 x2. Taking x, = 2 yields the eigenvector x = 5 . Taking real and imaginary parts of

e?(cost +1i sint) [ ! -;31 :| yields

2| cost —3sint 2¢ | sint 4 3cost
=cie cre . .
y ! [ 2cost T 2sint

10.6.12. ‘ 3i2_()k _3(5)2_ 3 ‘ = (A —2)? 4 16. The augmented matrix of (A — (2 +4i)I)x = 0

— 4 : 8+i
32 -4 52 - 0 , which is row equivalent to ! 5 - 0 . Therefore,x; =
20 —32—4i : 0 0 0 0
84 e
—( + l)xz. Taking x, = 5 yields the eigenvector x = 85 !
sin4t — 8 cos 4t 4 2| —cosdt — 8sin4dt
5cos 4t c2€ 5sin4t ’

. Taking real and imaginary parts of

8

e?!(cos 4t +i sin4t) [ B 5_l :| yieldsy = ¢ e?! [

3—-12 -4 -2
10.6.14. =5 T-2A -8 = -1 +2 (()L -2)2 + 9). The augmented matrix of (4 +
—10 13 -8-2A

5 -4 =2 : 0 1 0 -2 :0
21)x = 0is 5 9 _8 - ( [|-whichisrowequivalentto| o | _» : ( |.Therefore,x; =

-10 13 -6 : 0 00 0 :0

Xy = 2x3. Taking x3 = 1 yieldsy; = | 2 |e~2!. The augmented matrix of (4 — (2 4+ 3i)I)x = 0 is

1-3i —4 -2 S0 1 0 1—i : 0

-5 5_3; -8 : o |>whichisrowequivalentto | o | _; : ( |. Therefore,x; =

-10 13 —10-3i : 0 | 00 0 :0
—1+i
—(1 —i)x3 and x, = ix3. Taking x3 = 1 yields the eigenvector x, = I . The real
1

-1+ —cos 3t — sin 3¢
and imaginary parts of e!(cos 3¢ + i sin3t) i are y, = e?! —sin3¢ and

1 cos 3¢
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—sin 3¢ + cos 3t

y3 = cze? cos 3¢ . Therefore,
sin 3¢
2 —cos 3t —sin 3¢ —sin 3¢ + cos 3¢
y=c1| 2 |e 2 4 cre? —sin 3¢ + c3e? cos 3¢
1 cos 3t sin 3¢
1-A 2 -2
10.6.16. 0 2—4 -1 |=-(A=-2) (()L - 1)+ 1). The augmented matrix of (4 — I)x =0
1 0 A
0o 2 =2 0 1 0 -1 0
is| o0 1 -1 0 |> whichisrow equivalentto [ o | _1 : ( |[. Therefore,x; = xo = 1.
1 0 —1 0 00 0 :0
1 —i 2 -2
Taking x3 = lyieldsy; = | 1 |e’. Theaugmented matrixof (A —(14+i)I)x=0is| ¢ 1_; _1
1
1 0 —1—1i
1 0 —1—1 0 .
L . o . (1+1)
which is row equivalentto | _1% : o |- Therefore,x; = (1 +i)x3and x, = 2 X3.
0 0 0 .0
2+ 2i
Taking x3 = 2 yields the eigenvector X, = 1+i |. The real and imaginary parts of e*/(cos ¢ +
2
24 2i 2cost — 2sint 2sint + 2cost
isint) 141 arey, = e’ cost —sint and y3 = c3e’ cost + sint . Therefore,
2 2cost 2sint
1] 2cost —2sint 2sint + 2cost
y=c1| 1 |e +cze’ cost —sint + c3e’ cost + sint
1] 2cost 2sint
7—A 15 2 . .
10.6.18. 3 12l = (A — 4)* 4+ 36. The augmented matrix of (A —(4+6i)I)x = 0
is 3 -6 15 - 0 , which is row equivalent to Lo1+2i 20 . Therefore,x; =
-3 —3—-6i : O 0 0 . 0
—(142i)x,. Taking x, = 1 yields the eigenvector x = -1 1_ 2i . Taking real and imaginary parts of
—1-2i 2sin 6t — cos 6t —2cos 6t — sin 6¢
4t s : _ 4t 4t
e*'(cos 6¢+1i sin 6¢) | yieldsy = ce cos 61 :| + cze [ sin 61 :|

|3 -1 =2 ¢ | _ |3 _ _ _ 4r| 5cos6f + 5sin6f
NOWY(O)_[l}i[ 1 o}[cz}_[l}’socl_”z_ Sandy =€\ 6t —3sin6r |
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- - 1\*> 1 1+i
10.6.20. ‘ 4- 64 2 ‘ = ()L - —) + 7 The augmented matrix of (A - ;ll)x =0

1
6 5 2 — 61 2

=3 -2 + 0 , which is row equivalent to ! _% -0
5 —1-3i : 0 0 0 :0
1+ 3i
5
14 3i 5| cost/2—3sint/2 :|+cze'/2|: sint/2+ 3cost/2 :|
5 5cost/2 5sint/2 '

|1 13 cp | _ |1 R i cos(t/2) + sin(t/2)
Nowy(0) = [ -1 }: [ 5.0 M & } N [ -1 }’S"“ =Type=gady=e /2[ —cos(t/2) + 2sin(t/2) }

1
is 3 . Therefore,x; =
1+3i

x2. Taking x, = 5 yields the eigenvector x = [ :| Taking real and imaginary parts of

e'/?(cost/2+isint/2) :| yieldsy = cje’/

4—)% 4 0
10.6.22. 8 10—-A =20 = —(A —8)((A —2)* +4). The augmented matrix of (4 —
2 3 -2—-2
04 0:0 10 -2 :0

8)x=0is| ¢ ¢ _20 : ¢ |[>whichisrowequivalentto| o 1 _p : ( |[.Therefore,x; =

23 -6 :0 00 0 :0
2
Xy = 2x3. Taking x3 = 2 yieldsy; = | 2 |e3. The augmented matrix of (4 — (2 +2i)I)x = 0 is
1
2-2i 4 0 S0 1 0 —2+2i : 0
3 8 —2i -20 © 0 |>whichisrowequivalentto | —2i © 0 |- Therefore,x; =
2 3 —4-2i 10 0 0 0 S0
2—2i
(2 — 2i)x3 and x, = 2ix3. Taking x3 = 1 yields the eigenvector x, = 2i . The real and
1
2—2i 2cos2t + 2sin 2t
imaginary parts of e?!(cos 2t + i sin2t) 2i are y, = e?! —2sin2¢ and y3 =
1 2cos2t
2sin2t + 2 cos 2t 2 2cos2t + 2sin2¢
e? 2 cos 2t , so the general solutionisy = ¢y | 2 | e¥4cpe?’ —2sin2t +
sin 2¢ 1 2cos2t
2sin2t + 2 cos 2t 8 2 2 =2 c1
cze?t 2 cos 2t .Nowy0)=| 6 |=| 2 0 2 ca | =] 6 |,s0c; =2,
sin 2t 5 1 1 0 c3 5

4 cos2t + 8sin2t
c;=3,c3=1andy=| 4 [e3 +¢ —65sin2t + 2 cos 2t
2 3cos2t + sin2t

2t

4—)1 —4 4
10.6.24. | —10 3—-1 15 = —(A — 8)(A% + 16). The augmented matrix of (4 — 8/)x = 0 is
2 -3 1-2A
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—4 —4 4 10 1 0 =2 :0
10 =5 15 + ( |[> which isrow equivalentto | o 1 1 + o |- Therefore,x; = 2x3
2 -3 -7 : 0 00 0 :0
2
and x, = —x3. Taking x3 = 1 yieldsy; = | —1 |e®. The augmented matrix of (4 —4il)x = 0 is
4—4i —4 4 0 1 0 —1+4+i : 0
10 3—4i 15 © 0 |, whichisrowequivalentto | o 1 _1 +2i 0 |- Therefore,x; =
2 -3 1—-4i 1 0 0 0 0 © 0
1—i
(1 —i)x3 and x, = (1 — 2i)x3. Taking x3 = 1 yields the eigenvector x, = 1—-2i |. The
1
1—1i cos 4t + sin 4¢
real and imaginary parts of (cos4¢ + isin4t) | 1—2i | arey, = | cos4t+ 2sin4t | andy; =
1 cos 4t
sin 4t — cos 4¢ 2 [ cos4t + sin 4t
sin4t —2cos4t |, so the general solutionisy = ¢; | —1 e® + ¢, | cos4t + 2sin4t +
sin 4¢ 1 i cos 4t
sin4t — cos 4t 16 2 1 -1 1 16
c3 | sindt —2cos4t |. Nowy(0) = 4 |=| -1 1 =2 c | = 14 |,soc; =3,
sin 4t 6 1 1 0 c3 | 6
10cos 4t — 4sin4t
¢ =3,c3=—-7,andy=| -3 ed + 17 cos 4t — sin4t
3 3cos4t — 7sin4t

10.6.28. (a) From the quadratic formula the roots are

lull? = V2]l + V/([ull> = [v2])? + 4(u, v)?
2(u, V)

lull? = [Iv2[| = v/(Jul> = [v2])? + 4(u, v)?
2(u, V) ’

ki =

ky =

Clearly k; > 0 and k, < 0. Moreover,

_ (l® = 1v21* = [l = 1v2[D? + 4w, v)?]

kik
"2 4(u, v)2

=—1.

(b) Since ky = —1/k;q,

1 1 1
“52) = u—kyv=u+ EV: E(V+k1u)= HVI

1 1 1
vy = V+kzll=V—Ell=—E(u—klv):_k_ul )
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10630, | oA 10 22425, The augmented matrix of (A—5i)x = 0 is —15 =i 10
=25 15-A '
=25 15— 5i
c . =34 L (3 —1) ] .
which is row equivalent to 5 . Therefore,y = ~——=x2. Taking x2 = 5 yields the
0 0 : 0

eigenvector X = [ 3 ;l :|, sou = [ g :| andv = [ (;1 :| The quadratic equation is —3k2—33k+3 =

. . . . . 5257 —.8507
0, with positive root k & .0902. Routine calculations yield U [ 8507 :|, Vx~ [ 5257 :|

10.6.32. —-A =B = A2+436. The augmented matrix of (A—6i1)x = 0 is 3=60 =I5
3 3—-1
3 3—6i
- . 1 1-2i : 0 , .
which is row equivalent to . Therefore,x; = —(1 — 2i)x,. Taking x, = 1
0 0 00
yields the eigenvector x = [ -1 ?—21 :|, u = [ 1_1 :| and v = [ 3 :| The quadratic equation is

—2k? + 2k + 2 = 0, with positive root k &~ 1.6180. Routine calculations yield U ~ [ 2208

2298
v~ [ 9732 }

—.9732 :|

10.6.34.

‘ S-A o —I2 = (A + 1)2 + 36. The augmented matrix of (4 — (—1 + 6i)I)x = 0

6 —7—A
is 6 -6 -12 -0 , which is row equivalent to L -+ =0
6 —6-6i : 0 0 0 D0

. Therefore,x; =

1 0
The quadratic equation is k> — k — 1 = 0, with positive root k &~ 1.6180. Routine calculations yield

U ~ [ —.5257 :|,V% [ .8507 :|

(1 4+ i)x,. Taking x, = 1 yields the eigenvector x = [ THi :|, sou = [ } :| and v = [ ! :|

.8507 5257
—4—A 9 5 . .
10.6.36. _s | T (A 4+ 1)* + 36. The augmented matrix of (4 — (—1 + 6i)I)x = 0
—3—6i : _3-6i
is 3-6i 9 - 0 , which is row equivalent to ! 5 - 0 . Therefore,x; =
-5  3—6i : 0 0 0 0
3—6i

5 x2. Taking x, = 5 yields the eigenvector x = [ 3 _56l :|, sou = [ g :| andv = [ (;6 :| The

quadratic equation is —18k? + 2k + 18 = 0, with positive root k &~ 1.0571. Routine calculations yield

8817 — 4719
U~ [ 4719 }’Vw [ 8817 }

—-1-2A =5

10.6.38.‘ o 1o

‘ = (A + 1)2 + 100. The augmented matrix of (4 — (—1 + 10i)I)x = 0
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_ . _ . _L
o 10i 5 0 , which is row equivalent to 2 . Therefore,x; = %xz.
20 —10i 0 00 0
Taking x, = 2 yields the eigenvector x = [ 12 :| sou = g :| and v = [ (1) :| Since (u,v) = 0 we

Vv=lo)

just normalize u and v to obtain U = [

10.6.40. _11_2)L 5 E 3| = (A + 1)2 4 36. The augmented matrix of (4 — (=1 + 6i)I)x =
—6— 6] . _1-i
is 661 6 - 0 , which is row equivalent to ! 2 . Therefore,x; =
—12 6 — 6i 0 0 0 0
1 1—1i

1 -1
:|,sou=|:2:|andV=|:O :|.The

.2361. Routine calculations yield

; : x2. Taking x, = 2 yields the eigenvector x = [ 5

quadratic equation is —k? — 4k 4+ 1 = 0, with positive root k ~
U~ [ 5257 :| V ~ [ —.8507 :|

.8507 5257
10.7 VARIATION OF PARAMETERS FOR NONHOMOGENEOUS LINEAR SYSTEMS

—3e!  —e e L[ =2e8 —et [ 50e37 —20e*! —2¢72
e e u' = f= 51 € 3¢ || 10e73 | T | 10e% + e
et —5eH 13e3" 4 3e3
u= zeSt 6e—t ;yP_Yu: _e3t_1le—3t .
2t —t B —2t =2t 7T —2t —t
_ | —ett —e L y_le _ | € e 2 | 2e7 —2e .
10.74. Y = [ 2@2t e_t }’ v =Y'f= i _zet _et 1L _zet } - [ 2@2t _4et ’
[ et — e 5—3e¢!
u= et — 4¢! ¥p =Tu= 5e' —6 |
1076, ¥ — sint —cost |, o= Y-l = sinf cost 1 | | tcost+sint |
o | cost sint |’ - ~ | —cost sint t | | tsint —cost |’
u= [ tsine ] |t
~ | —tcost Yp = 0
e3t eZt | 36‘_3t —66‘_3t —36‘_3t 1
1078. Y = | —e3 0 —3e_’ su =Y U = — | 472 e 272 el | =
e 2 et 6 —e! 0 e’ e’
3e73 — 92 92t — e~ 3e’ + 4
Be ™! +4e7 |su=—| —l6e" —4e7* |;y,=Yu=—- 66[ N
o2t _ pt 12 2 _ppt 6
—e' ! te™! —9¢7! 0 9e~! e
10.7.10.Y = | e —e™' 3e'—te’ [;u = 3e’(3 2t) —6re’  9e! e
el et te™! 6e’ 0 e
0 0 2e!
e?(3-2t) |;u= X2 —1) |y, = u=— e!
2e2 e 2¢!
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. L[et et [ ¢ L[ e +1) L] = +2)
!/ 1 — = — N = = 5
107.12. o' = Y7'f = ZI[ ot _ez“tz} 2[ e'(1-1) }’“ 2[ e'e-n |

.t et —e (1 +2) ] _ 12
y”_Yu_E[e’ —e_’:||: e'2—1) :|__|:2t:|

1 2 —e! o2t 1T 262 — g3t 1 3e2t 4 o3t
! -1l _ — . — .
10.7.14. v =Y 'f = 3 —et 2 e_Zt } = 3 26‘_2t _ €3t aou = 9 —€3t _ 36‘_2t N
v 1 [ 2 et :| [ 3¢ 47 :| 1 [ 5e2t — 731 :|
Yp=1u= 2 t 3t -2t | = 3 3t -2t |-
9| e 2 —e”t —3e 9| e’ —5e
1 t  —e! 2 -1 t—e! 1] 27 412 7
I —1lg _ . I .
0716w =Y = | 7 } e = ,u—z[ 2 st |
Cyuc L[t 2t 2 | _1[te"t+2)+17 -2
Yp = FU=51 ot ¢ t2—-2et | T 2| tett-2)+134+2 |
—5¢ —4¢ —3t t —4¢ P
’ -1 1 N -2t ¢ —t ¢ ¢ 1 . —t 1 . —t
10.718. o =Y 'f = - | 2e —e -1 0 = —| 2e cu= —| —8e ;
3| —em2 207t 0 3| e P4
| eSt eZt 0 _e—4 | _3et
yp=Yu= o e 0 e —8e ! | = 1 1
e’ —1 -1 4e~t et
| —e72 teTt teTl 472 el 1 o2
10.7.20. v = Y7 If = N 1 —te! tet — 1 0 | =1 € |;u= 3 e |,
! 2 0 -2 e! 0 0
t —t
1 e e t 2t ¢ 2t +1
yszu=Y=4— el —e7t et e?! =Z— 2t —1
A 0 0 Tl oar 41

10.7.22. () If y, = Yu, theny), = Y'u+ Yu' = AYu+ Yu',s0 (E) y,, = Ay, + Yu'. However, from
the derivation of the method of variation of parameters in Section 9.4, Yu’ = f as defined in the solution
of (a). This and (E) imply the conclusion.

(d) Since Yu’ = f with f as defined in the solution of (a), uy, us, ..., u, satisfy the conditions required
in the derivation of the method of variation of parameters in Section 9.4; hence, y, = ci1y1 + c2y2 +
-+ 4 cpyp 1s a particular solution of (A).






CHAPTER 11

Boundary Value Problems and Fourier
Expansions

11.1 EIGENVALUE PROBLEMS FOR )" + 1y =0

11.1.2. From Theorem 11.1.2 with L = 7, A, = n?, Yp =sinnx,n=1,2,3,...

) 2n —1)? . (2n—=1x
11.1.4. From Theorem 11.1.4 with L = 7, A, = — Yp=8in——— n=1,2,3,...,
11.1.6. From Theorem 11.1.6 with L = 7, 4 = 0, yo = 1, 4, = n2, Yin = COSNX, Y2, = sinnx,
n=1,2,3,...

) 2n —1)%7? 2n—1)mx
11.1.8. From Theorem 11.1.5withL =1, A, = — Yn = COS — n=1,2,3,...

11.1.10. From Theorem 11.1.6 with L = 1, 1¢ = 0, yo = 1, A, = n?n?, Yin = COSHTX, Yon =
sinntx,n =1,2,3,...

. n?mn? nwx

11.1.12. From Theorem 11.1.6 with L. = 2, 19 = 0, yo = 1, A, = 1 Yin = COS — Yon =

nwx
sin——,n=1,2,3,...
2

) 2n —1)%x? 2n—1)mx

11.1.14. From Theorem 11.1.5 with L = 3, A,, = T, Yp =cos ——,n=1,2,3,...
. n?m? nwx

11.1.16. From Theorem 11.1.3 with L = 5, A,, = 2—5, Yn = COS T, n=1,2,3,...

11.1.18. From Theorem 11.1.1, any eigenvalues of Problem 11.1.4 must be positive. If A > 0, then
every solution of y” + Ay = 0 is of the form y = ¢ cos VA x + csin /A x where ¢; and ¢, are
constants. Therefore, y' = «/X(—cl sin VA x + C5 COS «/Xx). Since y’(0) = 0, c; = 0. Therefore,
y = C1COs VA x. Since y(L) = 0, cqcos VA L = 0. To make C1 COS VAL = 0 with ¢1 # 0 we must

@n—Dr . L @n—1>2x2_

choose VA = 7 where 7 is a positive integer. Therefore,A,, = iz is an eigenvalue
@2n—Dmx . . . .

and y, = cos — is an associated eigenfunction.

221
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. .. L rmwx L . rox L .
11.1.20. If r is a positive integer, then cos — dx = — sin — =0, so yo = 1 is orthogonal
L L rmw L |_;
. . . o mmx nmwx
to all the other eigenfunctions. If m and n are distinct positive integers, then cos cos 7 dx =
0

L
= / cos mzx cos % dx = 0, from Example 11.1.4.

1
11.1.22. Let m and n be distinct positive integers. From the identity cos Acos B = E[COS(A —B) +
cos(A + B)| withA = 2m — 1)nx/2L and B = 2n — )wx /2L,

L _ _ L _ _
/ cos (@m — Dz x cos (2n — Drx dx = l/ [cos M + cos M} dx = 0.
0 0

2L 2L 2 L L

L
11.1.24. If y = ¢1 + c2x, then y’(0) = O implies that c; = 0, s0 y = c¢1. Now/ y(x)dx =
0

L
c1 / dx = c1L = 0onlyif ¢; = 0. Therefore,zero is not an eigenvalue.

0
If y = ¢ycoshkx + cpsinhkx, then y’(0) = O implies that c; = 0, so y = ¢jcoshkx. Now

L L .
sinhk L . .
y(x)dx = ¢y coshkx dx = ¢, . = 0 with k > 0 only if ¢c; = 0. Therefore, there are no
0 0

negative eigenvalues.
If y = cjcoskx + cpsinkx, then y'(0) = 0 implies that c; = 0, so y = cjcoskx. Now

L L sinkL . nmw ) o
y(x)dx = c; coskxdx = co =0ifk = 7 where n is a positive integer. Therefore,
0 0
n?m? nmwx
An = 2 andynzcosT,n=1,2,3,....

L
11.1.26. If y = ¢1 + c2(x — L), then y’(L) = 0 implies that c; = 0,80 y = ¢;. Now/ y(x)dx =
0

L
c1 dx = c1L = 0onlyif ¢; = 0. Therefore,zero is not an eigenvalue.

