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Preface 1

PREFACE

Welcome to Intermediate Algebra 2e, an OpenStax resource. This textbook was written to increase student access to high-
quality learning materials, maintaining highest standards of academic rigor at little to no cost.

About OpenStax

OpenStax is a nonprofit based at Rice University, and it's our mission to improve student access to education. Our first
openly licensed college textbook was published in 2012, and our library has since scaled to over 35 books for college
and AP courses used by hundreds of thousands of students. Our adaptive learning technology, designed to improve
learning outcomes through personalized educational paths, is being piloted in college courses throughout the country.
Through our partnerships with philanthropic foundations and our alliance with other educational resource organizations,
OpenStax is breaking down the most common barriers to learning and empowering students and instructors to succeed.

About OpenStax Resources
Customization

Intermediate Algebra 2e is licensed under a Creative Commons Attribution 4.0 International (CC BY) license, which means
that you can distribute, remix, and build upon the content, as long as you provide attribution to OpenStax and its content
contributors.

Because our books are openly licensed, you are free to use the entire book or pick and choose the sections that are most
relevant to the needs of your course. Feel free to remix the content by assigning your students certain chapters and
sections in your syllabus, in the order that you prefer. You can even provide a direct link in your syllabus to the sections in
the web view of your book.

Instructors also have the option of creating a customized version of their OpenStax book. The custom version can be
made available to students in low-cost print or digital form through their campus bookstore. Visit your book page on
openstax.org for more information.

Art attribution in Intermediate Algebra 2e

In Intermediate Algebra 2e, most art contains attribution to its title, creator or rights holder, host platform, and license
within the caption. For art that is openly licensed, anyone may reuse the art as long as they provide the same attribution
to its original source. Some art has been provided through permissions and should only be used with the attribution or
limitations provided in the credit.

Errata

All OpenStax textbooks undergo a rigorous review process. However, like any professional-grade textbook, errors
sometimes occur. Since our books are web based, we can make updates periodically when deemed pedagogically
necessary. If you have a correction to suggest, submit it through the link on your book page on openstax.org. Subject
matter experts review all errata suggestions. OpenStax is committed to remaining transparent about all updates, so you
will also find a list of past errata changes on your book page on openstax.org.

Format

You can access this textbook for free in web view or PDF through openstax.org, and for a low cost in print.

About Intermediate Algebra 2e

Intermediate Algebra 2e is designed to meet the scope and sequence requirements of a one-semester Intermediate
Algebra course. The book’s organization makes it easy to adapt to a variety of course syllabi. The text expands on the
fundamental concepts of algebra while addressing the needs of students with diverse backgrounds and learning styles.
Each topic builds upon previously developed material to demonstrate the cohesiveness and structure of mathematics.

Coverage and Scope

Intermediate Algebra 2e continues the philosophies and pedagogical features of Prealgebra and Elementary Algebra, by
Lynn Marecek and MaryAnne Anthony-Smith. By introducing the concepts and vocabulary of algebra in a nurturing, non-
threatening environment while also addressing the needs of students with diverse backgrounds and learning styles, the
book helps students gain confidence in their ability to succeed in the course and become successful college students.

The material is presented as a sequence of small, and clear steps to conceptual understanding. The order of topics was
carefully planned to emphasize the logical progression throughout the course and to facilitate a thorough understanding
of each concept. As new ideas are presented, they are explicitly related to previous topics.

Chapter 1: Foundations
Chapter 1 reviews arithmetic operations with whole numbers, integers, fractions, decimals and real numbers, to
give the student a solid base that will support their study of algebra.

Chapter 2: Solving Linear Equations and Inequalities
In Chapter 2, students learn to solve linear equations using the Properties of Equality and a general strategy.
They use a problem-solving strategy to solve number, percent, mixture and uniform motion applications. Solving
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a formula for a specific variable, and also solving both linear and compound inequalities is presented.

Chapter 3: Graphs and Functions

Chapter 3 covers the rectangular coordinate system where students learn to plot graph linear equations in two
variables, graph with intercepts, understand slope of a line, use the slope-intercept form of an equation of a line,
find the equation of a line, and create graphs of linear inequalities. The chapter also introduces relations and
functions as well as graphing of functions.