0
If y = ¢q coshk(x — L)+ ¢ sinhk(x — L), then y’(L) = 0 implies that c; = 0,s0 y = ¢ coshk(x —
L L sinhk L
L). Now y(x)dx = 1 coshk(x — L)ydx = ¢ .
0 0

Therefore,there are no negative eigenvalues.

If y = ¢y cosk(x —L)+casink(x — L), then y’(L) = 0 implies that c; = 0,s0 y = ¢ cosk(x —L).

L

L inkL
Now/ y(x)dx = ¢y / cosk(x —L)dx =c» o
0 0

n?mn? nw(x — L)

12 and y, = cos —1 or, equivalently, y, = cos %, n=12,3,....

= 0 withk > O onlyifc; = 0.

. nm . e
=0ifk = T where 7 is a positive integer.

Therefore, A, =
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11.2 FOURIER EXPANSIONS I
11.2.2.

1 1 1
apg = —/ (2—x)dx=/ 2dx =2;
2/ 0

1 1 1
4
a, = / (2—x)cosnmxdx = 4/ cosntxdx = —sinnax| =0;
-1 0 nm 0
1 1
b, = / 2—x)sinnwgxdx = —2/ xsinnmwxdx
-1 0

2
= —|[xcosnmx
nm

1 1
— / cosnmxdx
o Jo

2 ! 2
] =D
0 nmw

L.
= — |cosnmr — —sinnmx
b nm

2 o (=)
Fx)y=2+4— Z sinnmx. From Theorem 11.2.4,
/4 n
n=1
2, x =—1,
Fx)=49 2—x, —-1l<x<l,
2, x =1.

1
=0;ifn > 1, then

1
11.2.4. Since f iseven, b, = 0forn > 1;a¢9 = / (1-3x%)dx = (x —x%)
0 0

1 1 1
2
an = 2/ (1 —3x%)cosnmxdx = — | (1 —3x?)sinnmx +6/ xsinnmwx dx
0 nm 0 0
12 1 1
= ———5|xcosnmx| — [ cosnmxdx
n<m 0 0
12 1 ! 12
= —_ — — s = —1 n+1 ’
2,2 |:cosn71 —— sinnmx o] =1 2,2
12 & n COSNTTX 5
Fx) === (-1 -—. From Theorem 11.2.4, F(x) = 1 —=3x%, -1 <x < 1.
T n

n=1

11.2.6. Since f isodd,a, = 0ifn > 0;

2 (7 1 [
by = —/ xcosxsinxdxz—/ xsin2x dx
T Jo T Jo
1 T ™ 1 in2x |* 1
= ——|xcos2x —/ cos2xdx | =—— n_sm ol =——.
27 o Jo o7 2 |, 2

223
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if n > 2, then
2 (" 1 ("
by, = —/ xcosxsinnxdxz—/ x[sin(n + 1)x + sin(n — 1)x] dx
7 Jo 7 Jo
1 cos(n + 1)x  cos(n — )x7 |” /” cos(n + 1)x  cos(n — 1)x
= ——|x + - + dx
T n—+1 n—1 0 0 n—+1 n—1
1 1 1 [sin(m + D)x  sin(m —1x7] |” 2n
= 1 + Lt D sinte = DX E_ gy 20
n+1 n-1 Tl (m+1) n—-1) 0 n?—1
1 N
F(x) = ——sinx 4+ 2 Z(—l) > sinnx. From Theorem 11.2.4, F(x) = xcosx, - < x < 7.
2 = n—1

/1 b4
—/ cosxdx] =
0 0

. . . 1 [~ . 1
11.2.8. Since f iseven, b, = 0ifn > 1;a9 = — xsinxdx = —— | xcosx
T Jo 4

sinx | 2 (7 . 1 [ . 1 4 ™
1+ =101 = — xsinxcosxdx = — xsin2xdx = —— | xcos2x | — cos2xdx | =
T o 7 Jo 7 Jo 2 0 0
1 sin2x|™ 1 .
—— 4+ = ——;ifn > 2, then
2 4 |, 2
2 (7 1 [
an = —/ xsinx cosnx dx = —/ x[sin(n + 1)x —sin(n — 1)x] dx
T Jo T Jo
1 cos(n —1)x cos(n + )x7 |” /” cos(n —1)x  cos(n + 1)x d
= —|x - - - X
T n—1 n+1 0 0 n—1 n—+1
_ 1 1 1 [sin(n —Dx  sinn+ Dx7 |7 1y 2
N n—1 n+1 7l (m—1)2 (n +1)2 o nz2—1
! o (=" .
F(x) = 1——cosx—ZZ > cosnx. From Theorem 11.2.4, F(x) = xsinx, —7 < x < 7.
2 —n —1
1/2 : 1/2 1
11.2.10. Since f is even, by = 0ifn > 0; ap = / cosmxdx = TN g =
0 T 0 T

1/2 1/2 1 in?2 /2. 4
2/ cos? wxdx = / (1—cos2mx)dx = - — Sy = —;if n > 2, then
0 0 2 2 0 2
1/2 1/2
an = 2/ cosTXCcosnmxdx = / [cos(n + 1)x + cos(n — 1)x] dx
0 0
1 [sin(n + 1)rx  sin(n — )mwx vz 1 1 nmw
= — + = — - COS —
/4 n+1 n—1 0 m|ln+1 n-—1 2
2
nm ()"t ————  ifn =2m,
= TR = 4m? — )
(n® = D 0 ifn = 2m + 1;

11 2 (-
F(x)=—+ -cosmx —— Z T)cos 2nmx. From Theorem 11.2.4, F(x) = f(x), -1 <x < 1.
T 2 T 4n? —1
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1/2 1/2
11.2.12. Since f isodd,a, = 0ifn > 0; b; = 2/ sin? 27 x dx = / (1 —cosdnx)dx =
0 0

1 sindnx 1/2 1 .
- — = —;ifn > 2, then
2 4 |, 2
1/2 1/2
by, = 2/ sinxsinnwxdx = / [cos(n — 1)mrx —cos(n + 1)mwx]dx
0 0
1 [sin(n —Dmx  sin(n + Drx 1/2
oo n—1 n+1 0
_ 2n nwo (_1)’”4'1742m ifn =2m,
T 0037— dm* -1
(n* —Dm 0 ifn=2m+1;
Flx) = ~ s 4%( )" —_ sin2n7x. From Th 11.2.4
x) =5 sinmx — 2 a2 — 1 Sin2nmx. From Theorem 11.2.4,
0, -l1=x<1,
_1 —_1
2 X=-3
F(x) = sin 7 x, —% <x< %,
1 =1
2 )1C_ 2
O, 2 <x = 1
11.2.14. Since f iseven, b, = 0ifn > 1;
1/2 1 1/2 1/2 sinzx |V/2 1
ag =/ xsinmxdx = —— | xcosmx —/ cosmxdx | = > = =
0 T 0 0 T 0 T
1/2 1/2
a; = 2/ xsinnxcosnxdx:/ xsin2x dx
0 0
1 Y22 1 sin2nx |V21
= ——|xcos2mwx - cos2axdx | = — + = —
27 0 0 4 472 |, 4
if n > 2, then
1/2 1/2
an = 2/ xsinwxcosnmxdx = / x[sin(n + 1)wx —sin(n — 1) x] dx
0 0
_ 1/2 1/2 _
1 cos(n — )mx  cos(n + 1)mwx / cos(n — 1)rx  cos(n + 1)mx d
= — X —_ —_ a— X
T n—1 n+1 0 0 n—1 n—+1
1 Jeos(n—1)m/2 cos(n + 1)m/2 1 [sin(n — )x/2 sin(n + 1)x/2
2 n—1 n+1 w2 (n—1)2 (n+1)2
2 4m?+1
1 n o nm 2 n?+41 nmw (—1)’”;(4’”2 1) iftn =2m,
BT R M A e A I 2m+1
=™ ifn =2m+1;

Em(m + 1)
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2n+1
n ﬁ cos(2n+1)mx.

2+1 1 &
yp e cos 2nnx+EnZ=:1(—l)

Fe) 1+1 +2°°(1)n4n
= —S+—cosmTx+—5 1)
Y =2 T3 nZ=1 (4n?

From Theorem 11.2.4,

0, -1<x<1,

1 —_1

e X=-3
F(x) =4 xsinmx, —% <x< %,

1 1

4> )f:Ea

0, 5<x§1

0 1 1T r° 1
11.2.16. Note that/ x2g(x)dx = / x2g(—x) dx; therefore, ag = 3 [/ x?dx + / (1—-x? dx] =
—1 0 1 0

1! 1 .
— dx = —,and if n > 1, then
2 /s 2

0 1 1 . 1
an =/ x2 cosnmx dx +/ (1 —x?)cosnmx dx :/ cosnrxdx = XL _
-1 0 0 nmw 0
and
0 1 1
by, = / xzsinnnxdx+/ (l—xz)sinnnxdx=/ (1 —2x2)sinnmwx dx
-1 0 0
1 ! !
= — | (1 —=2x?cosnmx +4/ xcosnmxdx
nmw 0 0
1+ cosnm 4 . ! /1 .
= — xsinnwx| — | sinnmxdx
nm n?m? o Jo
_ l+4cosnm  4cosnmx 1_ l+cosnn+4(l—cosnn)
N nm nd3g3 |, nm n3m3
ifn =2m,
— me
—— __ ifn=2m+1;
@2m + 1)373 n mt
F) 1+1§’:1.2 +8§: 1 in(n + 1)
X)=-+4+— —sin2n7x + — ————sin(2n TX.
2 mwin 3 = 2n + 1)3

From Theorem 11.2.4,

%, x =-1,
x2, —1<x<0,
F(x) = %, x =0,
1—x%2, O0<x<l,
%, x =1.
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1 -2 2 3 5
11.2.18.a0=6|:/ 2dx+/ 3dx+/ ldxi|=§.lfnzl,then
- 2

3 -2
3
nwx
= = —d
an 3/, f(x)cos 3 X
1 -2 2 3 3 2
= - / 2 cos nrx dx + / 3cos nrx dx + / cos nrx dx | = —sin _nn’
31/-3 3 ) 3 5 3 ni 3
1 -2 2 3 1 2
b, = - / ZSin@dx+/ 3sin@dx+/ sin@dx cosnn—cosﬂ ;
3 -3 3 ) 3 2 3 nmw 3
5 31 . 2nmw nTx 1 &1 2nmw\ . nmwx
Fx)==-+— —sin —— cos —— + — — {cosnm —cos —— | sin ——.
2 0w n 3 3 b4 n 3 3
n=1 n=1
1 [" . e* | sinh 7 |
11.2.20. (a) ag = — et dx = — = .Ifn > 1then (A)a, = — e cosnx dx and
2 J_» 2w |_, b4 T J_»

1 g
B) by, = — / e sinnx dx. Integrating (B) by parts yields
7

-
1

b, = — | e*sinnx
T

/1 T
—n/ e~ cosnx dxi| = —na,. ©)
- —7T

Integrating (A) by parts yields

4 7 2sinh 2sinh
an = — [ex CoS nx + n/ e*sinnx dxi| = (-1 S =(-1)" sinh 7 —n?ay,,
b4 o —
2sinh (=1)" o 2sinh 7 (—1)*T1n
from (C). Therefore, a, = ——— . Now (C) implies that b,, = . Therefore,
7 n?2+1 T n?+1
sinh 7 .
F(x) = 1+ZZ cosnx—ZZ smnx .
sinh 7w > .. .
(b) From Theorem 11.2.4, F(x) = cosh, so = cosh 7, which implies
the stated result. "=
1 [* inkx |* ink
11.2.24. Since f iseven, b, =0,n > 1,a¢ = —/ coskx dx = MHEXY ) = sm_n; if n > 1 then
7 Jo km | km
2 [T 1 [*
an = —/ coskx cosnx dx = —/ [cos(n — k)x + cos(n + k)x]dx
T Jo T Jo

11

1 [sin(n —k)x  sin(n + k)x
= — +
n—k n-+k
cosnm sinkx 1 B 1 — - )n+1 2k sinkmw
n+k n—k n?2 —k>)m’

COS nx] .

T 0

T

F) = sinkw |:__2 Z
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11.2.26. Since f is continuous on [—L, L] and f(—L) = f(L), Theorem 11.2.4 implies that

T nwx
f(x)—ao+Z(ancosT+b smT), —-L<x<L,

1fa0——/ f(x)dx, and, forn > 1,

1 [k nmwx 1
an = Z/;Lf(X)COSde_E[f

/ f(x) sin 2% dx]

_ L , nmx | L, nnxd _ L " nnxd
= 2 S (X)COST ‘_L —/_Lf (x)cosT X|=s /_Lf (x)cosT X
(since f'(—L) = f’(L)), and

by, = —/ f(x)sm—dx———|:f(x)co

/ f’ (x)cos—dx]

- L f (x) cos == dx (since f(~L) = f(L))

nm
L L . nmwx
/ f”(x)s1n—dx] :—m/_L f”(x)sdex.

/ (%) sin 2% dx]

If /' is integrable on [—L, L], then

L

ap = / f”(x)cos—d

n2x2

[f///(x

"

11.2.28. The Fourier series is ag + Z (an cos nrx

n=1

1 L 1 0 L
——L/_Lf(x)dxz i[/_Lf(x)dx+/O f(x)dx]. (A)

0 0 L
Since/ fx)dx = —/ f(x+L)ydx = —/ f(x)dx, (A) implies that ag = 0. If n > 1, then
-L -L 0

+ b, sin %) where

L
n:%/_Lf(x)cos%dx—z[/ f(x)cos—dx+/ f(x)cos—dx] (B)

Since

0 L
—/_Lf(x+L)cos%dx=—/o f(x)cosnﬂ(xLi-’_L)d

L
(—1)"+1/ f(x)cos%dx,
0

0
/ f(x)cos % dx
-L
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(B) implies that a»,—; = A, and a3, = 0, n > 1. A similar argument showsthat b,,_; = B, and
bzn =0,n>1.
mix

. mnx
11.2.30.(b) Let ¢9 = 1 and ¢, = cos < P2m—1 = sin

. L 5 L 5 1 (L 2mx
Cam—1 = by, m > 1. Since ¢5(x)dx = 2L and P51 (X)dx = 3 1 —cos 7 dx =
-L -L —L

,m > 1. Then cy = ag and c2,,;, = am,

L 5 1 L 2mx . L
L, ¢35, (x)dx = 3 1 + cos 7 dx = L, m > 1, Exercise 12.2.29(d) implies the conclu-
-L -L

sion.
11.3 FOURIER EXPANSIONS II

(1-x)?
2

1 1
=—;ifn>1,

1
11.3.2. a9 = / (I—-x)dx =— =
0 0 2

1

1
+ / sinnmwx dx
0 0

an

! 2
2/ (1=x)cosnmxdx = — | (1 —x)sinnmwx
0 nm

1 4

2 2 " ifn= —
= ——m5cosnnx| = ——[1-(=1)"]=1 @m—1)*n2 tn=2m-1,
4 e 0 ifn = 2m;
1 4 & 1
C(x) = E —+ ;nZ::l WCOS(ZI’Z — 1)7Tx
1 [” kx| 1—cosk
11.34. a9 = —/ sinkx dx = ERLLLN cos ﬂ;ifn > 1, then
T Jo k 0 km
2 (7 1 (7
an = —/ sinkx cosnx dx = —/ [sin(n + k)x —sin(n — k)x] dx
T Jo T Jo
1 [cos(n—k)x cos(n+k)x r 1 Jcos(n—k)r —1 cos(n +k)r —1
oo n—k n+k 0o T n—k n+k
. 2k[1 — (=1)" coskm]
N (n?2 -k '
1 —coskmr 2k o= [l — (=1)" coskmn]
C(x)zT—?nZ::l PR cosnx.
1k 1 (X3 L2
11.3.6. ap = —/ (62— L)dx = — (2 — 12} | = -2 iftn>1,
LJ L\3 o
2k 2 L L
an, = Z/o (xz—Lz)cos%dx = [(xz—Lz)sin% . —2/0 xsin%dx]
4L nTx L L nTx 412 417  nmx L 412
- ;z;f[XCOS‘ZT'O - ‘”S‘zf‘dx]:=<-4>”nznz-n3nss“‘ L, =Y

202 AL2 S (-1)"  nmx
CO=—Fm L
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T kg e —1
11.3.8. ag = / efdx =¢e*| = ;if n > 1, then
0 0 b
2 r 4
a, = — e*cosnxdx = — [ex COSnXx —n/ e*sinnx dx:|
T 0 0

(1

2
= — I:(—l)"e7r —1—ne*sinnx
T

g
2
—n2/ e* cosnx dx:| = Z[(=1)"e™ — 1] — n?ay;
0 T

0

(1 + n2)a, = %[(—1)”6” iy = (1) — 1];

(2+1)

C(x) =

[(=D)e™ —1]
—nz=:1 (n +1) cosnx.

1k 1 (X3 L2
11.3.10. ao = Z/o (2 =2Lx)dx = + (% —sz) =itz
2 L 2 L L
an = z/o (xZ—ZLx)cos%dx= E[(xz—ZLx)si nzx . —2/0 (x—L)sin%dx
4L ( L) nmx |F /L nnxd 4172 413 nmx |F 4172
= ——|(x—=L)cos—| — cos —dx | = — sin = —;
n2m? L |, Jo L n?n?  n373 L n2m?

212 412 21 nwx
Cx)=———+ — — cos ——.
x) 3 n? =n? ST

1

1 1
2 2
11.3.12. b, = 2/ (1 —x)sinnrxdx = —— |:(1—x)cosn71x +/ cosnnxdx] = — +
0 nim 0 0 nim

1 00

2 2 2 1
oy Sinnmwx . = E; Sx) = ;’; ;sinnnx.
2 L/2 L/2
11.3.14 bn——/ mngdx:——cos@ ——[l—cosn—ﬂ],
L J, L n L |, 2
231 n nmwx
S =23 - [1— —] mx
(x) - Z " cos sin 7
n=1
11.3.16.
2 T T T
by = —/ xsinzxdxz—/ x(l—cost)dx—— / xcos2xdx
T Jo T Jo 0
T 1 4 ™ T sm2x T ox
= E—gl:xsinZXO—/o costdx:|=§+ yp OZE’
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if n > 2, then
2 1 [”
by, = —/ xsinx sinnx dx = —/ x[cos(n — 1)x —cos(n + 1)x]dx
b T Jo
_ i sin(n — I)x  sin(n + x| |” /” sin(n — 1)x  sin(n + 1)x d
oo n—1 n—+1 0 0 n—1 n+1 o
_ 1 [cos(n—1)x cos(m + D)x i 1 1 1 [y — 1]
x|l m—1)2 (n+1)? o TlL—12 (n+1)2
0 ifn =2m—1,
— —_nrtt 1] = 16m
5 [(=1) 1] o em
(n 1) T @m? — ifn =2m;
16 n :
Sx) = smx— ;nZ::l mstnx.
2 (Zn - l)nx _ 4 . (2n—1Dnx L _ ntl 4 ]
11.3.18. ¢, = / dx = an =D sin 7L . = (-1) 7(2’1 "
=" @2n—1rmx
Car(x) = _ZZn—l ST
11.3.20.
1 —_—
d, = 2/ xcostx
0 2
_ 4 . (2n—1Dnx ! /1 . (2n—1)71xd
= Gn-Dr xsin ———— A sin ————dx
_ 4 ntl 2 2n—Drmx !
T Cn-Dx [( Dt G2 .
4 2
2n—)m [( y+ (Zn—l)n]’
4 & n 2 @2n—Drnx
C (x) = —— ; [( D"+ —— 1)71} cos TR
11.3.22.
2 (7 2n—1)x I ["[cos2n+ 1)x  cos(2n —3)x
cn = —/ cosxcosidxz—/ + dx
T Jo 2 7 Jo 2 2
2 [sin@@n+ Dx/2  sin@n—3)x/27 |*
oo 2n + 1 2n -3 0
1 1 42n —1)
=0 |:2n+1+2n—3i| =D 2n—=3)2n + D’
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—1 2n—1)x
Cu (x) = Z( = 3)(2n THT 2

11.3.24.

Cn

2 (L 2n—1
_/ (Lx — x2)cos 21— DTx
L Jo 2L

4

= — |:(Lx — x?)sin M

2L

2n—)rm

L L
. @2n—-1Dnx
. —/0 (L —2x)sin 7L dx]

I L
= __ 8L |:(L —2x)cos

L
@2n—-1Drx
2 S
(n— 1272 . /0 Y) o
8L2 3202 . @n—1Dnx |k
— + Sin =
2n—-1272  (2n—-1)3x3 2L
8L? 3212

_ _1\n—1 .
- @2n—1)2xn2 + =D @2n —1)373’

2n—1rmx
2L

3212 . 2n—1Dnx
= sin
o (@n—1)3x3 2

8L 1 4(=1)" @2n—rx
Cu() =—-"7 =1W[ +(2n—1)n]co 2L

11.3.26.

4, = _/ . (2n—1)71xdx

s  (@2n—1Drnx
= ————|Xx" oS ——F+—
n—1)m
2 1) 2L

16L [ . @2n—1nx
X S1in

L
2n —1
_2/ mswdx]
0 0 2L

L /L _ (n—Drx
- sin —————dx
o Jo 2L

o iwr l6L? 3212 @n—Dmx |

= (=1 + cos

2n—-1)>27%2  (2n-1)3x73 2L
161> 3212

@n—1)272  (2n—1)373

2n—1)2n2 2L

— (_1)n+1

R UAE-NN " 2 . (2n—Drx
Sm¥) =-=73 L an 172 [(_1) +(2n—1)n]31n oL

11.3.28.
2 (" 2n —1 1 (" [sin(2 1 in(2n — 3
dp, = —/ cosxsini( n—Dx dx = —/ [sm( nt 1)x + sin(@n )xi| dx
T Jo 0

2 n 2 2

2 [cos@n + Dx/2  cosn —3)x/27 |*
_E[ -1 21-3 ]
27 1 1] aen—1)
I [2n+1 * 2n—3] T @n-3)@n+ Hn’

0
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oo

4 2n—1 . (@2n—1D)x
Su(x) = Z Qn—3en+n 2
11.3.30.
2 (L o . 2n—Nmx
dp = Z/o (Lx —x )sde
4 2n—1 Lot 2n—1
= —— (Lx—xz)cosM —/ (L—2x)coswdx
@n—Dr 2L o Jo 2L
8L 2n—1 L L @n-1
I N C it +2/ sin 2P Dmx
(2n — 1)?x2 2L 0 o 2L
. 8L? 3212 @n—Dax |
= e T2 ™ |,
~ y 8L> N 320
N 2n—12%n2  (2n-1)373%
8L% & 4 @2n — mx

1 . .
Su(x) = 72 20— 1) [(_1) T an= 1)71] Y)

1 [k 1 (3 L 2L*
11.3.32. ag = —/ Gx* — 4Lx3)dx = — N = 2= Since £'(0) = f/(L) = 0
LJ L . 5

5
and f"'(x) =24(Bx — L),

L L nwx
—3/ cos — dx
0 0 L
L 48 L4

= [1+( n"2], n>1:

48L2 48L3
ap = / (3x—L)sin@dx=— (3x—L)cosLx
L n L

4813 14414
- C[(=D"2L + L] + —— sin %
n

e 2L 48L* S 14 (=12 nmx
= - — COS .
* 5 a4 = n* L

L 4

1k 1 (x5 Lx* L2%x3 L
11.3.34. ap = Z/o (x* —2Lx* 4+ L*x?) dx = A (? - + T) . =30 Since f’(0) =
f'(L)y =0and f"(x) =12Q2x — L),
24L2 2413 L L
an = / (2x—L)sin%dx:— 4|:(2x—L)cos%O—2/O cos%dx
2413 48L4 nux |* 24L4
= il (G 1)”L+L]+ in—/| = [1+( 1)"]
n* L |
0 ifn =2m—1,
= 3L4 n>1.

——— ifn=2m -
m4r4 ’
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L4 314 &
T30 g4

n=1

2nmwx
7

1
— cos

11.3.36. Since f(0) = f(L) =0and f"(x) = —

4L L . nmX 4172 nTx L L2
b, = nzﬂz/(; sin — dx = 33 cos L |, = —n3n2(003n77_ 1)
78L2 f 2 1
, ifn=2m-1,
= @2m—1)3n3
0, ifn =2m;
8L? & 1 _ @n—1rmx
S(x) = — Gn =1y sin i3 .

11.3.38. Since f(0) = f(L) =0and f"(x) = —

12L /L . nmX 1212 nTx
b, = —— xs8in — dx = ——— | x cos —
n?n? J, L n3n3 L

o0

12L3 Z (- 1)" nnx

L L
1213
—/ cosﬂdx = (-1)"*! ;
0 0 L 7T3

n

S(x) =

11.3.40. Since f(0) = f(L) = f"(0)= f"(L) =0and f® = 360x,
72013

. nmX 720L4 nTx L L nTx
b, = ——— xsm—dx —— [xcos—— | — cos — dx
n*zt Jo L T 0 0 L
t n+1720L5.
= (-1 g

sin
noms némo L

e 720L°  720L° . nmx

(-1

o0

720LS Z (- 1)" ILE:

S(x) =

11.3.42. (a) Since f is continuous on [0, L] and f(L) = 0, Theorem 11.3.3 implies that
o0
2n —1
f(x) =" cycos M, —L <x < L, with

— 2L
L
cn = %/ f(x)cos%dx
= (ZnL |:f( ) 1n( 1)71x / f'(x) sm 1)71x dx]

L L _
. _/0 f"(x) cos wdx]

8L L Y 2n—Drx . ,
_ _W/O f (x)cosde (since f(0) = 0).

_ 8L2 , @2n—1mx
= — |:f (x) cos 5

2n —1)2n2
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(b) Continuing the integration by parts yields

“ = _(zinlff;ﬂ [f”() en= 1)” / £ (x)sin ””xdx]
_ 16%23 / F7(e) sin 1)71xdx.
11.3.44. Since f(0) = f(L) = 0 and f"(x) = —

o0

3217 Z =" 2n — 1)71x‘

Cu(x) =— L Gn = I cos 3L

11.3.46. Since f/(0) = f(L) = 0and f"(x) = 6(2x + L),

48L L @n—Dmx
= ——— | (@x+ L)cos ————
Cn an = 1)2712/0 (2x + L)cos 7L dx
9612 2n—1 L L @n-1
= - (2x+L)sinM —2/ sinM dx
2n —1)373 2L 0 0 2L
961> 4L 2n—mx

RS [(‘”"““ -

Cn—hr 7 2L

|

0
9613 \ 47

T @n-1)2x3 [(_1) 3+ (2n — 1)711| '

%L1 n 4 @2n—Dmx
Cy(x)= i ’;(Zn—lﬁ [(—1) 34 (Zn_l)ﬂ]cos .

2L

11.3.48. Since f/(0) = f(L) = f”(L) =0and f"(x) = 12(2x — L),

19212 L 2n —1
n = TS 1)3713/ (2x — L) sin (2n 2L)ﬂx ix
- 0
38413 [ @n—Drx | L @Qn-1nx
= ——— | (2x - L)cos ————— —2/ cos ————— | dx
@2n —1)*m* o 0 2L
38413 [ AL . @2n-1Drx |t
= - L — sin
2n —1)*n* @2n—-1rm 2L o
3 384Lf [ (=" T
N @2n—D*n4 | @2n—-1rm

3Lt & 1 (=1)"4 @2n—Dmx
Cu)=-—7 ;(2;1—1)4 [H(zn—l)n}cos 2L

235
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11.3.50. (a) Since f is continuous on [0, L] and f(0) = 0, Theorem 11.3.4 implies that
2 1
f(x) = Zd i (” )” ~L <x <L, with

27 e G0,

= —74 |:f(x) COS ————

dn

2n l)nx

an / f(x) cos l)nx dx]
2n - 1w

4
= m/(; f’(x) cos Tx dx (since f(O) =0)

L L
8L _/ () sin 21 D7 dx]
0 0

= m[f’(x)sin

@2n—1Drx

2L 2L

_ " (2n —Dmx
= —(71)2/ f (x) SIHT

(b) Continuing the integration by parts yields

dx since f'(L) = 0.

3 16L2 ; @n—Nax - L, @n— Drx
= m[f (opcos | = [ s S
1612 L (2n—Drx
= Gt ), e

11.3.52. Since f(0) = f'(L) = 0,and f”(x) = 6(L —2x)

2n —1)mx

dn = W/ (L ZX) sin 2L dx
96 L2 2n — mx |* L @n-1
— 6733 (L_ZX)COSM +2/ Coswdx
2n—1)°n 0 0 2L
9612 4L . @n—1Dnx |k
= — | —L+ S
2n —1)3x3 2n—-1rm 2L o
96L3 4
= ——|1 1) ——;
2n —1)3x3 [ + D (2n — 1)711| '
96L3 & 1 2n —mx

n 4 :
)3 [HH) (2n—1)711|sm 2L

11.3.54. Since f(0) = f/(L) = f”(0) =0and f"(x) = 6,

Sw(0) = =53
n=1

P 96172 /L o8 2n—rmx .
" @2n—1)3x3 J, 2L
19203 (@2n—Dax |F . 19213
T e N A g e g
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o0

192L3 =nr . (Zn— Drx
Z 2n — 1)4 2L '

Sm(x) =

11.3.56. Since f(0) = f'(L) = f”(0) =0and f"(x) = 122x — L),

19212 L 2n—1
dn = —W / (ZX - L) COos M dx
n— T 0
4L | 2n— Drx | L @2n-1
e Sm%dx]
n— T 0 0
3843 [ 4L 2n — Drx |F
T T n—1)nt "L+ Qn -z ° ( 2L ]
| 0
384L3 T 4L
= _ﬁ (—1)n+1L _ 71|
@2n— D474 | 2n—1)rm
384L4 4
2n — 1)*m* [( y+ 2n — 1)711| '
384L% & 1 4 @2n — mx
= —1)" i .
Su)=—"3 ; Qn—1)* [( LT - 1)71] Y)

o0
11.3.58. The Fourier sine series of f; on [0,2L]is Z B, sin %, where

n=1

1 2L 2L X
B, = — f4(x)s1n—dx—— / f(x)sm—dx+ fQ2L—x)sin——dx |.
LJ 2L
2L L
2L —
Replacing x by 2L — x yields f(Q2L — x)sin nrx dx = / f(x)sin M dx. Since
. 2L o 2L
2L —
in nr2L — x) = (=" sin _nnx’
2L 2L
2L L
F(2L — x)sin % dx = (~1)"+! /0 £(x)sin % dx,
)
2 (L 2m — 1
D R G i Carx 27 pysin DT g it = am— 1,
By=———F—— | flosin——dx=1 1L 2L
0 0 ifn =2m.
> 2n—1rmx
Therefore,the Fourier sine series of f4 on [0, 2L] is Z d, sin L with

n=1

/ F(x)sin Fn DX 1)’” dx.
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o0
11.3.60. The Fourier cosine series of f4 on [0,2L]is Ag + Z Ay cos %, where

2L 2L L
Ao—i f4(x)dx- [/ S(x)dx + f(ZL—X)dX]Z%/O Jx)dx

2L

2L nmwx nmwx
An = — A f4(x)cos—dx—z[/ f(x)cos ——dx + f(ZL—X)COSYdX]‘

Replacing x by 2L — x yields

nmx nw(2L —x nw(2L —x
f(ZL_x)COSde:_/L f(x)COS%dxzfo f(x)cosi(ZL )dx.
2L —
Since cos M = COS T COS nTx _ (=1)" cos nnx’
2L 2L 2L
A 1+( 1)"/ £0) J ifn=2m-—1
cos— = mi
! ¥ te /f(x)cos Y dx ifn=2m.

TX nmwx
Therefore,the Fourier cosine series of f4 on [0,2L]is Ag + Z Az,,cos T_ aop + Z dp COS A

n=0



CHAPTER 12
Fourier Solutions of Partial Differential

12.1 THE HEAT EQUATION

12.1.2. X(x)T(t) satisfies u; = a?uyx if X" + AX = 0 and (A) T’ = —a?AT for the same value
of A. The product also satisfies the boundary conditions u(0,¢) = ux(L,t) = 0, t > 0, if and only
if X(0) = X'(L) = 0. Since we are interested in nontrivial solutions, X must be a nontrivial solution
of B) X" +AX =0, X(0) = 0, X'(L) = 0. From Theorem 11.1.4, A, = (2n — 1)?>72/4L? is an
2n —1
eigenvalue of (B) with associated eigenfunction X,, = sin % = 1,2,3,.... Substituting
A = (2n — 1)?72/4L? into (A) yields T’ = —((2n — 1)272a?/4L?)T, which has the solution 7,, =
e—(2n—1)27r2a2t/4L2.

2n—1
We have now shown that the functions u, (x, t) = e_(z"_l)2 *at/aL? sin M, n=12,73,...
satisfy u; = a?uy, and the boundary conditions u(0,¢) = ux(L,t) = 0, t > 0. Any finite sum

m
2n — D)rmx
Z d,,e_(z"_l)2”2“2’/4L2 sin @n—Dmx also has these properties. Therefore,it is plausible to expect

2L
> 222472 . (2n—1)mwx
that that this is also true of the infinite series (C) u(x,t) = Z dpe~Gn=D7m a /AL i >
n=1
. .. . . 1)71x
under suitable conditions on the coefficients {d,}. Since u(x,0) = Z dn sm , if {d,} are

the mixed Fourier sine coefficients of f on [0, L], then u(x,0) = f (x) at all points x in [0, L] where the
mixed Fourier sine series converges to f(x). In this case (C) is a formal solution of the initial-boundary
value problem of Definition 12.1.3.

12.1.8. Since f(0) = f(1) =0 and f”(x) = —2, Theorem 11.3.5(b) implies that

4 v ! 4
o, = m/o sinnwxdx = — i3 COSNTTX . = —n3ﬂ2(cos nmw—1)
8 .
_ W, ifn=2m-1,
0, ifn =2m;
o0
S(x) = % Z_: — 1)3 in " _Ll)”x. From Definition 12.1.1,

8 1 2.2
— —@n—-1)"7"t _
u(x,t) = = ,,E=1 an 1)36‘ =TT Sin(2n — 1) x.

239
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12.1.10.
2 T 1 T g
o = —/ xsin? x dx = —/ x(l—cost)dx— — / X cos2x dx
7 Jo 7 Jo 0
T 1 in2 4 /” oy d T N sm2x b3
= — ——|xsin — cos == ==
FIEY 2 il P ARl R P R
if n > 2, then
2 1 1
ap = — xsinx sinnx dx = —/ x[cos(n — 1)x —cos(n + 1)x]dx
T Jo T Jo
1 sin(n — )x  sin(n + )x 7 | /” sin(n —1)x  sin(n + 1)x d
oo o n—1 n+1 0 0 n—1 n+1 o
1 Jcos(n—Dx cosn+Dx][" 1 1 1 (1t — 1]
x|l m-1)2 m+1D2 ||, 7lr—-1D2 @+1)2
0 ifn =2m—1,
- 247’112 (GOt =)=y __tom o
(n* = 1)*m 4m2 - S
b4 16 & n
S(x) = 5 sinx — — ; m sin2nx. From Definition 12.1.1,
w 16 n 2
u(x,t) = 56_3’ sinx — — ; me_n" 'sin2nx.

12.1.12. Since f(0) = f(L) = 0and f”(x) = —6x, Theorem 11.3.5(b) implies that

36 3 X 108 nwx | 3 nmx
U = —— x sin ——dx =———|xcos — | — cos — dx
n*n? Jo 3 n3mw 3 1 0 3
108 108 . nwx |? 324
_ +1 : _ +1 .
= (=" = + oy sin 3|, = (=" pepek
324 (- 1)" nn 324 (- 1) - 2 2 . nmXx
Sx) = —— ——. From Definition 12.1.1, u(x,t) = —— nerT)9 gin =
m=-23 o =-2 3 3

12.1.14. Since f(0) = f(1) = f"(©) = f"(L) = 0 and f® = 360x, Theorem 11.3.5(b) and
Exercise 35(b) of Section 11.3 imply that

720 , 720 ! 1
Un = xsinnwrxdx = — =5 | xcosnmx| — cosnmxdx
n-m 0 n-im 0 0
720 720 . nmx | 720
_ +1 : _ +1
= (—l)n 53 + 66 sin |, = (- )" . 7.[5’

o0 o0
-1 720 —1)"
Z ) sinnyx. From Definition 12.1.1, u(x, 1) = —— Z %6‘_7"2”2[ Sinnmwx.
T
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12.1.16. Since f(0) = f(1) = f"(0) = f"(L) =0and f® = 120(3x — 1), Theorem 11.3.5(b) and
Exercise 35(b) of Section 11.3 imply that

240 ! 240 ! !
a, = —/ (Bx —1)sinngxdx = — (Bx —1)cosnmx —3/ cosnmx dx
n*r* J, nim> o 0
240 720 ! 240
= + 1]+ ——¢sinnwx| =
némw
240 N1+ ()2
Sx) =—-—= Z # sinnm x. From Definition 12.1.1,
me = n
240 1 1H)"2
u(x,t) = —— L —2n27% G
P
n=1
x3 2
12.1.18. / (x?—dx)dx = — = —2x?) | =—=;ifn>1,
L\3 o
2 2 2
2
a, = /(x2—4x)cos@dx=— (x2 in 2% —2/ (x—2)sin@dx
2 nmw 2 o 0 2
2 cos "X 2 /2 nrx 16 32 . nxx|? 16
= Cos— — | cos—— = - sin = ;
o Jo y ¢ n?x?2  n373 2 |, n?m?
8,16 1 8,16 1
Cx) = —g = Z —2 n_ From Definition 12.1.3, u(x, t) = g = Z —2 e cog ?
384 1 2n —1
12.1.20. From Example 11.3.5, C(x) = 4— cos Z1Z DT o Definition 12,13,
— (2n - ) ° 2
384 & 1 5 22 @n—Drx
—q_ 2" - ,-3@n-1)7n7t/4 =)
u(x,t) =4 s (2n—1)4e n= T4 cos 3 )

1

Lt 1 (3x°
12.1.22. 0pg = z/(; (3x4 — 4Lx3) d_x = Z (% __x4)

f"(x) =24(3x — 1), Theorem 11.3.5(a) implies that

—%. Since f'(0) = f’(1) = 0 and

1 1
—3/ cosnmxdx
0 0

8
—— U +ED"2L a1

0

a, = / (Bx —Dsinnrxdx =

n33

P |:(3x —1)cosnmx

1
sinnmwx

144
2+ 1]+ ——

0

2 48 S 1+ (-2
C = —— - -
(X) 5 4 n=1 nt

cos nm x. From Definition 12.1.3,

2 48 1+ (—-1)"2
u(x,t) = —z 3 % =327 os .
n=1
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11 7_[4

1 [” 1 5 4 2.3
12.1.24. ag = —/ (x* —27x® 4+ 722 dx = — r_ X

T Jo 7 \'5 2 3
f'(w) =0and " (x) = 12(2x — 7), Theorem 11.3.5(a) implies that

o 30

24 (7 ) 24 4 r
U = —= (2x —m)sinnxdx = ——— [ 2x —m)cosnx | —2 cosnx dx
n-m Jo n-m 0 0
4 48 4 24
= ——[(-D)'r + 7]+ —sinnx| =——[14+ (-1)"]
ntw n>w 0 n*
0 ifn=2m-—1,
= 3 >1;
—= ifn=2m, =0
Tt 21 Tt 21 2
Cx) = 30 3 - pr cos 2nx. From Definition 12.1.3, u(x,t) = 30 3’; n—4€_4" " cos2nx.
12.1.26.
2 (T 2n —1
a, = —/ (nx—xz)sinudx
T Jo 2
4 2n—1x |” 4 2n —1
= — [(nx —x?) cos @n—Ux —/ (m — 2x) cos @n—Ux dx]
2n—-1rm 0 0 2
8 C@Cn=1Dx|" /” . @2n—1x
= — -2 _— 2 —d
an—172x [(n X) sin . + A sin 7 x
1y 8 32 @2n—1Dx|"
= (- — cos
2n—-12% (@2n-1)3n 2 0
— 1y 8 N 32 )
@2n—-12  @n-1)3x’
o0
1 4 . (2n—=1x ..
Syu(x) = 8’; m [(—1)" + an— 1)7Ti| sin 7 . From Definition 12.1.4,

o0
1 4 Ca3om_12s/a . (2n—1)x
,t — 8 - _1 n - 3(2}1 1) t/4 =
u(x,t) ,,Z=:1 an—17 [( )+ an 1)7Ti| e sin 3

12.1.28. Since f(0) = f’(1) = 0,and f"(x) = 6(1 — 2x), Theorem 11.3.5(d) implies that

48 1 . @2n—-Dnx
oy = —m/(; (1 —ZX) smfdx
B 96 @n—rx |! /1 @2n —)mx
T |:(1 2x) cos . +2 A cos 2 dx
B 96 L4 . @n—Dax |
T Cn—1)ypz3 Cn—Dhr " 2 .
96 n .
T @n-1)x? [1+(_1) (2n—1)711|’

—. Since f’(0) =
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S (x) =~ i Ly in 1= DTX b Definition 12.1.4
X — — sin . rrom pennition .
M 73 1)3 Cn— ) 2 ’

96 — 1 4 22 (Zn—l)nx
1) = —— — |1 y—_ —(2n—1)*n~t R satdd
u(x. 1) n3nz=:1(zn—1)3[ + D (2n—1)n]e sin =

12.1.30. Since f(0) = f'(L) = f”(0) = 0and f"’(x) = 6, Theorem 11.3.5(d) and Exercise 11.3.50(b)
imply that

96 /1 (Zn—l)nxd
o = —_——— cCOS —
n 2n =173 J, 2 o
192 _@n—Drx |! 192
= — o agasin =D o
2n —1)*m 2 0 2n —1)*n

192 1" 2n—1
Syux) = Z (Z(n ) I sin( " 2 )7 x

. From Definition 12.1.4,

192 Z -n" o—n-12x2t 2n — l)rrx
n —_—
2 1)4 2

12.1.32. Since f(0) = f'(1) = f”(0) = 0 and f"'(x) = 12(2x — 1), Theorem 11.3.5(d) and Exer-
cise 11.3.50(b) imply that

On = —(Zni%/ol(bc—l)coswdx
- _Qﬁ% _(Zx—l)sinM :_zfolsinwdx]
- _(Zni% (1)1 4 o j i cos (2n —Zl)nx :]
B _(Zni% :(—1)”“1 ~ = 1)7,} = i8$47,4 [(—1)" + Qn%)ﬂ] ;

384 4 . 2n—1Dnx ..
Sy (x) = Z (Zn Iy [ -D" + an = 1)7Ti| sin 3 . From Definition 12.1.4,

384 1 4 22 (Zn—l)nx
) = — — (= _x —(2n—1)*m~t A
U1 =73 ; Qn — 1) [( U v 1)71}6 sSin =

1 2n—1)mx ...
cos . From Definition 12.1.5,
—1)2 2

8 o0
12.1.36. F E le 11.3. = — E
rom Example 11.3.3, Cpr(x) = . @n

851 2n—1
) = 3 D e O s D
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12.1.38. Since f/(0) = f(x) = 0and f”(x) = —2, Theorem 11.3.5(c) implies that

16 7 2n—1 32 2n—Dx |” 32
ap, = 7/ (2n )x dx = sin( n—x = (—1)"+17‘
2n—1)2x J, 2 2n—1)3x 2 o 2n—1)37
32 1" 2n—1
Cy(x)= =1 cos (2n )x. From Definition 12.1.5,
(2n —1)3 2
( 1) _7(2 _1)2t/4 (Zn - l)x
u(x,t) = ——Z (2n—1)3 " 008 ————.