Chapter 4: Systems of Linear Equations

Chapter 4 covers solving systems of equations by graphing, substitution, and elimination; solving applications
with systems of equations, solving mixture applications with systems of equations, and graphing systems of linear
inequalities. Systems of equations are also solved using matrices and determinants.

Chapter 5: Polynomials and Polynomial Functions

In Chapter 5, students learn how to add and subtract polynomials, use multiplication properties of exponents,
multiply polynomials, use special products, divide monomials and polynomials, and understand integer exponents
and scientific notation.

Chapter 6: Factoring
In Chapter 6, students learn the process of factoring expressions and see how factoring is used to solve quadratic
equations.

Chapter 7: Rational Expressions and Functions
In Chapter 7, students work with rational expressions, solve rational equations and use them to solve problems in
a variety of applications, and solve rational inequalities.

Chapter 8: Roots and Radical
In Chapter 8, students simplify radical expressions, rational exponents, perform operations on radical expressions,
and solve radical equations. Radical functions and the complex number system are introduced

Chapter 9: Quadratic Equations

In Chapter 9, students use various methods to solve quadratic equations and equations in quadratic form and
learn how to use them in applications. Students will graph quadratic functions using their properties and by
transformations.

Chapter 10: Exponential and Logarithmic Functions
In Chapter 10, students find composite and inverse functions, evaluate, graph, and solve both exponential and
logarithmic functions.

Chapter 11: Conics
In Chapter 11, the properties and graphs of circles, parabolas, ellipses and hyperbolas are presented. Students
also solve applications using the conics and solve systems of nonlinear equations.

Chapter 12: Sequences, Series and the Binomial Theorem
In Chapter 12, students are introduced to sequences, arithmetic sequences, geometric sequences and series and
the binomial theorem.

All chapters are broken down into multiple sections, the titles of which can be viewed in the Table of Contents.

Changes to the Second Edition

The Intermediate Algebra 2e revision focused on mathematical clarity and accuracy. Every Example, Try-It, Section Exercise,
Review Exercise, and Practice Test item was reviewed by multiple faculty experts, and then verified by authors. This
intensive effort resulted in hundreds of changes to the text, problem language, answers, instructor solutions, and
graphics.

However, OpenStax and our authors are aware of the difficulties posed by shifting problem and exercise numbers when
textbooks are revised. In an effort to make the transition to the 2nd edition as seamless as possible, we have minimized
any shifting of exercise numbers. For example, instead of deleting or adding problems where necessary, we replaced
problems in order to keep the numbering intact. As a result, in nearly all chapters, there will be no shifting of exercise
numbers; in the chapters where shifting does occur, it will be minor. Faculty and course coordinators should be able to
use the new edition in a straightforward manner.

Also, to increase convenience, answers to the Be Prepared Exercises will now appear in the regular solutions manuals,
rather than as a separate resource.

A detailed transition guide is available as an instructor resource at openstax.org.

Pedagogical Foundation and Features

Examples Each learning objective is supported by one or more worked examples, which demonstrate the problem-solving
approaches that students must master. Typically, we include multiple examples for each learning objective to model
different approaches to the same type of problem, or to introduce similar problems of increasing complexity.

All examples follow a simple two- or three-part format. First, we pose a problem or question. Next, we demonstrate the
solution, spelling out the steps along the way. Finally (for select examples), we show students how to check the solution.
Most examples are written in a two-column format, with explanation on the left and math on the right to mimic the way
that instructors “talk through” examples as they write on the board in class.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Be Prepared! Each section, beginning with Section 2.1, starts with a few “Be Prepared!” exercises so that students can
determine if they have mastered the prerequisite skills for the section. Reference is made to specific Examples from
previous sections so students who need further review can easily find explanations. Answers to these exercises can be
found in the supplemental resources that accompany this title.

Try It

Try it The Try It feature includes a pair of exercises that immediately follow an Example, providing the student
with an immediate opportunity to solve a similar problem with an easy reference to the example. In the PDF and the Web
View version of the text, answers to the Try It exercises are located in the Answer Key

How To

8
How To Examples use a three column format to demonstrate how to solve an example with a certain

procedure. The first column states the formal step, the second column is in words as the teacher would explain the
process, and then the third column is the actual math. A How To procedure box follows each of these How To examples
and summarizes the series of steps from the example. These procedure boxes provide an easy reference for students.