12.1.40. Since f’/(0) = f(1) = 0and f”(x) = 6(2x + 1), Theorem 11.3.5(c) implies that

1 —
o, = _(2]148%/ (Zx + 1)COS w dx
- 0
B 96 C@n—Drx | /1 . 2n—mx
= G 13 |:(2x + 1) sin . 2 A sin 7 dx
B 96 1 4 @n— x|
T T an-1pn’ [( A R e e ) .
96 4
2n —1)3x3 [( '3+ (2n—1)711|’
n 4 2n—1)mx .
Cy(x)= = Z (2 1)3 [(—1) 34 an— 1)7Ti| cos 7 . From Definition 12.1.5,

96 — 1 4 2 2 Q2n—rx
1) = — — | (=D"3 | ,-@n-1)"n"t/4 )
u(x,1) o ,,Z=:1 an—1) [( )3+ an 1)”i| e cos ——————

12.1.42. Theorem 11.3.5(c) and Exercise 11.3.42(b) imply that Since f'(0) = f(1) = f”(1) = 0 and
f"(x) =122x - 1),

1 —
o, = (an%/ (ZX - 1) Sinwdx
- 0

= —73844 7 | 2x —1)cos @n=Dmx —2/ cos @n=Dmx dx

@2n —1*n 2 0 0 2

384 4 C @n=1nx | 384 (=1)"4

= —— = |1- sin =- 1+ ;

@2n —1)*m* 2n—1rm 2 o @2n —1)*m* @2n—-1rm

384 1 (=1)"4 @n—Drx N
Cyu(x)=—— 2 m [1 + an— 1)7Ti| cos 7 . From Definition 12.1.5,

384 1 (=1)"4 2> @2n — mx
’[ = —— 1 —@2n—1)"n-t/4 =
u(x,r) 2 — 2n—1)* [ + 2n— 1)”i| e cos 7
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) L/2 2 L/2
12.1.44. a, = —/ sin nrx dx = —— cos nrx
L Jy L nmw

2 nmw
= — [1 — cos —];
L nmw 2

0

2 1 nmwx
S = —[1— —] in . From Definition 12.1.1,
(x) = - Z=: " cos sin 7 rom Definition

o0

u(x,t) = ;Z

—n2n2:2/12 . h7X
[1—003—]6‘ n?wt2/L? G T

3|>—A

12.1.46.
2 /UZ . @n—Drx 4 @n—Drx |F?
= — sin ———— = — COS
o rJ, 2L YT T o 2L |,
4 2n—1)m)
= — |1 —cos—————=;
2n—-1m 4

43 1 2n—1 2n—1
Sy (x) = Z T [1 —cos( " 1 )ﬂ):| sin( " ZL)ﬂx' From Definition 12.1.4,

2L

4 1 2n —1 2n —1
u(x 1) =~ Zl — [1 ~ cos w} o~Cn-D?r?at/aL? g, (21— DX

12.1.48. Let u(x,t) = v(x,t) + g(x); then u; = vy and uyxy = vxx + ¢”, 50

Vr = Qxx +9¢” —54x, O<x <4, >0,
v(0,71) =1-4(0), v, 1)=61-g#), >0,
v(x,0)=2—-x+x3—¢q(x), 0<x<4.

We want ¢”(x) = 6x, q(0) = 1, g(4) = 61; q(x) = x> +a; + axx; ¢q(0) = 1 = a;
g(x) =x3+ 1 +axx;q4) =61 = a, = —1;q(x) = x>+ 1 — x. Now (A) reduces to

Vr =y, O<x<4, t>0,
v(0,¢) =0, v(4,t)=0, >0,
v(x,0)=1, 0=<x <4,

which we solve by separation of variables.

/L nmwx 2 nwx |*
o, = = sin — dx = ——— cos ——
2 Jo 4 nmw 4 |
2 4 if 2 1
—— ifn=2m-1,
= —[I-=D"1=3 C2m—-1)=n
nw 0 ifn =2m;
4 S 1 2n —1
S(x) = Z sin &1 DTX o Definition 12.1.1,
@n—1) 4
4 1 on?n’t @2n—)mx
- - /16 o 2T )RA
v(x,t) = Z an = 1)e T sin 2 .

245
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Therefore,
—97r 2n2¢/16 (2n _ 1)7‘[)(?

4 oo
H)=1- — i
u(x,t) x4+ x3 - Z=: =) sin 2

12.1.50. Let u(x, t) = v(x,t) + g(x); then u; = vy and uyxy = Vxx + ¢”, 50
vy = 3uyx +3¢” —18x, O0<x <1, >0,

0e(0,8) = —1 —g'(0), v(1,1) = —1—g(1), >0, (A)
v(x,0)=x3—-2x —g(x), 0<x<1.
We want ¢”(x) = 6x, ¢'(0) = —1, g(1) = =15 ¢'(x) = 3x? + a2, ¢'(0) = =1 = a = —1;

g (x)=3x2-1;q9(x) =x3—x4+aix;q(1) = -1 = a; = —1;¢(x) = x> —x — 1. Now (A) reduces
to
Vr =3uUxx, O<x<l1, t>0,

vx(0,¢) =0, v(,t)=0, >0,

v(x,0)=1—x, 0<x<1.

@2n—-1Drx
2

8 — 1
From Example 11.3.3, Cps(x) = — Z . From Definition 12.1.5, v(x,t) =
g 2n —

8 — 1 2n —1
— Z=: Tl)ze_3(2”_l)2”2’/4 cos % Therefore,

u(x,t) = —1—x +x° i i eT30n=DIR/4 o @n= Drx
= 22 on—12¢ :
— (2n D 2

12.1.52. Let u(x, t) = v(x,t) + g(x); then u; = vy and uyxy = vxx + ¢”, 50

U = Uxx +q" +w?sinnx, O<x<1, >0,
v(0,1) = —q(0), vx(1,0) =-m—q'(1), >0, (A)
v(x,0) =2sintx —g(x), 0<x<1.

We want ¢”(x) = —2sinzx, g(0) =0, ¢'(1) = —m;q'(x) = mcos tx+ay; ¢'(1) = -1 = a, = 0;
q'(x) =mcosmx;q(x) =sinmx +ar;¢(0) =0 = a; = 0; g(x) = sinwx. Now (A) reduces to

Vr =Uxx, O<x<l1, t>0,
v(0,£) =0, vx(1,£)=0, ¢>0,
v(x,0) =sinmrx, 0<x<1.

/1 ) . 2n—1Dnx /1 [cos(Zn —3)max cos(2n + 1)71xi|
ap = 2 sinmx sin —————dx = - dx
0 2 0 2 2

2 [sin@n—3)rx/2 sin(2n + Drx/2

B 2n-3) @2n+1) 0

. 1 1 .8 1 .

= D2 [2n—3 2n+1:|_(_1) 7 @2n+1)@2n—-3)

8 — (=" _ @n—1rx .
Sy x) = Z G+ Dan—3) sin 7 . From Definition 12.1.4,

8 — (—1)" G-t g 21— DX
v(x’t)__§(2n+l)(2n—3)e 2
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8 (=" 22 @2n—rx
Therefore, u(x, 1) = si oY e G I g
erefore, u(x,t) =sinmx e @n+ DEn=3) sin 7
12.1.54. (a) Since f is piecewise smooth of [0, L], there is a constant K such that | f(x)] < K,0 < x <

2| (E 2 (L
L. Therefore’ Up| = — X Sin@ dx f — X dx — ZK Hence, ane_nznzazt/L f
L L L
0 0

2Ke m*ma?t/L g u(x,t) converges for all x if # > 0, by the comparison test.
nmwx
(b) Let ¢ be a fixed positive number. Apply Theorem 12.1.2 withz = x and w,(x) = ane_"Z”Z'/Lz sin <

—n2x2/L2 MK 2K _p2p2412

T .
Then w),(x) = Zn(xne 0s D so |wy, (x)] < Tne , —00 < X < oo. Since

o0
Z pe n’mla’t/L? converges if 1 > 0, Theorem 12.1.1 (with z; = x; and z, = x; arbitrary) implies
n=1

the concclusion.
o0

(¢) Since Z n2em*m?a?t/L? g0 converges if ¢ > 0, an argument like that in (b) with w,(x) =

n=1
2,24/12 nrx . .
nape ™ ™ LT cos — yields the conclusion.
(d) Let x be arbitrary, but fixed. Apply Theorem 12.1.2 with z = ¢ and
2.2
2n2g2/L2 . NTX wa —n2m2a? /L2 . NTX

wn(t) = ape T/ sin ——. Then w,, (1) = — Iz n2ope " at/L sin ——, s0 lwy (1)] <
2Km%a? 222, /72 . . > 22,2, /72 .
Tnze_" m2ato/L if t > 1o, Since ane_" m2ato/L” converges, Theorem 12.1.1 (with z; =

n=1
to > 0 and z, = t; arbitrary implies the conclusion for ¢ > t5. However, since ?¢ is an arbitrary positive
number, this holds for ¢ > 0.

12.2 THE WAVE EQUATION

122.1. B, =2 [fol/zx sinnmwx + fll/z(l —x)sinnmx dx];

1/2 1 1/2 1/2
/ xsinnmxdx = ——|xcosnmx —/ cosnmxdx
0 nm 0 0
1/2
nmw . nmw 1 . NW
= —ECOST-FWSIDHJTX . Z—ECOST'FWSHI?,
1/2 1 1 1/2
/ (1 —=x)sinnnxdx = ——|(—x)cosnmx + / cosnmwx dx
0 nm 1/2 0
1 nmw . ! 1 nmw n 1 nmw
= —C0S— — ——sinnmwx = —co n—;
2nmw 2 n?gm? 12 2nm 2 272 2
4 . nm (=1ym+t $ ifn =2m—1
by = 2SS = @2m—1)2x2
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(_ )n+1
Sg(x) = = Z 5 sin(2n — 1)z x. From Definition 12.1.1,

(_ )n+1
u(x,t) = 33 Z 3 sin3(2n — Dt sin(2n — D x.

12.2.2. Since f(0) = f(1) =0 and f”(x) = —2, Theorem 11.3.5(b) implies that

4 ! !
o, = m/o sinn71xdx=—n3ﬂ3 COSNTTX . 2(cosnﬂ—l)

8

—— ifn=2m-—1,

= @2m—1)3n3
0, ifn =2m;
8 o0
Sr(x) = = Z sm(Zn 1)z x. From Definition 12.1.1,
8 o0
u(x,t) = =3 Z 3 €0s3(2n — D)zt sin(2n — D) x.

12.2.4. Since g(0) = g(1) = 0 and g"(x) = —2, Theorem 11.3.5(b) implies that

Bn = nz;‘;rz/olsinnnxdx=—n;;3 COSNTX (1) 5 (cosnm — 1)
_ (Zm—‘ﬁ’ ifn=2m-—1,
0, ifn =2m;
g &

Se(x) = = Z sm(Zn 1) x. From Definition 12.1.1,

g &
u(x,t) = Fyrs Z_: 1y sin3(2n — 1)mt sin(2n — 1)mx.
12.2.6. From Example 11.2.6, S (x) = 324 Z = 1)n sin n_ From Definition 12.1.1,

3242( 1)" 871nt . nmXx
08 .

at -
u(x,t) = sin 3

324 (- 1)” nw
12.2.8. From Example 11.2.6 Sg(x) = Z sin T From Definition 12.1.1,

ux,t) = —



12.2.10.

(05} =

if n > 2, then

Oy =
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1 T g
/ xsin? x dx = —/ x(l—cost)dx— — / X cos2x dx
0 7 Jo 0

r ™ 7 sin 2x
- cos2xdx | = —+
0 0 2 47T

11

0

2
T
b4
2

1 . T
— — | xsin2x —;
2 2

1 1 1
xsinx sinnx dx = —/ x[cos(n — 1)x —cos(n + 1)x]dx
T Jo

[ r /” [sin(n —Dx sin(n + 1)xi| i|
- - dx
0 0 n—1 n+1

[cos(n —Dx  cos(n + 1)xi| 4

_i 1 _ 1 _1\ynt1 _
e e e (U
0 ifn =2m—1,

_ [(=D)"* =~ 1] = 16m
(nz—l)rr[( ) ] —m

(=}

sin(n — 1)x  sin(n + 1)x
* n—1 n+1

(n—1)2 (n + 1)

Q= q|= 3|

ifn =2m;

o0

16 n . ...
Srx) == smx - — Z ———— sin 2nx. From Definition 12.1.1,

12.2.12.

B1

if n > 2 then

— (4n% —1)2

o0

16
u(x,t) = gcos V5tsinx — ;’; (4’12’17_1)20032n«/§t sin2nx.

2 T 1 g g
= —/ xsinzxdxz—/ x(l—cost)dx—— / xcos2x dx
7 Jo 7 Jo 0
T 1 . 4 T T sm2x T oor
= ———|xsin2x| — cos2xdx | = —+ = —;
2 2m 0 0 2 dr |, 2
2 (7 1 (7
— xsinx sinnx dx = —/ x[cos(n — 1)x — cos(n + 1)x] dx
7 Jo 7 Jo
1 sin(n — )x  sin(m + x| |* /” sin(n — 1)x  sin(n + 1)x d
—|x - - - X
4 n—1 n+1 0 0 n—1 n+1
1 [cos(n—1)x cos(n+Dx] " 1 1 1 1y — 1]
7| (n—1)2 (n+1)? o Tln—=1D2 (@m+1)?
0 ifn =2m—1,
(n* = 1)*x 4m2 - ’
o0

16
Sg(x) = smx - — Z T sin 2nx. From Definition 12.1.1,

— (4n% —1)2

sin2n+/5 ¢ sin 2nx.

7
u(x,t) = ——=sin~/5¢sinx

8 1
235 - ﬂﬁn; (4n2 —1)2
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12.2.14. Since f(0) = f(1) = f"(0) = f"(L) = 0 and f® = 360x, Theorem 11.3.5(b) and
Exercise 35(b) of Section 11.3 imply that

720 ' . 720 ! !
Un = xsinnwxdx = — =5 | xcosnmx| — cosnmxdx
n-m 0 n-im 0 0
720 720 . nmx|' 720
_ +1 ; +1
= (=" n5715+n6716 sin — 0_( " 55
720 & (=) 720 o (—1)"
Sr(x) = Z = ) sinnmx. From Definition 12.1.1, u(x, 1) = —— Z ( 5) cos3nmtsinnmwx.
n

n=1

b

. . mL 1\ L
12.2.16. (a) t must be in some interval of the form [mL/a, (m + 1)L/a]. If — <t < |[m + 7))
a

a
1\ L )L
then (i) holds with 0 < 7 < L/2a. If [ m + 5) Lo, mtDL
a a

(b) Suppose that (i) holds. Since

2n —Dma ( mL) @2n — Dmar
os—— 1+ — ) =cos —————
L a L

, then (ii) holds with0 <t < L/2a.

2n —1
cos(2n — 1)mm = (—1)" cos w,
(A) implies that u(x, t) = (—1)"u(x, 7).

Suppose that (ii) holds. Since

oS M (—T + M) = COS M COS(Zn - 1)(71’1 + 1)71
L a L

= (=1)"*1cos 7(2’1 —Ll)nar’

(B) implies that that u(x, ) = (=1)"lu(x, 7).
12.2.18. Since f/(0) = f(2) = 0and f”(x) = —2, Theorem 11.3.5(c) implies that
32 /2 (2n —Dmx
cos

2n—1)2n2 4

128 @n—Drx|*

sin

2n—1)373 4

dx

Oy =

= (-1)"*! &
o 2n —1)373’

. From Exercise 12.2.17,

Coty () = 128 Z (2( 1) (Zn —Drx

n—l)3 4

128 -n" 32n — )mt @2n—1rmx
u(x,t) = Z an= 1)3 1 cos 1 .

12.2.20. Since g’(0) = g(2) = 0 and g”(x) = —2, Theorem 11.3.5(c) implies that

32 2 @n—1Dnx
P = G2 /0 s
128 . @en—Dax|* ne1 128
= 5= sin = (-1) ST a3
2n —1)3m 4 0 2n—1)3n
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128 1) 2n — Dmx .
Cuy(x) = Z (Z(n — 1)3 ( 2 . From Exercise 12.2.17,

512 &~ (=1 . 3@2n-—1)nt @2n—mx
COS .

at = —5 1
B 2 A | LA 4

12.2.22. Since f/(0) = f(1) = 0and f”(x) = 6(2x + 1), Theorem 11.3.5(c) implies that

Oy = W / (ZX —+ 1)COS % dx
96 . @2n—-1Dnx ! U @n—Drx
= ——  |(@x+Dsin——=| -2 = -
@ = 1) |:( X + 1) sin . /0 sin 3 dx
3 96 1 4 @n—nx |
T T an-1pa’ [(_1) 3o T 2 .
96 n 4 ]
T @n-1)3x3 [(_1) 3+ 2n — 1)711| '
96 — 4 2n—rx
= -1 .
Cuay (¥) = — g 1)3 [( '3 + an = 1)71} cos 5
From Exercise 12.2.17,
96 1 4 @n—1D5nt  @2n—1nx
==Y —— | (1" .
ux. 1) = 73 2 2n—1) [( 3t Gn - 1)71] cos 2 s

12.2.24. Since g’(0) = g(1) = 0 and g”(x) = 6(2x + 1), Theorem 11.3.5(c) implies that

IBH = W/ (ZX + 1)COS w dx
_ 96 . 2n—1Drx ! L @n—1mx
= —m[(2x+1)31n70—2/0 smf] dx

9 4 2n —1
= % (=1)"*ti3 — cos( n—Dax
2n —1)373 @2n—-1rm 2

1]

0
96 . 4 )

2n —1)3x3 [(_1) 3+ 2n — 1)711| '

4 @2n—Drmx .
Cug(x) = — Z an 1)3 [(—1)"3 + an = 1)7Ti| cos 2 . From Exercise 12.2.17,

192 & ; 4  @n—=D5at (2n—ax
u(x,t) = Z (Zn Iy [(— )3+ an = 1)7Ti| sin cos .

2 2

251
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12.2.26. Since f'(0) = f(1) = f”(1) = 0 and f"'(x) = 24(x — 1), Theorem 11.3.5(c) and Exer-
cise 42(b) of Section 11.3 imply that

384 ! . (2n—1Dnx
ap = W/O(x—l)smfdx
768 [ en—Drx|' [  @n—Drx
= R (x —1)cos — . -/ cos ————— dx
768 [ 2 _ @n—Drx |!
= - 11— sin
@2n —1)4n* 2n—1rm 2 0
768 [ 1"
_ 1+ (=D"2 ;
@2n — D44 | 2n—-1rm
384 & 1 (=1)"4 2n —mx ,
Cur(x) = ey an 1) + an—Dn — From Exercise 12.2.17,
n=1
384 1 (=1)"4 32n— )t (2n—wx
ulx, 1) = ——r 711 cos cos .
nt =~ 2n—-1) 2n—-1m 2 2

12.2.28. Since g’(0) = g(1) = g’(1) = 0 and g""(x) = 24(x — 1), Theorem 11.3.5(c) and Exer-
cise 11.2.42(b) imply that

384 ! @2n—-1Drx
= 7 —1)sin —— 7~
Bn @i /0 (x —1)sin 3 dx
768 | @n—Drx|' ('  @n-lnmx
= —m (x — 1)COS f — ) COoS f d.x
- 0
768 | 2 . @n—Drx |
= - 1—- sin
@2n —1)*n* @2n—-1rm 2 0
B 68 [ (-1'2 7
o @n=D*n4 0 @n—-Dn |’

Cumg(x) = —

384 & 1 [ (=14 } 2n —mx
—_— — 1 =+ COS .
w4 = (@2n— 1)4 @2n—-1rm 2

From Exercise 12.2.17,

768 1 [ (-1)"4 } C3@n—Dnt  (2n—Dnx
u(x,t) =— cos .