Media

Media The “Media” icon appears at the conclusion of each section, just prior to the Self Check. This icon marks a
list of links to online videos that reinforce the concepts and skills introduced in the section.

Disclaimer: While we have selected videos that closely align to our learning objectives, we did not produce these tutorials,
nor were they specifically produced or tailored to accompany Intermediate Algebra 2e.

Self Check The Self Check includes the learning objectives for the section so that students can self-assess their mastery
and make concrete plans to improve.

Art Program

Intermediate Algebra 2e contains many figures and illustrations. Art throughout the text adheres to a clear, understated
style, drawing the eye to the most important information in each figure while minimizing visual distractions.

L}

N oA

Intersecting Parallel Coincident

Section Exercises and Chapter Review

Section Exercises Each section of every chapter concludes with a well-rounded set of exercises that can be assigned as
homework or used selectively for guided practice. Exercise sets are named Practice Makes Perfect to encourage completion
of homework assignments.

Exercises correlate to the learning objectives. This facilitates assignment of personalized study plans based on
individual student needs.

Exercises are carefully sequenced to promote building of skills.
Values for constants and coefficients were chosen to practice and reinforce arithmetic facts.
Even and odd-numbered exercises are paired.

Exercises parallel and extend the text examples and use the same instructions as the examples to help students
easily recognize the connection.

Applications are drawn from many everyday experiences, as well as those traditionally found in college math texts.
Everyday Math highlights practical situations using the concepts from that particular section
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Writing Exercises are included in every exercise set to encourage conceptual understanding, critical thinking, and

literacy.

Chapter review Each chapter concludes with a review of the most important takeaways, as well as additional practice

problems that students can use to prepare for exams.

Key Terms provide a formal definition for each bold-faced term in the chapter.

Key Concepts summarize the most important ideas introduced in each section, linking back to the relevant

Example(s) in case students need to review.

Chapter Review Exercises include practice problems that recall the most important concepts from each section.

Practice Test includes additional problems assessing the most important learning objectives from the chapter.

Answer Key includes the answers to all Try It exercises and every other exercise from the Section Exercises,

Chapter Review Exercises, and Practice Test.

Additional Resources
Student and Instructor Resources

We've compiled additional resources for both students and instructors, including Getting Started Guides, manipulative
mathematics worksheets, and an answer guide to the section review exercises. Instructor resources require a verified
instructor account, which can be requested on your openstax.org log-in. Take advantage of these resources to

supplement your OpenStax book.

Partner Resources

OpenStax partners are our allies in the mission to make high-quality learning materials affordable and accessible to
students and instructors everywhere. Their tools integrate seamlessly with our OpenStax titles at a low cost. To access the

partner resources for your text, visit your book page on openstax.org.
About the Authors
Senior Contributing Author

Lynn Marecek, Santa Ana College

Andrea Honeycutt Mathis, Northeast Mississippi Community College

Reviewers

Shaun Ault, Valdosta State University

Brandie Biddy, Cecil College

Kimberlyn Brooks, Cuyahoga Community College

Michael Cohen, Hofstra University

Robert Diaz, Fullerton College

Dianne Hendrickson, Becker College

Linda Hunt, Shawnee State University

Stephanie Krehl, Mid-South Community College
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This OpenStax book is available for free at http://cnx.org/content/col31234/1.3



FOUNDATIONS

Figure 1.1 This hand may change someone’s life. Amazingly, it was created using a special kind of printer known as a 3D printer.
(credit: U.S. Food and Drug Administration/Wikimedia Commons)

Chapter Outline
1.1 Use the Language of Algebra
1.2 Integers
1.3 Fractions
1.4 Decimals
1.5 Properties of Real Numbers

Introduction

For years, doctors and engineers have worked to make artificial limbs, such as this hand for people who need them. This
particular product is different, however, because it was developed using a 3D printer. As a result, it can be printed much
like you print words on a sheet of paper. This makes producing the limb less expensive and faster than conventional
methods.

Biomedical engineers are working to develop organs that may one day save lives. Scientists at NASA are designing ways to
use 3D printers to build on the moon or Mars. Already, animals are benefitting from 3D-printed parts, including a tortoise
shell and a dog leg. Builders have even constructed entire buildings using a 3D printer.

The technology and use of 3D printers depend on the ability to understand the language of algebra. Engineers must
be able to translate observations and needs in the natural world to complex mathematical commands that can provide
directions to a printer. In this chapter, you will review the language of algebra and take your first steps toward working
with algebraic concepts.

E Use the Language of Algebra

Learning Objectives

By the end of this section, you will be able to:

Find factors, prime factorizations, and least common multiples
Use variables and algebraic symbols

Simplify expressions using the order of operations

Evaluate an expression

Identify and combine like terms

Translate an English phrase to an algebraic expression

BE PREPARED : : 1.1



6 Chapter 1 Foundations

This chapter is intended to be a brief review of concepts that will be needed in an Intermediate Algebra course.
A more thorough introduction to the topics covered in this chapter can be found in the Elementary Algebra 2e
chapter, Foundations.

Find Factors, Prime Factorizations, and Least Common Multiples

The numbers 2, 4, 6, 8, 10, 12 are called multiples of 2. A multiple of 2 can be written as the product of a counting number
and 2.

Multiples of 2:

2, 4 6 8 10, 12,..
20 22 223 24 205 206

Similarly, a multiple of 3 would be the product of a counting number and 3.
Multiples of 3:

3, 6, 9, 12, 15 18, ..
Fi=l Fm2 323 324 325 386

We could find the multiples of any number by continuing this process.

Counting Number 1 2 3 4 ) 6 7 8 9 10 11 12

Multiples of 2 2 4 6 8 0 12 14 16 18 20 22 24
Multiples of 3 3 6 9 12 15 18 21 24 27 30 33 36
Multiples of 4 4 8 12 16 20 24 28 32 36 40 44 48
Multiples of 5 5 10 15 20 25 30 35 40 45 50 55 60
Multiples of 6 6 12 18 24 30 36 42 48 54 60 66 72
Multiples of 7 7 14 21 288 35 42 49 56 63 70 77 84
Multiples of 8 8 16 24 32 40 48 56 64 72 8 88 96
Multiples of 9 9 18 27 36 45 54 63 72 81 90 99 108
Multiple of a Number

A number is a multiple of n if it is the product of a counting number and n.

Another way to say that 15 is a multiple of 3 is to say that 15 is divisible by 3. That means that when we divide 3 into 15,
we get a counting number. In fact, 15 + 3 is5,s015is 5-3.

Divisible by a Number
If a number m is a multiple of n, then m is divisible by n.

If we were to look for patterns in the multiples of the numbers 2 through 9, we would discover the following divisibility
tests:

Divisibility Tests

A number is divisible by:
2 if the last digitis 0, 2, 4, 6, or 8.
3 if the sum of the digits is divisible by 3.

5 if the last digitis 5 or 0.
6 if it is divisible by both 2 and 3.
10 if it ends with 0.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3



Chapter 1 Foundations 7

EXAMPLE 1.1

Is 5,625 divisible by @ 2? ® 32 © 5 or 10? @ 6?
) Solution
®

Is 5,625 divisible by 2?

No.

. ) 5
Doesitendin0, 2,4, 6 or & 5,625 is not divisible by 2.

®

Is 5,625 divisible by 3?
What is the sum of the digits? 5+6+2+5=18

Yes.
5,625 is divisible by 3.

Is the sum divisible by 3?
©

Is 5,625 divisible by 5 or 10?
What is the last digit? Itis 5. 5,625 is divisible by 5 but not by 10.

@

Is 5,625 divisible by 6?
Is it divisible by both 2 and 3? No, 5,625 is not divisible by 2, so 5,625 is not divisible by 6.

TRYIT:: 11 Is 4,962 divisible by @ 2? ®3? © 52 @ 62 © 10?

TRYIT::12 Is 3,765 divisible by @22 ®3?2 © 57 @ 62 © 10?