375 = (2n — 1) @n—r 2 2

12.2.30. Since f'(0) = f(1) = f”(1) = 0 and f"’(x) = 24(x — 1), Theorem 11.3.5(c) and Exer-
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cise 42(b) of Section 11.3 imply that

384 ! 2n—rx
= — —1)sin —}—— 27~
o an— 1)n’ /0 (x —1)sin dx
768 [ @2n—1mx ! ! 2n —1)mx
= _W (x—l)cosfo—/0 cosf dx
768 '1 2 C@n—1Drx |!
= - — sin
@2n —1)*n* 2n—1rm 2 o
_ 768 '1 N =n"2 7.
o @n=D*z4|  @n—-Dxn |’

768 1 (=2 @2n —mx ,
Cuy(x) = —F’; a1 [1 + an 1)7Ti| cos — From Exercise 12.2.17,

u(x,t) =—

768 1 N (=12 @n—Nrt  (2n—1nx
—_— COS .
w4 = (2n— 1)4 2n—-1rm 2 2

12.2.32. Setting A = 2n — 1)wx/2L and B = (2n — 1)zat /2L in the identities
1 1
cos Acos B = E[COS(A + B) 4+ cos(A — B)] and cos Asin B = E[sin(A + B) —sin(A — B)] yields

2n—1Dmat 2n—Drx 1 @2n—1)r(x + at) @2n—1Dr(x —at)
cos cos = - + cos (A)
2L 2L 2 2L 2L

and

. (2n—1Dmat @2n—1Dmx 1[. Cn—Drax+at) . 2Cn—1Dna(x —at)

sin cos = —|sin —sin

2L 2L 2 2L 2L (B)
@2n—Drm /x+“’ @2n - Drt p
= — cos ————dr.
4L x—at 2L
o0
2n—1

Since Cprr(x) = ’; oy, COS %, (A) implies that

> 2n —1)mat @2n—1)mx
Z oy, COS cos
2L 2L

= %[CMf(x+at)+CMf(x—at)]. ©)

n=1

Since it can be shown that a mixed Fourier cosine series can be integrated term by term between any two
limits, (B) implies that

i 2LBn g G- Dmat  @n—Dmzx 1 i p /x+at s 21— Dt it
— (2n—ra 2L 2L 2a & " 2L
1 [rret (& 2n—Drnt
= — — T 1d
2] . (’; Bn cos 7L T
1 x+at
= Cug(v)dr.

2a Jy—ar
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This and (C) imply that

x+tat

u(x,t) = %[CMf(x+at)+CMf(x—at)]+%/ Cug(v)dr.

x—at

12.2.34. We begin by looking for functions of the form v(x,#) = X(x)7(¢) that are not identically zero
and satisfy vy, = a%vyy, v(0,¢) = 0, vx(L,t) = O for all (x,?). As shown in the text, X and 7 must
satisfy X” + AX = 0 and (B) T” + a?AT = 0 for the same value of A. Since v(0,7) = X(0)T(¢)
and vy (L,t) = X'(L)T(t) and we don’t want T to be identically zero, X(0) = 0 and X’(L) = 0.
Therefore,A must be an eigenvalue of (C) X” + AX = 0, X(0) = 0, X/(L) = 0, and X must be

2
a A-eigenfunction. From Theorem 11.1.4, the eigenvalues of (C) are A, (2’;/74;2,

. . . . 2n—1Dnx L 2n — 1)2712 .
associated eigenfunctions X, = sin 7 n =1,2,3,.... SubstitutingA = ————— into

4L?
(B) yields T” + ((2n — 1)27w2a? /4L?)T = 0, which has the general solution

integer), with

2n —1mat 2B, L . (2n—1Dmat

T, = ay cos sin
2L 2n—1)ra 2L

where o, and 8, are constants. Now let

ol 1) = X ()T () = (Oén cos 2n —)rat 2B, L . @2n— l)nat) “in 2n — l)nx‘

sin
2L 2n—1ma 2L 2L
Then

vy, ( @2n—Dma . (2n—1rmat
B oy sin

o (x,1) = - . + By cos 2n — l)nat) sin 2n — 1)71x’

2L 2L 2L

SO
2n —1 2n —1
on (1. 0) = @y sin Z1DTE @n—Drx
2L 2L

2n—1 2n—1
Therefore,v, satisfies (A) with f(x) = ay sin % and g(x) = B, sin %

= By sin

. More gen-

erally, if a1, &2, ..., an and By, B2, ..., Bm are constants and

m

2n — )mat 28, L . 2n—=Dmat . 2n—1)ax
Un(x,t) = Z (an cos ( ZL) + an fnl)na sin ( ZL) )sm( ZL) ,

n=1

then u,, satisfies (A) with

S = Z“"Sln Uﬂx and g(x) = Z'B" i M

This motivates the definition.
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12.2.36. Since f(0) = f’(1) = 0,and f"(x) = 6(1 — 2x), Theorem 11.3.5(d) implies that

48 ! . (2n—1Drx
o, = —m/() (1—2x)smfdx
96 2n — Dmx |! L @n—1
f— - @ @ @@ (I_ZX)COSM +2/ Coswdx
2n—1)373 2 o 0 2
96 4 C@n—=1Drx |!
= |- — sin
2n—1)3n 2n—-1rm 2 0
96 4
= —— |1+ —
2n—1)3n3 [ + D (2n—1)711|’
96 — 1 4 . @2n—Drx .
Smr(x) = ) ’; @2n—1)3 [1 + (=" an 1)7Ti| sin 3 . From Exercise 12.2.34,
96 — 1 4 32n—Dmt . 2n—nx
= — 1+ (=1)" i .
u(x,t) 3 ’; an =1y [ + (-1 an = 1)771| cos 2 sin 3

12.2.38. Since g(0) = g’(1) = 0, and g”(x) = 6(1 — 2x), Theorem 11.3.5(d) implies that

48 ! . @2n—Dnx
Bn = —W/O(I—Zx)smf

2n—1 dx
@2n—-1Drx

1 1
2n—1
+2/ cog = Dmx
0 0 2

)

96 1 4 . @2n—Dnx ,
Smg(x) = 3 ’; m [1 + (=" an 1)7Ti| sin 3 . From Exercise 12.2.34,

R 1 I _3Qn—Dnt . 2n—Dmx
u(x,t) = 714’;7(271—1)4 [1+( 1) (2n—1)7ri|sm 3 sin 3 .

96

= @i |:(1 —2Xx) cos

96 n 4 . 2n—1Dnx
= — |- sin
2n —1)373 @2n—-1rm 2

S

4
@2n —1)3n3 2n — 1)711| ’

255

12.2.40. Since f(0) = f'(w) = f”(0) = 0and f"’(x) = 6, Theorem 11.3.5(d) and Exercise 11.3.50(b)

imply that

96 /” 2n—x 192 _@2n—1x |"
Oy = B ———— - -

Tn—1)yn 7 T ooy T

192

= 1"

192 n* . 2n—1)x )
Sur(x) = Z (251 — 1)4 ( 7 . From Exercise 12.2.34,

_ 1% ( 1)" (2n—1)ﬁz C@n—1x
Z(2n 2 T

o 2n — 1)471;
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12.2.42. Since g(0) = g'() = g”(0) = 0 and g"”’(x) = 6, Theorem 11.3.5(d) and Exercise 50(b) imply
that

9 T Qn—1)x 192 . @n—Dx | T
By = ——— cos —————dx = — sin = (=D ;
Q2n—-1)37 J 2 @2n—1)*x 2 o @2n—1)*x
o0

x. From Exercise 12.2.34,

192 -1" 2n —1
Sug (x) = — Z (Z(n _)1)4 sin( ! 3 )

=D . @n—-D3t . 2n—1x
= ﬁj‘[ Z (2n — 1)5 sin b sin b .

12.2.44. Since f(0) = f'(1) = f”(0) = 0 and f"'(x) = 12(2x — 1), Theorem 11.3.5(d) and Exer-
cise 11.3.50(b) imply that

oy = —Q;%AI(Zx—l)costx
= _(Zni‘% :(2x—1)sinM:—2folsinwdxj|
= _(Zni‘% (=Dt 4+ an j e cos (2n —Zl)nx :]
= o :“”M - G- 1)71} = o [(_1)" * m];

384 — 1 4 @2n — mx
S =— ) ——— D" i . From Exercise 12.2.34,
My (x) - 2 - A [( )+ an = 1)”i| 2 rom Exercise
384 & 1 4 2n —mx
N=—=) —— | (-)"+ — 2n — )t sin ————.
u(x,t) 2 2 Gn- Iy [( )+ @z 1)7Ti|cos( n— 1)t sin

12.2.46. Since g(0) = g’(1) = g”’(0) = 0 and g"”’(x) = 12(2x — 1), Theorem 11.3.5(d) and Exer-
cise 11.3.50(b) imply that

192 ! 2n — 1)mwx
Bn = —W/O (2x—1)cos(7dx
384 [ . (2n—1Dnx ! /1 . (2n—1Dnx
@n— ind (2x — 1)sin . A sin 2 dx
384 | 4 @n—Dmx |!
- -V -1 n+1
an— s | TV G T T 2 J
384 [ 4 384 4
= 2yt - ey —2
@2n—1)*74 | 2n—-1m 2n—1)*m 2n—-1)rm
384 & 1 I 4 _ @2n—Dnx ,
Smg(x) = Fn=1 P _(—1)" + an = 1)7Ti| n 3 . From Exercise 12.2.34,
384 1 4 @n—Dmx
=y —— [ (=1)"+ ——— | sin(2n — Dmt sin ——2"=
u(x,t) 5 P Gn =1y [( )+ an = 1)7Ti| sin(2n — 1)mt sin
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12.2.48. Since f is continuous on [0, L] and f’(L) = 0, Theorem 11.3.4 implies that Sps 7 (x) = f(x),
0 < x < L. From Exercise 11.3.58, Sy is the odd periodic extension (with period 2L) of the function
_ f(x), 0<x<L, Lo . . _ _ _
r(x) = fOL=x), L<x<2L, which is continuous on [0, 2L]. Since r(0) = r(2L) = f(0) =
f(x), 0<x <L, r(0) =
—f'@QL—-x), L<x<2L, '+
f1(0), r(2L) = — f1(0), and, since f'(L) = 0, r'(L) = 0. Hence, r is differentiable on [0, 2L].
Since r(0) = r(2L) = f(0) = 0, Theorem 12.2.3(a) with s = r, p = Sy, and L replaced by 2L
implies that Sy ¢ is differentiable on (—00, 00). Similarly, Sasg is differentiable on (—o0, 00).
f”(‘x)’ O <x < L’ " —_ 1 1 [ —_
f//(ZL L <x < ZL r (L) - f— (L)’ andr (O) - r—(ZL) -
+(0) = 0. Since S;u is the even perlodlc extensmn of r/, Theorem 12.2.3(b) with h = r/, ¢ = SMf’

0, Sarr is continuous on (—00, 00). Moreover, r'(x) =

Now we note that r”(x) =

and L replaced by 2L implies that S, . is differentiable on (—o00, 00). Now follow the argument used to
complete the proof of Theorem 12.2.4.

768 1 2n—1
12.2.50. From Example 11.3.5, C 7 (x) = 4— G e cos 2 g X 122,49,
n —
w4 768 L s V52n — Dt cge 21— Drx
e Vi 2 2
3 5 T 2 4
12.2.52. ap = (3x —4Lx3)dx = (% —nx4) - —%. Since f/(0) = f'(x) = 0 and
0
fx) = 24(3x — ), Theorem 11.3.5(a) implies that
48 (7 48 (T
a, = —/ (Bx —m)sinnxdx = ——— | (B3x — ) cosnx —3/ cosnx dx
n3r Jo ntm o 0
48 144 T4
= —[(-D"2x + 7]+ —sinnx| =——[1+D"2], n>1,
ntw n>w 0 n*
27t 1+ (=1)"2
Cr(x) = —% — 48 Z -’_5174) cos nx. From Exercise 12.2.49,

n=1

274 1+ (=12
u(x,t) = —% — 48 Z -’_5174) cos2nt cosnx.

™ 1 (3x° 4 2
12.2.54. By = / Bx* —4Lx3)dx = — (? — nx4) =-—= Since g’(0) = g’(7r) = 0 and

0 4 0
g"(x) = 24(3x — &), Theorem 11.3.5(a) implies that
48 (7 48 4 4
Bn = e / (Bx —m)sinnxdx = ——— [(3x —m)cosnx| — 3/ cosnx dx:|
n-im 0 0

(1

48

144 48
= ——[( D"2x +71]+—smnx =——[l+ED"2], n>1;
n* St n

0
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2% 1+ (=12
Ce(x) = —% — 48 nz=:1 -’_5174) cosnx. From Exercise 12.2.49,
274t X1+ (=12
u(x,t) =— 715 —242 -’_5175) sin2nt cosnx.
n=1

1 (= 1 5 4 2.3\ |7 4
u&%sz—i/(ﬂFme+ﬂ%ﬂdx=——f——££~%nx =2 Since /'(0) =

b4 T\ 5 2 3 0 30

0
f'(w) =0and "' (x) = 12(2x — 1), Theorem 11.3.5(a) implies that

1 11
— 2/ cosnx dx:|
0 0

24 .
:_n_4[1+(_1) ]

24
O = = (2x—n)sinnxdx=—T[(Zx—ﬂ)cosnx
7 Jo ntn

(1

24 48
= —[(-1)"7 4+ 7] + ——sinnx
ntm nm

0
0 ifn =2m-—1,
= > 1:
2 itn=om, "7
m
Tt 21 Tt 1
Cr(x)=—-3 —- cos 2nx. From Exercise 12.2.49, u(x,t) = — —3 — cos 8nt cos2nx.
30 = 1n4 30 = n*
1 5 4 2.3\ |7 4
12.2.58. Bo = — / (x* —27x3 + 72x%)dx = — x__ﬂ_’_nx - Since g’'(0) =
T\ 5 2 3 0 30

g'(r) = 0and g”’(x) = 12(2x — m), Theorem 11.3.5(a) implies that

/2 b4
-2 / cosnx dx:|
0 0

24
=1+ (1))

24
Bn = —— (2x —m)sinnxdx = ——— [ (2x — ) cosnx
37 Jo n*m

(1

24 48
= —[(-)"n + 7]+ —sinnx
ntmw nemw

0
0 ifn=2m-—1,
= : > 1;
3 ifn =2m,
™ & DB R |
Ce(x)=—-3 —- cos2nx. From Exercise 12.2.49, u(x,t) = — — = — sin8nt cos2nx.
30 = n* 30 84’

1
12.2.60. Setting A = nwx/L and B = nmat/L in the identities cos A cos B = 3 [cos(A+ B)+cos(A—

1
B)] and cos Asin B = E[sin(A + B) —sin(A — B)] yields

nmat nmwx 1 nm(x + at nm(x —at
cos cos — = — | cos ¥ + cos ¥ (A)
L 2 L L
and

. nmat nwx 1[. ne(x+at) . nn(x—at)

sin cos - = 3 sin 7 —sin
ni x+at NIt (B)

= — cos — drt.

2L L
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Since Cr(x) = ap + Z Oy sm (A) implies that
n=1
> nmat nmwx 1
a0+z_:ancosTcosT = 5[Cr(x +a) + Cr(x —an)). (©)

Since it can be shown that a Fourier sine series can be integrated term by term between any two limits,
(B) implies that

x+tat

. nmat nTx 1 & nwt
,BOI+ZIBH cos = 'BOI+Z,;IB”/ CosTdt

nma L L x—at

1 x+at_ S nTT
= 2—/}; (ﬂo-’—};ﬂnCOST) dt

IN]

—at

1 x+at
= —/ Cy(v)dr.

2a Jx—ar

This and (C) imply that

x+tat

u(x,t) = %[Cf(x+at)+Cf(x—at)]+%/ Cq(r)dr.

x—at

12.2.62.(a). Since |p,(x)| < 1 and |g,(¢)| < 1 for all ¢, |kn pn(X)gn(t)| < |kn| for all (x,?), and the
comparison test implies the conclusion.

(b) If ¢ is fixed but arbitrary, then |k, p, (x)qn (t)] < |A|n|ks]|, so Theorem 12.1.2 with z = x and
Wn(X) = kn pn(x)gn (t) justifies term by term differentiation with respect to x on (—oo, c0). If x is fixed
but arbitrary, then |k, pr (x)q,, ()| < ||n]kn|, so Theorem 12.1.2 withz = ¢ and w, (t) = ky pn(X)gn (t)
justifies term by term differentiation with respect to ¢ on (—oo, 00).

(c) The argument is similar to argument use in (b).

o0

o0
. nwat . nwx BnL . nmwat . nmx
d) Apply (b) and (c) to the series oy, COS sin —— and sin sin , recall-
(d) Apply (b) and (c) n;n T T ’;nm T T
ing that the individual terms in the series satisfy u;; = a’u . for all (x,1).
x+ct)+ f(x—ct 1 [xtet
d) u(x,t) = 24 )+ /L ) + —/ g(u)du.
2 2a Jx—ar
12.2.64.
+at) + —at 1 x+at x+at x+at
u(x,t) = r+an+ & a)+_/ 4audu=x+2/ udu = x +u?
2 2a x x—at x—at
= x4 (x +at)? = (x —at)? = x(1 + 4at).
12.2.66.
: t : —at 1 x+at
uGrt) = sin(x + at) + sin(x a)+_/ 4 cosu du
2 2a Jx—ar
sin(x + at) + sin(x — at sin(x + at) — sin(x — at .
= ( ) ( ) + ( ) ( ) = sin(x + at).

2 2
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12.2.68.
we ) = (x + at)sin(x + at) + (x —at) sin(x —at) N 1 /“’“’ siny du
2 2a Jx—ar
_x[sin(x + at) + sin(x —ar)] = at[sin(x + at) —sin(x —at)]
N 2 + 2
cos(x —at) — cos(x + at)
2a

) . sinx sinat

= Xxsinxcosat +atcosxsinat + ————.

12.3 LAPLACE’S EQUATION IN RECTANGULAR COORDINATES

12.3.2. Since f(0) = f(1) = 0and f”(x) = 2 — 6x, Theorem 11.3.5(b) implies that

8 2 2
oy = /(4 6x)s1n—dx—_3|:(4_6x)cosn72fx +6/ COSandx]
0 0

Cn2g2

(1+ (=1)"2) 4+ —0_ i 1T ’
ntm 2

32
=53 1+ (—D"2];
0

373

32 [+ (-1)"2] | nmx
S(x)z——32 3 sin — . From Example 12.3.1,

32 o [1 4 (=1)"2]sinhnw(3 — y)/2 . nmx
ux,y) =—-—— Z sin .
it n3 sinh 3nmw/2 2
12.3.4.
2 T 1 T g
o = —/ xsin? x dx = —/ x(l—cost)dx— — / X cos2x dx
T Jo T Jo 0
1 4 4 2
= %—g[xsiano—/o costdx:|=%+Slzﬂx o_%’

if n > 2, then

2 (" 1 [*
a, = —/ xsinx sinnx dx = —/ x[cos(n — 1)x —cos(n + 1)x]dx
T Jo T Jo
1 sin(n — )x  sin(n + x| /” sin(n —1)x  sin(n + 1)x d
oo * n—1 n+1 0 0 n—1 n+1 o
_ 1Jeos(n—=1x cos(n+Dx7]|" _ 1 1 1 (1)1 —1]
x| (n—1)? m+12 ||, 7#lr—D2 (n+1)2
0 ifn =2m—1,
= 247’112 (Gt —a)=y __1om o
(n* = 1) @m? — ) =
S(x) = 16 i ! in2nx. From Example 12.3.1
X —smx - — ——— sin2nx. From Example 12.3.1,
s (4n? — 172 P
i smh(l -y) 16 = nsinh2n(1—y) .
u(x,y) = -——————=si — sin2nx.

sinh 1 Ty = (4n2% — 1)2 sinh 2n
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(1—x)? !

= —;ifn >1,
2

o 2

1
12.3.6. a9 = / (1=x)dx =—
0

1

1
+ / sinnmwxdx
0 0

1 5 4
= — 1— —1 ny — — 242
. nznz[ =D"] 2m O1) 1

On

/ (1 —=x)cosnmxdx = 2 |:(1—x) sinnmwx

ifn=2m-1,

= — cosnmtx
n ifn =2m;

1
W cos(2n — 1)mx. From Example 12.3.3,
n —

4 & inh(2n — 1
% = Z sinh(2n — Dy cos(2n — )mx.

(2n —1)3cosh2(2n — 1)

1 31
-1
12.3.8. a9 = / (x — D?dx = u = —;ifn > 1, then
0 3 o 3
1 2 1 1
ap = 2/ (x —D?cosnmxdx = — | (x — 1)*sinnmx —2/ (x = Dsinnmx dx
0 nim 0 0
G 1 /1 . 4 4 1 4
—— —1cosnmx| — | cosnm = —— — ——sinnw = —;
2.2 | ¥ o7k YAX =5 2 T 3,3 Y, T n2nz

4 & y sinhnmy
Clx) = = Z_: cos nmx. From Example 12.3.3, u(x,y) = = 713 Z COSNTTX.

1
g 3 n3coshnm

12.3.10. Since g(0) = g’(1) = 0, and g”(y) = 6(1 — 2y), Theorem 11.3.5(d) implies that

4 ! . 2n—1Dmy
Oy = —m /(; (1 — Zy) sin f dy
96 @2n—1)my ! /1 2n -1y
= ——|(1-2 _ 2 —d
@ = 1) |:( y) cos 7 . + A cos 7 y
9 4 o en-Dry|
= ———=— -1+ — sin
2n—-1)3n 2n—-1)rm 2 0
96 4
= — 1+ )=
2n—1)3x3 [ + D 2n — 1)711| '
9% o |1 w4 . (@2n—Dmy
Su(y) = ) Z Q2n—1)3 1+ (1 @ —Dn sin 2 . From Example 12.3.5,
n=1

96 ., 4 cosh2n — Dm(x —2)/2 . @2n—1Dny
ux.y) = =73 g [1 TV 1)71} (n—1)pcosh2@n— /2" "7 2
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12.3.12. From Example 11.3.8.3,

_%m; o 4 . @2n—=1my
Su©) =73 — 20— 1) [3+( D (2n—1)711|sm >

From Example 12.3.5,

u(x, y) = 9_32[3+( b jl)ﬂ} cosh(2n = Dr(x =3)/2 . @n— )y

(2n —1)3 cosh3(2n — 1)x/2 2
12.3.14.
2 (3 2n—1
= —/ (3y—y2)coswdy
3Jo 6
4 —1 —1
= m |:(3y —y?)sin —— = (2 )ny / (B3-2y) sm )ny dy]
24 @n - Dy |? /3 @n— Dy
Gn = 1722 |:(3 y) cos . + A cos 3 dy
_ ™ L 288 Cn-Dmy 3 _ 28 . (@n—Duy
@2n—1)2%72  (2n—-1)3x3 6 o (@n—1)373 2
. 72 1 288 )
- @2n—1)2x2 + =D @2n —1)373’
72 o 4(=1)" @2n —my
Cu(y) = —2 1 — 1)2 [ an = 1)7Ti| cos ; . From Example 12.3.7,
u(x.y) = 432 & 4(=1)" cosh(2n — 1) x /6 cos 2= Dy
’ 73 @2n—1Dx | 2n —1)3sinh(2n — 1)7/3 6 '

n=1
12.3.16. Since g’(0) = g(1) = 0 and g”(y) = —6y, Theorem 11.3.5(c) implies that

48 /1 2n— )y
oy = ycosfdy
0

2n—1)2n2
1 1
- % [y sin @n = Dry . —/0 sin @n=Dry —Zl)ny dy]
1
y
n 2 .
- @n—1)3x3 [(_1) + 2n— 1)711| a:
> 2n—1my

2
96 1 2
C ==Y — |1 . From Example 12.3.7,
Mm(y) e ’; an =1 [( )+ an 1)7Ti| cos 3 rom Example
x.) 192 & cosh(2n — 1)mx /2 1y 2 @2n— Dy
u = —— — 0S .
S 7% £ (2n— 1)*sinh(2n — 1)/2 2n— 2

n—m
2 2 Dy
cos

2n—-1)rm 2

— ﬁ |:(_1)n+1 +
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12.3.18. The boundary conditions require products v(x, y) = X(x)Y(y) such that (A) X" + AX =0,
X'(0)=0,X'(a) =0,and (B) Y —AY =0,Y(0) = 1, Y(b) = 0. From Theorem 11.1.3, the eigenval-

2_2
ues of (A) are A = 0, with associated eigenfunction Xo = 1,and A, = —721, with associated eigenfunc-
] nmwx o . . “
tions ¥, = cos——, n = 1,2, 3,.... Substituting A = 0 into (B) yields Yy’ = 0, Y5(0) = 1, Yo(b) = 0,
ya n?m?
soYo(y) =1— = SubstitutingA = ——— into (B) yields Y) —(n?n%/a®)Y, = 0,Y,(0) = 1,Y,(b) =
inhnm(b — inhnm(b —
0. 50 ¥, — M—)O/cz Then vn(r.y) = Xo(x)Va(y) = sin .nn( y)/a cos nnx’ “
sinhnzb/a sinhnwb/a a

nwx ) ) ) ) nwx
Uy (x,0) = cos ——. Therefore,v,, is solution of the given problem with f(x) = cos ——. More gener-
a a

inhnm((b —
ally, if g, . . . , oy, are arbitrary constants, then u,, (x, y) = «p (1 — X)+Z oy S .nn( y)/a cos nrx
b = sinhnzb/a a
m
. . . . nmx . . .
is a solution of the given problem with f(x) = o + Z o, cos ——. Therefore, if f is an arbi-
a

n=
trary piecewise smooth function on [0, a] we define the formal solution of the given problem to be

o0 .
hnm(b —
u(x,y) = ap (1 — %) + Z:locn Smsi’;zinb/);)/a cos nzx’ where C(x) = ag + Z(xn cos — is

n=
1 a
the Fourier cosine series of f on [0, a]; that is, ¢g = — / f(x)dx and ay, = — / fx) cos X dx,
a Jo a Jo a
n>1.
, , N (x5, 4x3
Now consider the special case. g = (x —4x® +4x?)dx = AU Xt + — 3
Since f/(0) = f'(2) =0and " (x) = 12(2x —2), Theorem 11.3.5(a) implies that

0 5 .

9% (2 192 2 2
ap = —/ (2x—2)sinﬂdx= (2x—2)cos£ —2/ cosﬂdx
n37'r3 0 2 2 0 0 2
192 768 . nmx |? 384
= 558 . =i 1+ (—=1)"]
0 ifn=2m-—1,
= 438 > 1
—2 itn=2m, "7
mim
cw) 8 48 1 (x.y) = 8(1—y) 48 o~ 1 sinhn(l —y)
= — COSNTTX; U - — ——————— L COSNTX.
* 15 x4 = n4 XUl y 15 a4 = n* sinhnm o

12.3.20. The boundary conditions require products v(x, y) = X(x)Y(y) such that (A) X" + AX = 0,
X0) =0, X'(@) = 0,and B) Y'"—AY = 0,Y(0) = 1, Y(b) = 0. From Theorem 11.1.4, the

. @2n—1)>27% | . . . . @2n—=1Dnx
eigenvalues of (A) are A, = By R with associated eigenfunctions Y, = sin BTV E
a a
2n — 1)2 2

n = 1,2, 3,.... Substituting A = into (B) yields ¥,) — (2n — 1)*7x2%/4a®)Y, = 0,
smh(2n — (b —y)/2a
Y,(0) = 1, Y,(b) = 0, Y, = . Th , = X Y, =
»(0) n(D) SO I'p sinh(2n — 1)7b/2a en vn(x,y) n(X)Yn(y)
inh(2n — 1)z (b — 2 2n —1 2n —1
s ( - Lt y)/2a Sin( k )nx, S0 Vu(x,0) = sinw. Therefore,v,, is solution of
sinh(2n — )b /2a 2a 2a
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2n —1)mx
2a
sinh(2n — )z (b — y)/2a @2n—-1Drx

cos
sinh(2n — )b /2a 2a

the given problem with f(x) = sin . More generally, if o1, ..., o, are arbitrary constants,

m
then u,, (x,y) = Zan

n=1

is a solution of the given problem

m
2n — )mrx
with f(x) = E oy Sin % Therefore, if f is an arbitrary piecewise smooth function on [0, a]
a
n=1

sinh(2n — D)z(b — y)/2a . 2n— Dnx
sin ,
sinh(2n — )b /2a 2a

we define the formal solution of the given problem tobe u(x, y) = Z Op

> @2n—-1Drx "
where S, (x) = Z oy Sin 5 is the mixed Fourier sine series of f on [0, a]; that is, o, =
a
n=1
2 (4 2n — Dmx
—/ f(x)sin Q
a o 2a

Now consider the special case. Since f(0) = f/(L) = 0and f”(x) = —2, Theorem 11.3.5(d) implies
that

48 /3 . @n—Drx 288 @n—Drx ? 288
Oy = ——————= n———ax = — COS = 5
T @n—-1)2n2 ), 6 2n—1)3x3 6 o (@n—1)3x3
288 — 1 _ @n—1rx
SMN) =32 Gamp e
n=1
288 = sinh(2n — (2 —y)/6 . (2n—)nx
u(x,y) = .

73 4 @n—1)Psinhn— /30 6

12.3.22. The boundary conditions require products v(x, y) = X(x)Y(y) such that (A) X" + AX =0,
X'0) =0, X'(a) =0,and B)Y'—AY =0, Y'(0) = 0, Y(b) = 1. From Theorem 11.1.3, the

2_2
eigenvalues of (A) are A = 0, with associated eigenfunction Xo = 1, and A, = — with associated
a
eigenfunctions Y;, = cos ﬂ, n =1,2,3, ... Substituting A = 0 into (B) yields Y’ = 0, Y(0) = 0,
a
2_2
Yob) = 1,50 Yo = 1. Substituting A = ”af into (B) yields ¥” — (n272/a?)Y, = 0, Y/(0) =
coshnmy/a sinhnmy/a nmwx
0, Yo(b) = 1,80 Y, = 7)}/ Then v, (x,y) = Xp(x)Y,(y) = v/ cos , SO
coshnmb/a coshnwb/a a
nmwx . . . . TX
vy (x,b) = cos ——. Therefore,v, is solution of the given problem with f(x) = cos ——. More
a a
m
h
generally, if «g, ..., o, are arbitrary constants, then u,,(x, y) = o + Z oy coshnmy/a cos ey is
“= “coshnmb/a a

m
a solution of the given problem with f(x) = oo + Z Oy COS @ Therefore, if f is an arbitrary
a

n=1
piecewise smooth function on [0, a] we define the formal solution of the given problem to be u(x, y) =
o0 o0
coshnmy/a nTx nwx . . . .
oo + Z oy v/ cos , where C(x) = ap + Z o, cos —— 1is the Fourier cosine series of
= coshnmb/a a = a

1 [ 2 [
f on [0, a]; that is, «g = —/ f(x)dx and oy = —/ f(x)cos ﬂabc,n > 1.
alo aJo a
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Now consider the special case.

1 (= 1 5 4 2.3
aoz—/ (x* —2nx® + 7%x%) dx = — x__ﬂ_'_nx
7 Jo T\ 5 2 3

kg 4

o 30

Since f/(0) = f’(x) =0and f"'(x) = 12(2x — 7), Theorem 11.3.5(a) implies that

/2 T
—2/ cosnx dx]
0 0

24 n
l— 1+ (=D"]

24 7 24
ap = 3—/ 2x —m)sinnx dx = - [(2x—n)cosnx
n3w Jo n*m

(1

24 48
= ——[(-D)"n + 7]+ —sinnx
ntw n>w o

0 ifn=2m-—1,
= . n =1
-— ifn =2m,
m
4 S 4 00
b4 1 b4 1 cosh2ny
Clx) = 30 —3’; n—40032nx;u(x,y) =30 —3’; FWCOSan

12.3.24. The boundary conditions require products v(x, y) = X(x)Y(y) such that (A) X" — A\X =

0, X’(0) =0, X(@) = 1,and B) Y" + AY = 0, Y(0) = 0, Y(b) = 0. From Theorem 11.1.2,
2.2

the eigenvalues of (B) are A, = n7’ with associated eigenfunctions ¥, = sin ?, n=1,2,
2_2
3,.... Substituting A = % into (A) yields X — (n22/b%) X, = 0, X/ (0) = 0, Xn(a) = 1, so
coshnmwx/b coshnmx/b . nmw . nmw
n = m. Then v,(x,y) = X, (X)Y,(y) = coshnna;b sin by’ s0 v,(a,y) = sin Ty
Therefore,v, is solution of the given problem with g(y) = sin ? More generally, if aq,...,an

coshnmx/b . nmy . . .
n sin is a solution of the given problem
coshnma/b b

are arbitrary constants, then u,,(x, y) = Z o

n=1

. N onmy L . o .
with g(y) = E oy Sin 5 Therefore, if g is an arbitrary piecewise smooth function on [0, b] we
n=1
coshnmx/b . nmy
n sin
coshnma/b b

define the formal solution of the given problem to be u(x,y) = Z o , where
n=1
nmy

n=1 b

Now consider the special case. Since g(0) = g(1) = g”(0) = g"(L) = 0 and f®(y) = 24,
Theorem 11.3.5(b) and Exercise 35(b) of Section 11.3 imply that

00 b
2
S(y) = E oy sin ? is the Fourier sine series of g on [0, b]; that is, o, = 5 / g(y)sin dy.
0

48 /1, J 48 !
ay = —— [ sinnm = ————cosnxw
§ n*w4 Jo yay n Y o
96
48 —— ifn=2m-1
= —— =)' —1=1 @m—1pzs T
nm .
0 ifn =2m;

oo

96 1 . 96
S(y) = ;’; @n—1)yp sin2n — Dry;ux, y) = — >

cosh(2n — )z x
(2n —1)% cosh(2n — 1w

sin2n — )my.

n=1
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12.3.26. The boundary conditions require products v(x, y) = X(x)¥Y(y) such that (A) X" —AX =0,
X'0) =0, X'(a) = 1l,and(B) Y+ AY = 0, Y(0) = 0, Y(b) = 0. From Theorem 11.1.2, the

. % . . . _ nwy
eigenvalues of (B) are A, = R with associated eigenfunctions Y, = sin 5 n=123,....
2.2
Substituting A = ! 5— into (A) yields X,/ — (n*7%/b)X, = 0, X,(0) = 0, X/ (a) = 1,50 X =
b coshnmx/b b coshnmx/b . nmy nmw
— ————.Th ) =X Y, = —— i = sin ——.
nw sinhnma/b en v (x. ) (0¥ () nw sinhnma/b - b - b
nmw
Therefore,v,, is solution of the given problem with g(y) = sin Ty More generally, if ay, ..., oy are
b h b
arbitrary constants, then u,, (x,y) = — Z Op CO,S nrx/ sin ey is a solution of the given problem
— nsinhnra/b b
m
. . nmy . . . . . .
with g(y) = Z op sin 5 Therefore, if g is an arbitrary piecewise smooth function on [0, b] we

n=1

b hnmx/b
define the formal solution of the given problem to be u(x, y) = — Z coshnzx/ sin nry , where

n=1annsinhnna/b b

00 b
2
S(y) = E oy sin ? is the Fourier sine series of g on [0, b]; that is, o, = 5 / g(y)sin nry dy.
0

b
n=1
. . 1[ (% . nmy 4 . nwy
Now consider the special case. o, = — ysin——=+ | (4—y)sin—=dy |;
2 LJo 4 5 4
/2 y d nwy 2 /2 nwy d
sin —— = ——|ycos——| — [ cos——
A y gz Y y 2 |, Jo g Y
nw n 4 nwy 2 nw n 4 b4
= ——CO0S — _— = ——— CO0S — in ;
nmw 2 22 o nmw 2 n2g? 2
2 4 2
/ (4—y)smmdy = — (@4 —y)cos —— +/ cosn—dy
4 , Jo
2 nw 4 nwy 4 2 nw n 4 nw
= —co i = — oS — sin —;
nmw 2 n2g? 4 |, 2 n?m2 2
+1 16 :
16 . nm )" ———— ifn=2m-—1
U = 55 sin— = @2m—1)272
ne 0 ifn =2m;

_ 16 (- 1)"+1 , (Zn—l)ny‘
Z 2n — 4 ’

_ 64 et cosh(2n — rrx /4 . @2n—1Dmny
M) = o n;( S @ =1 sinhen —Dra T &

12.3.28. The boundary conditions require products v(x, y) = X(x)¥Y(y) such that (A) X" —AX =0,
X'0)=1,X@) =0,and B) YY"+ AY =0, Y'(0) = 0, Y'(b) = 0. From Theorem 11.1.3, the
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2_2
eigenvalues of (B) are 4o = 0, with associated eigenfunction Yy = 1, and A, = 2 with associ-
ated eigenfunctions Y, = cos ?, n = 1,2, 3,.... Substituting Ay = 0 into (A) yields X(’)’ = 0,

27.[2

X0(0) =1 X(a) = 0,0 Xo = x —a. Substituting A = ——— into (A) yields X/ — n?7?/b*)X, =

0, X/(0) = 1, Xn(a) = 0, s0 X, = b simhnz(x —a)/b oy (X, Y) = Xn(X)Yn(y) =
nw  coshnma/b

b sinhnw(x —a)/b nwy v

n nmwy . . .
(0, y) = cos ——. Therefore,v, is solution of the given prob-

nm  coshnwa/b O %0 Ty b

lem with g(y) = cos ? More generally, if «o, ..., o, are arbitrary constants, then uy,(x,y) =
b inh —a)/b

ao(x —a) + — Z(xn sinhnz(x —a)/ cos ey is a solution of the given problem with g(y) =
7 ncoshnma/b b

n=1

m
Z Oy, COS ? Therefore, if g is an arbitrary piecewise smooth function on [0, ] we define the formal

n=1

b <~ sinh —a)/b
solution of the given problem to be u(x, y) = ao(x —a) + — Z Op sinhnz(x —a)/ cos ey where
b4

= ncoshnma/b b

nmwy

el b
1
C(y) =ao+ E Qi COS 7Y i the Fourier cosine series of gon [0, b]; thatis, g = — / g(y)cos
b b Jo b

n=1

2 b
oc,,:—/ g(y)cosmdy,nzl.
b Jo b

Now consider the special case. From Example 11.3.1,

dy,

o0

T 4 1
C(y) = 5 ;nZ::l mcos(Zn —1Dy;

m(x=2) 4~ sinhQ2n—1)(x —2)
2

— 2n —1)y.
m = (2n - 1)3cosh2(2n — 1) cos(2n =1y

u(x,y) =

12.3.30. The boundary conditions require products v(x, y) = X(x)Y(y) such that (A) X" + AX = 0,
X'(0) =0, X(@) =0,and (B) Y"—AY =0, Y(0) = 1, and Y is bounded. From Theorem 11.1.5, the
2n —1)>7? @2n—-1Drx

= - S————,n=1,
2a

into (B) yields Y/ — ((2n — 1)*72/4a®)Y, = 0, Y,(0) = 1, so
2n—1
Y, = e" @ D7my/2a Then vp(x,y) = Xn(0)Y,(y) = e~ @n=Dmy/2a g (’12&, SO Uy (x,0) =
a
@2n—1rmx

. . . . 2n—-1Drx
cos . Therefore,v, is solution of the given problem with f(x) = cos oy More
a a

2n—1mx
S e
2a

eigenvalues of (A) are A,, = , with associated eigenfunctions Y, = co

2, 3,.... Substituting A =

m
generally, if a1, ..., ay, are arbitrary constants, then u,, (x, y) = Z ape”GnDmy/2a o
n=1

m
2n —1
is a solution of the given problem with f(x) = Z(xn cos (’12& Therefore, if f is an ar-
a

bitrary piecewise smooth function on [0, a] we define the formal solution of the given problem to be
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> 2n—1)mx > 2n —1)mx
u(x,y) = Z ape”@nDmy/2a (o T, where Cp, (x) = Z oy, COS >y is the mixed

n=1 n=1
2n —1)mx
2a '
Now consider the special case. Since f(0) = f (L) =0and f”(x) = —2, Theorem 11.3.5(d) implies
that

Fourier cosine series of f on [0, a]; thatis, o, = — f(x) cos

dx

Oy =

16L 3 @n-1rmx
P e 2/ cos ;
n— T
288 @n—Drx ]?
sin
2n—1)3x3 6

o 2n —1)373’

288 < (—1)" 2n —1
Ut ==23 . (Z(n —)1)3 cos 6 =

288 1) (o 2n — )mx

12.3.32. The boundary conditions require products v(x, y) = X(x)Y(y) such that (A) X" + AX =

0, X(0) = 0, X(@) = 0,and B) Y" —AY = 0, Y/(0) = 1, and Y is bounded. From Theo-
2.2

rem 11.1.2, the eigenvalues of (A) are A, =
2,2

— with associated eigenfunctions Y, = sin —,
a a

n = 1, 2, 3,.... Substituting A =

into (B) yields Y¥,” — (n?>72%/a®)Y, = 0, Y,(0) = 1, so

a a nmwx Bv nwx
Y, = ——e /4 Then v, (x, y) = X (x)Y(y) = ——e "™/ 5in —— 50 — (x 0) = sin —.
nw nw a a
. . . . . WX
Therefore,v,, is solution of the given problem with f(x) = sin ——. More generally, ifag,..., o, are
a
. a oy . MTX . .
arbitrary constants, then u,,(x,y) = —— Z —e™"7¥/4 5in —— is a solution of the given problem
7 n a
n=1

. R . . . . . .
with f(x) = Z oy Sin > Therefore, if f is an arbitrary piecewise smooth function on [0, a] we

n=1

define the formal solution of the given problem to be u(x,y) = 4 Z In g=nmyla i ﬂ, where

b n
n=1 a

Clx) = Z oy Sin % is the Fourier sine series of f on [0, a]; that is, o, = / fx) sin 2% dx

n=1

Now consider the special case. Since f(0) = f(7x) = 0 and f”(x) = 27w — 6x, Theorem 11.3.5(b)

implies that

2 r 4
+ 6 / cosnx dxi|
0 0

2 1
—m/ 2r — 6x)sinnx dx = —— [(Zn — 6x)cosnx
0

On
n7T

11

4 n 12 . 4 n
= —=S [0+ D" 2+ =sinnx | =——[14 (=1)"2];
n n°mw n

0

S(x) = —42 [14_51;31)’12] sinnx; u(x) = 42 [1-’_517_41)’12]6—@ sinnx;

n=1 n=1
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12.3.34. The boundary conditions require products v(x, y) = X(x)Y(y) such that (A) X" + AX =0,
X0)=0,X'(a) =0,and(B)Y” —AY =0, Y'(0) = 1,and Y is bounded. From Theorem 11.1.4, the

- @n—1>x> . . . . (2n—Drx
eigenvalues of (A) are A, = BV with associated eigenfunctions Y, = sin 2, n=1,
a a
[T (Zn - 1)2 2 . . " 2.2 2 !
2, 3,.... Substituting A = 102 into (B) yields ¥,’ — (2n — 1)*7*/4a*)Y, =0, Y,(0) = 1, so
a
2a (o 2a (o . @2n—1Drnx
Y, — — 2n 1)7ry/2a. Th , - X Y, - _ (2n—1)my/2a
" 2n—-1rm ¢ en vn (¥, 7) (0¥ () @2n—1)= - 2a
. @2n—=1Dnx . . . . . 2n—1Dnx
= sin — g Therefore,vy, is solution of the given problem with f(x) = sin 2,
a a
i i a —(2n—Dmy/2a ; (Zn —Drx
More generally, if oy, . . ., &y, are arbitrary constants, then u,, (x, y) = —— Z —e¢ Yislgin — — —
2n —1 2a
. . . . l)nx o
is a solution of the given problem with f(x) = Z Op sm . Therefore, if f is an ar-

bitrary piecewise smooth function on [0, a] we deﬁne the formal solution of the given problem to be

20 & o —1 o -1
u(r,y) = — 223 O penimraa gy G DT e ) = 3 asin 2T DT
o= 2n—1 2a Z 2a
2 2n —1
the mixed Fourier sine series of f on [0, a]; thatis, oy = — / f(x)sin (’12&
aJo a

Now consider the special case.