In mathematics, there are often several ways to talk about the same ideas. So far, we've seen that if m is a multiple of n,
we can say that m is divisible by n. For example, since 72 is a multiple of 8, we say 72 is divisible by 8. Since 72 is a multiple
of 9, we say 72 is divisible by 9. We can express this still another way.

Since 8-9 =72, we say that 8 and 9 are factors of 72. When we write 72 = 8-9, we say we have factored 72.

8.9 = 72

Other ways to factor 72 are 1-72, 2-36, 3-24, 4-.18, and 6-12. The number 72 has many factors:
1,2,3,4,6,8,9, 12, 18, 24, 36, and 72.

Factors
If a-b=m, thenaandb are factors of m.

Some numbers, such as 72, have many factors. Other numbers have only two factors. A prime number is a counting
number greater than 1 whose only factors are 1 and itself.



8 Chapter 1 Foundations

Prime number and Composite number

A prime number is a counting number greater than 1 whose only factors are 1 and the number itself.

A composite number is a counting number greater than 1 that is not prime. A composite number has factors other
than 1 and the number itself.

The counting numbers from 2 to 20 are listed in the table with their factors. Make sure to agree with the “prime” or

“composite” label for each!

Number Number e
2 1,2 Prime T2 1,2,34,612 Composite
3 1,3 Prime 13 1,13 Prime
4 1,24 Composite 14 1,2,7,14 Composite
5 1,5 Prime 15 13515 Composite
6 1,2,3,6 Composite 16 1,248,16 Composite
7 1.7 Prime iz 117 Prime
8 1,2,4,8 Composite 18 1,2,3,6,9,18 Composite
9 1,39 Composite 19 1,19 Prime

10 1,2,510 Composite 20 1,2,4,5,10,20 Composite
11 1.1 Prime

The prime numbers less than 20 are 2, 3,5, 7, 11, 13, 17, and 19. Notice that the only even prime number is 2.
A composite number can be written as a unique product of primes. This is called the prime factorization of the number.
Finding the prime factorization of a composite number will be useful in many topics in this course.

Prime Factorization

The prime factorization of a number is the product of prime numbers that equals the number.

To find the prime factorization of a composite number, find any two factors of the number and use them to create two
branches. If a factor is prime, that branch is complete. Circle that prime. Otherwise it is easy to lose track of the prime
numbers.

If the factor is not prime, find two factors of the number and continue the process. Once all the branches have circled
primes at the end, the factorization is complete. The composite number can now be written as a product of prime
numbers.

DGRyl HOW TO FIND THE PRIME FACTORIZATION OF A COMPOSITE NUMBER

Factor 48.
© solution
48=2-24 /4.3\
2 24
; ; 48
2 is prime.
Circle the prime. ®/\
24

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3



Chapter 1 Foundations 9

24 is not prime. Break it
into 2 more factors.

e

[+]

4 and 6 are not prime. 4
Break them each into two
factors.

>e>

6
_ ) 7%
2 and 3 are prime, so circle @ @0 6
them.

>a

48=2+2:2-2+3

Wesay 2-2-2-2-3 isthe prime factorization of 48. We generally write the primes in ascending order. Be sure to multiply
the factors to verify your answer.

If we first factored 48 in a different way, for example as 6-8, the result would still be the same. Finish the prime
factorization and verify this for yourself.

TRYIT::13 Find the prime factorization of 80.

TRYIT::14 Find the prime factorization of 60.

(&) HOW TO:: FIND THE PRIME FACTORIZATION OF A COMPOSITE NUMBER.

Step 1. Find two factors whose product is the given number, and use these numbers to create two
branches.

Step 2. If a factor is prime, that branch is complete. Circle the prime, like a leaf on the tree.

Step 3. If a factor is not prime, write it as the product of two factors and continue the process.

Step 4. Write the composite number as the product of all the circled primes.

One of the reasons we look at primes is to use these techniques to find the least common multiple of two numbers. This
will be useful when we add and subtract fractions with different denominators.

Least Common Multiple

The least common multiple (LCM) of two numbers is the smallest number that is a multiple of both numbers.

To find the least common multiple of two numbers we will use the Prime Factors Method. Let’s find the LCM of 12 and 18
using their prime factors.