S —
oy = % / (5x — x?) sin M dx
5Jo 10

4 2n —1 -1
= _m |:(5x —x?)cos ——— ( )nx / (5—-2x)cos ——— (2n )nx dx]
_ 40 . (2n— l)nx /5 . 2n—1Dnx
= 7(2’1 —enz |:(5 2x) sin 0 . +2 A sin 0 dx
_ 200 800 @n—Drx |
N @2n—1)272  (2n—1)3x3 10 0
— 1y 200 800

2n—1)2n2 + 2n — 1)3713;

200 & 1 e 4 . (2n—Drx
Su () = 72 20— 1) [( AR v 1)71] Mo

2000 1 4
= — —1)" —(2n—-1)my/10 _:
u(x,y) w5 2 Gu— 1) [( )"+ @n—Dn 1)”i| e sin

2n—1rx
10 ’

12.3.36. Solving BVP(1, 1, 1, 1)( fo, 0, 0, 0) requires products X(x)Y(y) such that

X' +2X =0, X' (0)=0, X(@=0 Y'—AY =0, Y'(b)=0, Y'0) =1.

h -b — h —b
Hence, X, — cos nnx’ Y, = _acos nw(y )/a’ and ¢; — a ZA coshnn(y —b)/a os X
a 7

nw sinhnwb/a nw sinhnwb/a a

n=1
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o0
a formal solution of BVP(1, 1, 1, 1)(fp, 0, 0, 0) if ¢; is any constant and Z Ay, cos nrx is the Fourier
a

n=1
a
cosine expansion of fp on [0, a], which is possible if and only if/ So(x)dx =0.
0
coshnmy/a nmwx

" - cos is a formal solution of BVP(1, 1, 1, 1)(0, f1,0,0) if
nyw sinhnwb/a a

oo
a
Similarly, —E B
1m1arycz+ﬂn=1

o0

. nwx . . . . .
¢z is any constant and E B,, cos —— is the Fourier cosine expansion of f; on [0, a], which is possible

n=1 a

a
if and only if/ fix)dx =0.
0

b coshnm(x —a)/b nmw
Interchanging x and y and a and b shows that c3—— Z Cy - ( )/ cos Y is a formal so-
T nm sinhnmwa/b b

n=1

o0
Iution of BVP(1, 1, 1, 1)(0, 0, go, 0) if c3 is any constant and Z C,, cos ? is the Fourier cosine expan-

n=1
b h & h b
sion of g on [0, b], which is possible if and only if/ go(x)dx = 0,and c4+— E D, COS, nzx/ cos nry
0 m “= “nmsinhnra/b b
. . o — nmwy . .
is a formal solution of BVP(1, 1, 1, 1)(0, 0, 0, g1) if c4 is any constant and E Dy, cos 5 is the Fourier

n=1
b
cosine expansion of g; on [0, b], which is possible if and only if/ g1(x)dx =0.
0
Adding the four solutions yields

ur.y) = C+ a i B, coshnny/a - Ay coshnm(y —b)/a cos nwx
T = nsinhnmb/a a

+b i Dy coshnmx/b— Cycoshnm(x —a)/b nmy

z cos ,
T nsinhnwa/b b

3
Il
—-

where C is an arbitrary constant.

12.4 LAPLACE’S EQUATION IN POLAR COORDINATES

12.4.2. v(r,0) = R(r)©(#) where (A) r’R” + rR" — AR = 0 and ®" + 10 = 0, () = 0,
nm . nmb o n2m?
O(y) = 0. From Theorem 11.1.2, A, = R ®, =sin——,n =1,2,3,.... Substituting A = >
14 14

27.[2

into (A) yields the Euler equation r2R” + rR!, — R, = 0 for R,. The indicial polynomial is

2

(s - n_n) (s + ﬂ), $0 Ry = 1™V 4 cpr Y, by Theorem 7.4.3. We want R,(p) = 1 and
14 Y

—nn/y nxly _ N7V .—nx/y

r r

R, (po) =0,s0 R, (r) = '00_ Po ;

P ””/Vpnn/y _ ,Ogn/yp_””/y >

—nn/y nx nw/y .—nmw
r /y_po /Y

vu(r, 0) = 0 sin ;

po" ™Y prly — piTIY prmly Ty
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00 —nm nw —
/J’rnn/y_ 0 /J’r nrx/y nm

o0
. . nm .
u(r,0) = E oy p;””/ypnn/y - Zg”/yp—””/y sin _— where S(0) = E Yn Sin 7 is the Fourier

n=1 n=1

. . . 1 [Y . nmb
sine series if f on [0, y]; that is, o, = — f(@)sin——dO,n=1,2,3,....
YV Jo Y

12.4.4. v(r, 0) = R(r)©(0) where (A) r?R" +rR'—AR = 0 and ®" + 10 = 0, ®'(0) = 0, O(y) = 0.

2n — 1?72 2n—1)n0 o
From Theorem 11.1.5, A, = a2 ®, = cos —, n = 1,2, 3,.... Substituting
14 14
L @n-2a? . L, @n—1)2x?
= T into (A) yields the Euler equation r“R;; + rR;, — TR,, = 0 for R,. The
2n—1 2n—1
indicial polynomial is (s — (’127)”) (s (’127)”), s0 R, = cqr@V7/2y 4 (o p—@n=Dr/2y
14 14
by Theorem 7.4.3. We want R, to be bounded as r — 0+ and R (p) = 1, so we take R,(r) =
r(2n—1)7r/2y r(2n—1)7r/2y (2n _ 1)7.[9 r(2n 1)7r/2y (2n _ 1)7.[9
—————; v, (r,0) = cos Z Oy ,
p(Zn—l)n/Zy p(Zn—l)n/Zy 2)/ (2n 1)7r/2y 2)/
2n — )6
where Cps(0) = Z ol COS % is the mixed Fourier cosine series of f on [0, y]; that is, a, =
14

n=1
2 (Y 2n — 1m0
—/ f(@)cosud& n=1273,....
Y Jo 2y

12.4.6. v(r, 0) = R(r)©(0) where (A) r’R"” +rR'—AR = 0 and ®” + 10 = 0, ®'(0) = 0, ®'(y) = 0.

n?m?
From Theorem 11.1.3, 19 = 0, ©9 = 1; 4, = ——,
14
A = 0 into (A) yields the equation rzRg + rR6 = 0 for Rg; Rop = c1 + c2Inr. Since we want R to be
bounded as r — 0+ and Ry(p) = 1, Ro(r) = 1; therefore vo(r,0) = 1.
2_2

nmo .
®, = cos——,n =1, 2, 3,.... Substituting
14

nm?

Substituting A =
ubstituting A = — —

into (A) yields the Euler equation 2R}, + rR), — R, = 0 for R,. The

indicial polynomial is (s - E) (s + E), $0 Ry = 17V 4 cor /Y, by Theorem 7.4.3. Since
Y Y

r””/y pnly nm6
we want R, to be bounded as r — 0+ and R,(p) = 1, Ry(r) = ——; vn(r ) = ——cos —,
P prly Y
nn/y 0 0
n=123,...;u(r0 =a0+ oz,, osﬂ,whereFG = ag + ancosiisthe
pnrly Y Y

n=1
. . . . LY 2 (Y nmo
Fourier cosine series of f on [0, y]; that is, g = —/ f(0)dO and o, = —/ f(0)cos —db,
vV Jo vV Jo 4
n=1273,....






CHAPTER 13

Boundary Value Problems for Second
Order Ordinary Differential Equations

13.1 BOUNDARY VALUE PROBLEMS
13.1.2. By inspection, y, = —x;y = —x + c1e¥ + c2¢e7*; y(0) = -2 = c1+c2 = —2;
— —1- 1 1 €1 — -2 | — 2 . — 2e .
y(l)_1:>—1+cle+cz/e—l,[e 1/ei|[czi|—[ 21|’C1_e ;02 = ;
2 (ex _ e—(x—l))

e—1

y=—at

13.1.4. By inspection, y, = —x;y = —x + c1e* + c2¢™™; y' = —1 4+ c1e* —c2¢7*; y(0) + y'(0) =

2
3 = —14+2c1=3c1=2y()—y(1)=2 = £=2;cz:e;y:—x+2€x+e_(x_1)
e

13.1.6. y, = AxZe™; Vp = A(x? +2xe%); Yy = A(x2e* +4dxe* +2e%); Vp—=2Vy+yp =24e* = e*
ifA=1y, = x2e*; y = (x2 + c1 + cax)e; y = (x2 4+ 2x + c1 + ¢c3 + cax)e”; Bi(y) = 3 and
By(y) =6e = —c1 —2c2 =3,2c1+3c2 =24;c1 =13;¢c,, = -8,y = (x2 — 8x + 13)e*.

13.1.8. Bi(y) = y(0); B2(y) = y(1) —y'(1). Let y1 = x, y2 = I; Bi(y1) = Ba(y1) = 0. By
variation of parameters, if y, = u1x + uz where ujx +u}, = 0 andu} = F, then y, = F(x). Let

uy = F,uy, = —xF;u; = —/IF(t)dt, Uy = —/OxtF(t)dt; yp = —x/lF(t)dt —/OxtF(t)dt;
X X
¥, = —/IF(t)dt; Yy = yp + c1x + ¢2. Since Bi(yp) = 0, Bi(x) = 0and By (1) = 1, Bi(y) =
X
0 = c¢2 =0;hence, y = y, + c1x. Since B2(y,) = —/:tF(t) dt and B2(x) =0, B2(y) =0 =
/ 1tF (t) dt = 0. There is no solution if this conditions does not hold. If it does hold, then the solutions
alge Y = yp + c1x, with ¢y arbitrary.

13.1.10. (a) The conditionis b—a # (k+1/2)m (k = integer). Let y; = sin(x—a) and y, = cos(x—b).
Then yi(a) = y5(b) = 0 and {y1, y»} is linearly independent if b —a # (k + 1/2)x (k = integer),
since

sin(x —a) cos(x =b) | _ _

cos(x —a) —sin(x —b) | cos(b —a) # 0.

273
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Now Theorem 13.1.2 implies that (A) has a unique solution for any continuous F and constants k; and
ko. If y = uy sin(x — a) + up cos(x — b) where

uy sin(x —a) + uhcos(x —b) = 0
u cos(x —a) —uysin(x —b) = F,
then y” + y = F.
C o)D) e S @)
uy = Flo) cos(h —a)’ uy = —F(x) cos(h —a)’
! /b F(t)cos(t —b) dt ! /x F(t)sin(t — b) dt
Uy =—— cos(t — Uy = ————— sin(t — ;
! cos(b —a) J, 2 cos(b —a) J, ’
. _ b _ x
y= S =@ 7 e cost —bydr — =0 [T By sing - a) ar.
cos(b—a) J, cos(b —a) J,

Mb)Ifb—a = (k + 1/2)x (k = integer), then y; = sin(x — a) satisfies both boundary conditions
y(a) = 0and y'(b) = 0. Let y, = cos(x —a). If y, = uy sin(x — a) + uz cos(x) where

u sin(x —a) + uhcos(x —a) = 0,

uy cos(x —a) —uhsin(x —a) = F,

then y) + yp = F;uy = Fcos(x —a); uy = —F sin(x —a);
b x
Uy = —/ F(t)cos(t —a)dt, u; = —/ F(t)sin(t —a) dt;
b x
yp = —sin(x —a)/ F(t)cos(t —a)dt — cos(x —a)/ F(t)sin(t —a) dt;

b x
¥, = —cos(x — a)/ F(t)cos(t —a)dt + sin(x — a)/ F(t)sin(t —a)dt.

The general solutionof y”+y = Fisy = y,+c1 sin(x—a)+cz cos(x—a). Sinceb—a = (k+1/2)x,
b b
y'(b)=0 = y,(b) = (—l)k/ F(t)sin(t — a) dt = 0; therefore, F must satisfy/ F(t)sin(t —

a)dt = 0. In this case, the solutionas of the boundary value problemare y = y, + c1 sin(; —a), with ¢y
arbitrary.

13.1.12. Let y; = sinh(x — a) and y, = sinh(x — b). Then y;(a) = 0, y2(b) = 0, and

sinh(x —a) sinh(x —b)

Wix) = cosh(x —a) cosh(x —b)

= sinh(b — a) # 0.

(Since W is constant (Theorem 5.1.4), evaluate it by setting x = b.) From Theorem 13.1.2, (A) has a
unique solution for any continuous F and constants k1 and k,. If y = u; sinh(x — @) + u, sinh(x — b)
where

u’ sinh(x —a) + uysinh(x —b) = 0
u'y cosh(x —a) + uy cosh(x —b) = F,
then y” —y = F.
, sinh(x — b) , sinh(x — a)
uy, =—F(x) u, = F(x)

sinh(h —a)” 2 sinh(b —a)’
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1 b . | x .
1= 7sinh(b a0 /x F(t)sinh(t — b)dt, u; = 7sinh(b ) /; F(t)sinh(t —a) dt;
_ sinh(x —a) b ) sinh(x — b) /x )
y = sinh(® —a) . F(t)sinh(t — D) dt + sinh(b —a) J, F(t)sinh(t —a)dt.

13.1.14. Let y; = cosh(x — @) and y, = cosh(x — b). Then y{(a) = y5(b) = 0 and

cosh(x —a) cosh(x —b)

Wix) = sinh(x —a) sinh(x —b)

= —sinh(b —a) # 0.

(Since W is constant (Theorem 5.1.40, evaluate it by setting x = b.) If
¥y = uy cosh(x — a) + up cosh(x — b) where

' cosh(x — a) + u) cosh(x —b) = 0
u’ sinh(x — a) + ujy sinh(x —b) = F,
then y” —y = F.
, cosh(x — b) , cosh(x — a)
= F(x)—=—~ = _Fx)————%Y
1 (x) sinh(h —a)’ "2 (x) sinh(b —a)’
= ! /th) h(t — b)dt = | /th) h(t —a)dt;
' sinh(b —a) J, (£) cosh( o M2 sinh(b —a) J, (£) cosh(z —a) dz;
_ cosh(x —a) b cosh(x —b) [~
= SO —a) ), F(t)cosh(t — b) dt sinh(b —a) J, F(t)cosh(t —a)dt.

13.1.16. Let y; = sinwx, y; sinw(x — x); then y1(0) = 0, y»(w) = 0,

sin wx sinw(x — )

=wsinor #0
®coswx wcosw(x — ) a

W(x) = ‘

if and only if w is not an integer. If this is so, then y = u; sinwx + up sinw(x — ) if

uy sinwx + uhsino(x —m) = 0
o] coswx + uycosw(x —mw)) = F;
sinw(x —m sin wx
iy = P ONT) -y p ShOX
w sin o w sinwm
1 4 1 x
up = 7/ F@)sinow( —m)dt; ux = 7/ F(t)sinwt dt;
W sSMOT Jx wsinwr Jy

1 g T
y=—— (sina)x/ F@t)sinw( —m)dt + sinw(x — 71)/ F(t) sin wt dt) .
w sinww x 0

If w = n (positive integer), then y; = sinnx is a nontrivial solutionof y” +y = 0, y(0) = 0, y(7) =
sinnx cos nx

. = —n, and y, = ujsinnx + u cosnx
ncosnx —nsinnx

0. Let yo = cosnx; then W(x) =

satisfies y + n?y, = 0if

uysinnx + ujcosnx = 0

!
5

nu' cosnx — nuj sinnx
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s 1 X
F(t)cosntdt;u, = ——/ F(t)sinnt dt;
nJo

, 1 , 1. 1
uy = —Fcosnx,u, = ——Fsinnx;u; = ——
n n nJ,

1 4 o
Yp=—— (sinnx/ F(t)cosnt dt + cosnx/ F(t)sinnt dt) ;
n x 0

Yy = yp + cisinnx + cacosnx. Since y, = 0, y(0) = 0,s0c2 = 0; y = y, + c1sinnx. Since

T

y(m) =0, / F(t)sinnt dt = 0 is necessary for existence of a solution. If this hold, then the solutions
0

are y =y, + ¢y sinnx, with ¢y arbitrary.

13.1.18. Let y; = coswx; y2 = sinw(x — x); then y;(0) = y>(w) = 0, and

COS WX sinw(x —m
W(x) = : ( ) =wcoswr # 0
—wsinwx wcosw(x — )

if and only if @ # n 4+ 1/2 (n = integer). If this is so, then y = u; cos wx + u, sinw(x — ) satisfies

V' +w?y = F(x)if

uj coswx +uysinw(x —xw) = 0
o(—u sinwx + ujcosw(x —w))w = F;
then ]
, Fsinw(x —m) , Fcoswx
u, =—m——— u, = 3
! ® COS wTT 2 wcosow
1 r 1 *
Uy = 7/ F(t)sinw(t —m),dt, u; = 7/ F(t) cos wt dt,
wcoswm Jy wcoswm Jo

1 s X
_ (sin a)x/ F(t)sinw(t —m),dt + sinw(x — 71)/ F(t) cos wt dt) .
® COS WTT x 0

cos(n + 1/2)x is a nontrivial solution y” + y = 0,

If o = n+ 1/2 (m = integer), then y; =

¥ (0) = y(r) = 0. Let y, = sin(n + 1/2)x; then
cos(n + 1/2)x sin(n + 1/2)x ‘ —n+1/2,

Wi(x) = ‘ —(m+1/2)sin(n +1/2)x (n + 1/2)cos(n + 1/2)x

S0 yp = ujcos(n + 1/2)x + uz sin(n + 1/2)x satisfies y, + (n + 1/2)%y, = Fif
ujcos(nm + 1/2)x +uysin(n +1/2)x = 0

—(n +1/2u)sin(n +1/2)x + (n + 1/2)uycos(n +1/2)x = F.

Fcos(n+1/2)x

Fsin(n + 1/2)x ,
i AL PR
T2 n+1/2

/

1= nt1)2
_/n F(t)sin(n + 1/2)t it _/x F(t)cos(n + 1/2)t di-
A n+1/2 SR A n+1/2 ’

Yp = "2 (cos(n + 1/2))6/):r F(t)sin(n + 1/2)t dt + sin(n + 1/2)x/0x F(t)cos(n + 1/2)t dt);

y; = —sin(n + 1/2))6/7r F(t)sin(n + 1/2)t dt + cos(n + 1/2)x/x F(t)cos(n + 1/2)t dt;
x 0
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Yy =Yp+cicos(n +1/2)x + cpsin(n + 1/2)x;
y' =y, 4+ m+1/2)(=cisin(n + 1/2)x + cz cos(n + 1/2))x.
Since y7,(0) =0, y'(0) =0 = c2=0;y =y, +crcos(n + 1/2)x;

T
y =y, +n+1/2)ci(n+1/2)x; y(r) =0 = y,(w) = 0. Hence, / F(y)cos(n+1/2)t dt =0
0
is a necessary condition for existence of a solution. If this holds, then the solutions are y = y, +
¢y cos(n + 1/2)x with c; arbitrary.

13.1.20. Suppose y = c121 + 222 is a nontrivial solution of the homogeneous boundary value prob-
lem. Then Bi(y) = c1B1(z1) + c2B1(z2) = 0. From Theorem 13.1.1 we may assume without
_ Bi(z1)

B1(z2)
yo = B1(22)z1 — B1(21)z2 # 0. To that check y satisfies the boundary conditions, note that By (y¢) =
Bi1(z2)B1(z1)— B1(z1)B1(z2) = 0 B2(y0) = B1(22)B2(z1)— B1(z21) B2(z2) = 0, by Theorem 13.1.2.

loss of generality that B1(z2) # 0. Then ¢ = c1. Therefore, y is constant multiple of

13.1.22. y1 = a1 +a2x;y1(0)—2y1(0) = a1 —2a, = 0ifa; = 2,a, = 1; y1 = 2+x. y» = b1 +bax;
yz(l) = Zyll(l) =b; +3b, =0if by =3,by, = —1; V2 =3 —x.