_ HOW TO FIND THE LEAST COMMON MULTIPLE USING THE PRIME FACTORS METHOD

Find the least common multiple (LCM) of 12 and 18 using the prime factors method.
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© Solution
A A
= /9\ = /‘}\
@ & @ O
List the primes of 12. 12=2+2+3
List the primes of 18. Line up 18=2+ 3.3
with the primes of 12 when
possible. If not create a new
column.
12-2:2:3
18=2+] 3-3
LCM=2+2+3+3

Notice that the prime factors of 12 (2-2-3) and the prime factors of 18 (2-3-3) are included in the LCM (2-2-3-3).
So 36 is the least common multiple of 12 and 18.

By matching up the common primes, each common prime factor is used only once. This way you are sure that 36 is the
least common multiple.

TRYIT::15 Find the LCM of 9 and 12 using the Prime Factors Method.

TRYIT::16 Find the LCM of 18 and 24 using the Prime Factors Method.

(&) HOW TO:: FIND THE LEAST COMMON MULTIPLE USING THE PRIME FACTORS METHOD.

Step 1. Write each number as a product of primes.

Step 2.  List the primes of each number. Match primes vertically when possible.
Step 3. Bring down the columns.

Step 4. Multiply the factors.

Use Variables and Algebraic Symbols

In algebra, we use a letter of the alphabet to represent a number whose value may change. We call this a variable and
letters commonly used for variables are x, y, a, b, c.

Variable
Avariable is a letter that represents a number whose value may change.
A number whose value always remains the same is called a constant.
Constant
A constant is a number whose value always stays the same.
To write algebraically, we need some operation symbols as well as numbers and variables. There are several types of

symbols we will be using. There are four basic arithmetic operations: addition, subtraction, multiplication, and division.
We'll list the symbols used to indicate these operations below.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Operation Symbols
Operation Notation Say: The result is...
Addition a+b a plus b the sum of a and b
Subtraction a—>b a minus b the difference of ¢ and b
Multiplication a-b, ab, (a)(b), a times b the product of a and b
(a)b, a(b)
Division a~b, alb, %, bya a divided by the quotient of a and b;
b a is called the dividend, and b is called the
divisor

When two quantities have the same value, we say they are equal and connect them with an equal sign.
Equality Symbol
a=>b isread “ais equal to b.”
The symbol “=" is called the equal sign.

On the number line, the numbers get larger as they go from left to right. The number line can be used to explain the
symbols “<" and “>".

Inequality

a < bis read “a is less than b” -] | -

a is to the left of b on the number line a b
a > b is read “ais greater than b" - | -
a is to the right of b on the number line b a

The expressions a < b or a > b can be read from left to right or right to left, though in English we usually read from left
to right. In general,

a < b isequivalent to b > a. For example, 7 < 11 is equivalent to 11 > 7.
a > b isequivalent to b < a. For example, 17 > 4 is equivalent to 4 < 17.

Inequality Symbols

Inequality Symbols  Words

a#b a is not equal to b.

a<b a is less than b.

a<lb a is less than or equal to b.
a>b a is greater than b.

a>b a is greater than or equal to b.

Grouping symbols in algebra are much like the commas, colons, and other punctuation marks in English. They help
identify an expression, which can be made up of number, a variable, or a combination of numbers and variables using
operation symbols. We will introduce three types of grouping symbols now.
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Grouping Symbols
Parentheses )
Brackets []
Braces {1}

Here are some examples of expressions that include grouping symbols. We will simplify expressions like these later in this
section.

8(14 - 38) 21 =3[2+409 - 8)] 24 + {13 = 2[1(6 — 5) + 4]}
What is the difference in English between a phrase and a sentence? A phrase expresses a single thought that is incomplete
by itself, but a sentence makes a complete statement. A sentence has a subject and a verb. In algebra, we have expressions
and equations.

Expression

An expression is a number, a variable, or a combination of numbers and variables using operation symbols.

Expression Words English Phrase

3+5 3 plus 5 the sum of three and five
n—1 n minus one the difference of n and one
6-7 6 times 7 the product of six and seven
% x divided by y the quotient of x and y

Notice that the English phrases do not form a complete sentence because the phrase does not have a verb.