Q+0G-x)

24 x 3—x 5 ’ 0=t=x,
W(x) = ‘ 1 1 |= =5 G(x,t) = Q+0G-1)
_f’ x<t<l1.
1 x
y = —% [(2 + x)/ B-0F@)dt + (3 —x)/o 2+ t)F(t)dt:| . B)
(a) With F(x) = 1, (B) becomes
1 x
y = —%[(2+x)/x (3—t)dt+(3—x)/0 (2+t)dt:|
1 x2—6x+5 x2 4 4x
- slesn () e ()
o oxr—x-2
= —5
(b) With F(x) = x, (B) becomes
1 x
y = —% [(2+x)/x (3t—t2)dt+(3—x)/0 (2t+t2)dti|
1 2x3—9x2 +7 x3 + 3x2
- () oo (5
53 —Tx—14
- 30
(b) With F(x) = x2, (B) becomes
1 x
y = —%[(2+x)/x (3z2—z3)dz+(3—x)/0 (2t2+t3)dt}
1 x*—4x?+3 3x% + 8x3
- e (P a2

5x*—9x — 18
60 ’
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2 2
— 2 [ _ — 0 _ | XTmx X =2x | o
13.1.24. y; = x*—Xx, y» = x*—2x;then y;(1) =0, y2(2) = 0; W(x) = 1 2x—a |TX
t—1 -2
()‘tx#a lftfxa
i P, = x2 =
Since Py(x) = x*, G(x,1) X — 1) —2)
-~ 2 x<t<2.
/3
2t_2 X
yzx(x—l)/ P F(t)dt+x(x—2)/ F(t)dt. (B)
x 1

(a) With F(x) = 2x3, (B) becomes

2 x
= 2 -1 -2)d 2 -2 —1)d
o= 2= [e=vdrr2e -2 [e-na
= —x(x—-DE-22+x(x-2)(x -1 =x(x—-1D(x —2).

(b) With F(x) = 6x*, (B) becomes

<
Il

2 x
6x(x—1)/ (t—2)tdt+6x(x—2)/ (t — e dt
x 1

= 2x(x—-Dx+Dx—-22+xx—-2)(x—1)22x +1) = x(x — 1)(x —2)(x + 3).

13.1.26. y1 = a1 + a»x; ¥y = az; Bi(y1) = aar + Par = 0ifa; = B, a, = —a; y1 = f —ax.
Y2 = b1 + bax; ¥y = by Bo(y2) = pb1 + (p +8)bo = 0ifby = p+ 8,02 = —p; y2 = p+ 8 — px;
W(x) = B—ax p+8§—px
if and only if ¢(p + 8) — Bp # 0. Then

:| = a(p + §) — Bp. From Theorem 13.1.2, (A) has a unique solution

(B—at)(p+8—px)

) <t =<x,
G(X l)= 0{(,0+8)—,3,0
R L R e ) NN
a(p+38)—pp -
13.1.28. y1 = aycosx+assinx; y; = —aj sinx +ascosx; Bi(y1) = aa1+Par, =0ifa; = f,a, =
—o. y1 = fcosx—asinx. y, = by cosx +bysinx; y, = —bysinx +bs cos x; B2(y2) = pbr—8by =

Pcosx —asinx  pcosx + §sinx

0ifby = p, by = 8; y2 = peosx +8sinx; W(x) = [ —Bsinx —acosx —psinx + §cosx

:| Since

W is constant, we can evaluate it withx = 0: W = [ _5 I:S) :| = ap + B§. From Theorem 13.1.2, (A)

has a unique solution if and only if @p + B8 # 0. Then

(Bcost —asint)(pcosx + §sinx)

, 0=<1=x,

Glx.1) = ap + Bs
’ (Bcosx —asinx)(pcost 4+ §sint)) ;<
ap + B3 ' -

13.1.30. y; = e* (a1 cosx + apsinx); y; = e*[aj(cos x —sinx) + ax(sinx + cos x)];
B1(y1) = (@ + Blar + Bax = 0ifay = B, a2 = —(« + ).
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yi =e*(Bcosx — (a + B)sinx. y» = e*(b; cos x + by sinx);
¥ = e*[(b1(cos x —sinx)) + by(sinx + cos x)];

Bs(y2) = —e™?[(p + 8)by — 8b1] = 0if by = 8, by = (p + §);
y2 = e*[(p + §) cos x + §sinx);

To evaluate W(x), we write y; = e*v1 and y, = e*v,, where
vy = Bcosx — (o + B)sinx and v = (p 4+ §) cosx + §sinx.
Then y| = y1 + e*v] and y2 = y» + ¥y},

v U2
/ /
V] XU,

J1 V2
X a,/ /
e*vy  xvj

2x

_ N V2
W) = ‘ y1+e*v] y2+ev)

(Bcosx —(x + B)sinx (p+ 8)cosx + 8sinx
(—Bsinx — (@ + B)cosx (—(p+8)sinx + §cosx

Since vl{’ +v; =0,i =1, 2, Theorem 5.1.4 implies that W(x) = Ke?*, where is a constant that can be
determined by setting x = 0 in the determinant:

W(x)e?*

e !

From Theorem 13.1.2, the boundary value problem has a unique solution if and only if 8§ + (& + B)(p +
8) # 0. In this case the Green’s function is

Xt [Bcost — (o + B)sint][p + &) cosx + & sin x]

8 8 ’
Glx.1) = - [Bcosx — (ozIB+ -E)(gin-’;c [,())(-I?- -})’_) c)ost + §sint]

B8+ (o + B)(p + ) ’

a<t=x

x <t <m/2.

b
13.1.32. Let y, = / G(x,t)F(t)dt. From Theorem 13.1.3, Ly, = F, B1(yp) = 0, and B2(y,) = 0.

The solution of Ly < F, Bi(y) = k1, and B2(y) = kp isof the form y = y, + c¢1y1 + c2y2. Since

Bi(yp) = 0and Bi(y1) = 0, Bi(y) = ki = ki = c2B1(y2) = ¢ = Since

1
Bi(y2)
By(yp) =0and B2(y2) =0, B2(y) = ks = ka=c1B2(y1) = ¢1 =

2
By(y1)’

13.2 STURM-LIOUVILLE PROBLEMS
1 V2 | v

13.2.2. y" + —y' + (1 - —2)y =02 = —;Inlpl=In|x;p=x;xy"+y = (x— —)y =0;
x x x x

p
N, V

/

b b
13.24.y" + —y' + %y =0; ro_ —:;In|p| = bIn|x|; p = xb;
x x P x

xby” 4+ bxb7ly 4+ exb=2y = 0; (xby'y + cxb~2y = 0.

/

1 1
13.2.6. xy” + (1 —x)y' +ay = 0; y" + (——1)y’+ gy =0; P — —1;In|p| = In|x| — x;
X X p X

p=xe Fxe ™y +(1—-x)y +ae ¥y =0; (xe *y) +ae ¥y =0.
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13.2.8. If 4 is an eigenvalues of (A) and y is a A-eigenfunction, multiplying the differential equation in
A

(B) by y yields (xy")y + ~y* = 0;
x

2

X

2 .2 2 2
A /1 P g = - /1 (' () y() dx = —xy' ()y@)| + /1 (' (0)? dox:

1

2 .2 2
=0; A/ y ) dx = / x (¥ (x))? dx.
1 1

X

2
y() =y2) =0 = xy'(x)y(x)
1

Therefore A > 0. We must still show that A = 0 is not an eigenvalue. To this end, suppose that (xy’)" = 0;
c
then xy’ = c1; Y = L. y=cilnjx|+c2;9(1) =0 = ¢c2 =0y =cilnlx; y2) =0 =

¢1 = 0; y = 0; therefore A = 0 is not an eigenvalue.

13.2.10. Characteristic equation: 72 +2r + 14+ 1 = 0;7r = —1 & v/—A.
A=0y=eY(c1+cx); Yy =—e (c1—c2+2x); Y (0) =0 = ¢1 =21y = —caxe™;
Y (1) =0 = —cz2/e =0 = ¢ = 0; A = 0is not an eigenvalue.
A=—k%k>0:r=—1%k;y=e(c;coshkx + ¢, sinhkx);
y' = —cre ™ (—coshkx + k sinhkx) + cpe™™(—sinhkx + k coshkx).
The boundary conditions require that
¢1+c2k=0 and (—coshk + ksinhk)c; + (—sinhk + k coshk)c, = 0.
This system has a nontrivial solution if and only if (1 —k2)sinhk = 0. Letk = 1 and ¢; = ¢ = 1; then
A = —1 is the only negative eigenvalue, with associated eigenfunction y = 1.
A=k k>0:r=—1%ik;y=e"(cicoskx + c;sinkx);
y = cire*(—coskx — ksinkx) + coe”*(—sinx + k cos kx). The boundary conditions require that
—c1 4+ c2k =0 and (—cosk —ksink)cy + (—sink + kcosk)c, = 0.
This system has a nontrivial solution if and only if (1 + k?)sink = 0. Let k = nm (k a positive
integer)and ¢; = nm, ¢c; = 1; then A, = n?7? is an eigenvalue, with associated eigenfunction y, =
e X(nmwcosnmx + sinnmwx).

13.2.12. Characteristic equation: 72 + A = 0.

A=0:y=c1+cx.y00)=0 = ¢; =0,%0y =cx. Now y(1) =2y’(1) =0 = ¢, =0.
Therefore A = 0 is not an eigenvalue.

A= —k?,k >0:y =cjcoshkx +cysinhkx; y’ = k(cy sinhkx + cycoshkx). y'(0) = ¢, =0,
so y = ¢y coshkx. Now y(1) —2y’(1) =0 = ci(coshk — 2k sinhk) = 0, which is possible with

¢1 # 0if and only if tanhk = % Graphing both sides of this equation on the same axes show that it

has one positive solution kg; yo = coshkox is a —k(z)-eigefunction.
A=k% k >0y =cicoskx + casinkx; y’ = k(—cysinkx + cycoskx). y'(0) => ¢, =0, s0
y = ci1coskx. Now y(1) —2y'(1) =0 = ci(cosk + 2k sink) = 0, which is possible with ¢; # 0

if and only if tank = % Graphing both sides of this equation on the same axes shows that it has a

solution ky, in (2n — V)n/2,nm),n =1,2,3,...; yp = coskyxisa k,%-eigenfunction.

13.2.14. Characteristic equation: 72 + A = 0.
A =0:y = c1 + cz2x. The boundary conditions require that c; + 2¢, = 0 and ¢; + 7wy = 0, which
imply that ¢; = ¢ = 0, so A = 0 is not an eigenvalue.
A= —k?,k > 0: y = c;coshkx + cpsinhkx; y' = k(cysinhkx + c;coshkx). The boundary
conditions require that
¢1 +2kc, =0 and c¢jcoshkm + ¢y sinh2km = 0.
This system has a nontrivial solution if and only if tanh k7w = 2k. Graphing both sides of this equation
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on the same axes shows that it has a solution ko in (0, 7); yo = 2kgcoshkox — sinhkgx is a —k(z)-
eigenfunction.

A=k% k>0:y =cjcoskx +cysinkx; y' = k(—cy sinkx + c5 cos kx). The boundary conditions
require that

¢c1 +2kcy, =0 and cqcoskm + casinkm = 0.

This system has a nontrivial solution if and only if tan k7w = 2k. Graphing both sides of this equation on
the same axes shows that it has a solutionk, in (n,n+1/2),n = 1,23, ...; y, = 2k, cosk,x —sink, x
is a k2-eigenfunction.

13.2.16. Characteristic equation: 72 + A = 0.
A =0:y = c1 + cax. The boundary conditions require that ¢c; + ¢; = 0 and ¢; + 4¢; = 0, so
¢1 = ¢z = 0. Therefore A = 0 is not an eigenvalue.
A= —k?,k > 0: y = c;coshkx + cpsinhkx; y/ = k(cysinhkx 4 c; coshkx). The boundary
conditions require that
¢1 +kca =0 and (cosh2k + 2k sinh2k)c; + (sinh 2k + 2k cosh 2k)cp, = 0.

This system has a nontrivial solution if and only if tanh 2k = — Graphing both sides of this

1 —2k2"
equation on the same axes shows that it has a solution k¢ in (1/ V2); Yo = kocoshkox — sinhkgx is a
—k2- eigenfunction.
A=k% k>0:y =cjcoskx +cysinkx; y' = k(—cy sinkx + ¢5 cos kx). The boundary conditions
require that
¢1+kca =0 and (cos2k — 2k sin2k)cq + (sin 2k + 2k cos 2k)c, = 0.

This system has a nontrivial solution if and only if tan 2k = T Graphing both sides of this

equation on the same axes shows that it has a solution k, in (2n — \)/4,nn/2),n = 1,23, ...;
Yn = kpcoskyx —sink,x is a k,%-eigenfunction.

13.2.18. Characteristic equation: 72 + A = 0.
A =0:y = c1 + cax. The boundary conditions require that 3c; 4+ 2¢; = 0 and 3¢y + 4¢; = 0, so
¢1 = ¢z = 0. Therefore A = 0 is not an eigenvalue.
A= —k?,k > 0: y = c;coshkx + cpsinhkx; y' = k(cysinhkx + c;coshkx). The boundary
conditions require that
3¢c1 +kca =0 and (3 cosh2k — 2k sinh 2k)cq + (3 sinh 3k — 2k cosh 2k)c, = 0.

This system has a nontrivial solution if and only if tanh 2k = YR Graphing both sides of this equa-

tion on the same axes shows that it has solutions yq in (1, 2) and y, in (5/2,7/2); yn = kn coshk,x —
3sinhk,x isa —k,%-eigenfunction, k=1,2.
A=k% k>0:y =cjcoskx +cysinkx; y' = k(—cy sinkx + c5 cos kx). The boundary conditions
require that
3¢c1 +kca =0 and (3 cos2k + 2k sin2k)cy + (3sin 2k — 2k cos 2k)cy = 0.

This system has a nontrivial solution if and only if tan 2k = Graphing both sides of this

9 2k2
equation on the same axes shows that it has solutions k¢ in (3/+/2, 7) and k, in ((2n + 3)7/4, (n +
Dr/3),n=1,23,...; yo = kpcosk,x —3sink,xisa k,%-eigenfunction.

13.2.20. Characteristic equation: 72 + A = 0.
A =0 :y = c¢1 + cax. The boundary conditions require that 5¢; + 2¢; = 0 and 5¢1 + 3¢3, so
¢1 = ¢z = 0. Therefore A = 0 is not an eigenvalue.
A= —k?,k > 0: y = c;coshkx + cpsinhkx; y' = k(cysinhkx + c; coshkx). The boundary
conditions require that
5¢1 + 2kca =0 and (5coshk — 2k sinhk)c; + (5sinhk — 2k coshk)c, = 0.
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20k
25 + 4k?
tion on the same axes shows that it has solutions k; in (1, 2) and k5 in (5/2,7/2); yn = 2k, coshk,x —
sinh k, x is —k,-eigenfunction,n = 1, 2.

A=k% k>0:y =cjcoskx +cysinkx; y' = k(—cy sinkx + c5 cos kx). The boundary conditions
require that

This system has a nontrivial solution if and only if tanh k = Graphing both sides of this equa-

5¢1 + 2kca =0 and (5cosk + 2k sink)cy + (5sink — 2k cosk)c, = 0.
20k

This system has a nontrivial solution if and only if tank = ————.
25— 4k2

Graphing both sides of this

equation on the same axes shows that it has a solution k, in
@Cn+Dn/2,(n+ DHr),n=1,23,...; yp =2k cosk,x —3sink,xisa k,%-eigenfunction.

13.2.22. A = 0: x2y” —2xy’ + 2y = 0 is an Euler equation with indicial equation r(r — 1) —2r +2 =
(r=D(r=2)=0.y =x(c1tcx); y(1) =y2) =0 = ca1tca=c1+2c2=0 = c1 =2 =0,
so A = 0 is not an eigenvalue.

A= —k?k > 0:y = x(cicoshk(x — 1) + casinhk(x —1)); y(1) =0 = ¢; =0;y =
cax sinhk(x —1); y(2) =0 = 2c¢,sinhk =0 = ¢, = 0; A is not an eigenvalue.

A=k%k>0:y = x(crcosk(x—1)+casink(x—1)); y(1) =0 = ¢; = 0; y = coxsink(x—1);
y(2) = 0 with ¢; # 0 if k = nm (n a positive integer); A, = n?nx2; y, = xsinnm(x — 1) is a k2-
eigenfunction.

13.2.24. A = 0: x2y” —2xy’ + 2y = 0 is an Euler equation with indicial equation r(r — 1) —2r +2 =
rFr—D@r—-2)=0.y=x(c1+c2x);y =c1+2c2x;5(1) =y 2) =0 = c1+ca=c1+4cr =
0 = ¢; = ¢ = 0,50 A = 0is not an eigenvalue.

A=k k >0y = x(cicoshk(x — 1) + casinhk(x — 1)); y(1) =0 = ¢; =0;y =
cpx sinhk(x—1); ¥y = cp(sinhk(x—1)+kx coshk(x—1)); y’(2) =0 = c,(sinhk +k coshk) =
¢ = 0; A is not an eigenvalue.

A=k%k>0:y = x(crcos k(x—1)+casink(x—1)); y(1) =0 = ¢; = 0; y = coxsink(x—1);
y' = ca(sink(x — 1) + kxcosk(x — 1)); y'(2) = 0 with ¢, # 0 if and only if sink + 2k cosk = 0
or, equivalently, tank = —2k. Graphing both sides of this equation on the same axes shows that it has a
solution ky, in (2n — V)w/2,nm),n = 1,2,3,...; y, = xsink,(x — 1) isa k%-eigenfunction.

13.2.26. A = 0: y = ¢1 + c2x. The boundary conditions require that ¢; + ¢, = Oand ¢1 + (7 +@)c2 =
0, so ¢; = ¢3 = 0. Therefore A = 0 is not an eigenvalue of (A).

A= —k?,k > 0: y = c;coshkx + cpsinhkx; y' = k(cysinhkx + c; coshkx). The boundary
conditions require that

c1 +akcy; =0

(coshkm + ak sinhkm)cy + (sinhkmw 4+ ok coshkm)c, = 0. )
This system has a nontrivial solution if and only if (1 —k2«2) sinh kzr = 0, which holds with k > 0if and
only if k2 = 41/a. Therefore A = —1/a? is the only negative eigenvalue. We can choose k = +1/a.
Either way, the first equation in (D) implies that e /% is an associated eigenfunction.
A=k% k>0:y =cjcoskx +cysinkx; y' = k(—cy sinkx 4 c5 cos kx). The boundary conditions
require that
c1 +akey; =0

E
(coskm —aksinkm)cy + (sinkm + ak coskm)c, = 0. E

This system has a nontrivial solution if and only if (1 + k?a?)sinkm = 0. Choosing k = n produces
eigenvalues A, = n?m2. Setting k = n in the first equation in (E) yields ¢; + ancy = 0, s0 y, =
no cosnx — sinnx.
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13.2.28. y = c¢1 + c2x. The boundary conditions require that
acy + Bca =0 and pcy + (oL + 8)cy = 0.
This system has a nontrivial solution if and only if «(pL + §) — Bp = 0.

13.2.30. (@) y = cy1coskx + cosinkx; y' = k(—cy sinkx + cpcoskx). The boundary conditions
require that
ac1 + Bkca =0 and (pcoskL —8ksinkL)c; + (psinkL + 8k coskL)cy = 0.
This system has a nontrivial solution if and only if its determinant is zero. This implies the conclusion.
(b) If ad — Bp = 0, (A) reduces to

(ap + k2B8)sinkL = 0. (B)
From the solution of Exercise 13.2.29(b), ap + k288 > 0 for all k > 0. Therefore the positive zeros of

(B)are k, = nw/L,n = 1,2, 3, ..., so the positive eigenvalues (SL) are A, = n?7x?/L?* n = 1,2, 3,

13.2.32. Suppose A is an eigenvalue and y is an associated eigenfunction. From the solution of Exer-
cise 13.2.31,

b b
x/ Nﬂy%mdx=pwbﬁﬂﬂw)—p@W@DNM+:/zww@%mfdx A)

If o = 0 then either y(a) = 0 or y'(a) = 0,50 y(a)y'(a) = 0. If ¢ < 0 then y(a) = —gy’(a), SO

vay'@ =L oy, ®)

Moreover, y'(a) # 0 because if y'(a) = 0 then y(a) = 0, from (B), and y = 0, a contradiction. Since
—=— > 0ifaB < 0, we conclude that if ¢ < 0, then
o
p(@y(@)y'(a) = 0. ©)
with equality if and only if pd = 0. A similar argument shows that if p§ > 0, then
p(b)y(d)y'(b) = 0. (D)

with equality if and only if &8 = 0. Since (¢B)? + (p§)? > 0, the inequality must hold in at least one of
(C) and (D). Now (A) implies that A > 0.
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