An equation is two expressions linked by an equal sign. When you read the words the symbols represent in an equation,
you have a complete sentence in English. The equal sign gives the verb.

Equation

An equation is two expressions connected by an equal sign.

Equation English Sentence

3+45=8 The sum of three and five is equal to eight.
n—1=14 n minus one equals fourteen.

6-7=42 The product of six and seven is equal to forty-two.
x=353 x is equal to fifty-three.

y+9=2y-3 v plus nine is equal to two y minus three.

Suppose we need to multiply 2 nine times. We could write thisas 2:2:2:2-2-2-2-2-2. This is tedious and it can be
hard to keep track of all those 2s, so we use exponents. We write 2-2-2 as 23 and 2:2:2:2.2:2:2-2-2 as 2°. In

expressions such as 23, the 2 is called the base and the 3 is called the exponent. The exponent tells us how many times
we need to multiply the base.

3 =— exponent

2 means multiply 2 by itself, three times, asin2+2+2.

b(;SE
We read 2*as “two to the third power” or “two cubed.”

Exponential Notation

We say 23 isin exponential notation and 2 -2 -2 is in expanded notation.

a" means multiply a by itself, n times.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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base —=g" ™

a"=g-a*a*..*a

The expression a* is read a to the n'h power.

While we read a” as “a to the n'" power”, we usually read:
2 3 2
a a squared

a’ “a cubed”

We'll see later why a* and a> have special names.

shows how we read some expressions with exponents.

Expression  In Words

72 7 to the second power or 7 squared
53 5 to the third power or 5 cubed
94 9 to the fourth power
125 12 to the fifth power

Table 1.1

Simplify Expressions Using the Order of Operations

To simplify an expression means to do all the math possible. For example, to simplify 4-2 + 1 we would first multiply
4.2 to get 8 and then add the 1 to get 9. A good habit to develop is to work down the page, writing each step of the
process below the previous step. The example just described would look like this:

4241
8+1
9

By not using an equal sign when you simplify an expression, you may avoid confusing expressions with equations.
Simplify an Expression
To simplify an expression, do all operations in the expression.

We've introduced most of the symbols and notation used in algebra, but now we need to clarify the order of operations.
Otherwise, expressions may have different meanings, and they may result in different values.

For example, consider the expression 4+ 3-7. Some students simplify this getting 49, by adding 4 +3 and then
multiplying that result by 7. Others get 25, by multiplying 3 -7 first and then adding 4.

The same expression should give the same result. So mathematicians established some guidelines that are called the
order of operations.
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HOW TO :: USE THE ORDER OF OPERATIONS.

Step 1.

Step 2.

Step 3.

Step 4.

Parentheses and Other Grouping Symbols

- Simplify all expressions inside the parentheses or other grouping symbols, working on
the innermost parentheses first.

Exponents
- Simplify all expressions with exponents.
Multiplication and Division

- Perform all multiplication and division in order from left to right. These operations
have equal priority.
Addition and Subtraction

- Perform all addition and subtraction in order from left to right. These operations have
equal priority.

Students often ask, “How will I remember the order?” Here is a way to help you remember: Take the first letter of each
key word and substitute the silly phrase “Please Excuse My Dear Aunt Sally”.

Parentheses Please
Exponents Excuse
Multiplication Division My Dear
Addition Subtraction Aunt Sally

It's good that “My Dear” goes together, as this reminds us that multiplication and division have equal priority. We do not
always do multiplication before division or always do division before multiplication. We do them in order from left to right.

Similarly, “Aunt Sally” goes together and so reminds us that addition and subtraction also have equal priority and we do
them in order from left to right.

EXAMPLE 1.4

Simplify: 18 + 6 +4(5 — 2).

© Solution
18 +6+4(5-2)

Parentheses? Yes, subtract first. 18 +6 +4(3)
Exponents? No.
Multiplication or division? Yes.
Divide first because we multiply and divide left to right. 3+4(3)
Any other multiplication or division? Yes.
Multiply. 3+12
Any other multiplication of division? No.
Any addition or subtraction? Yes.
Add. 15

TRYIT::17
TRYIT::18

Simplify: 30 + 5+ 103 — 2).

Simplify: 70 + 10 4+ 4(6 — 2).
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When there are multiple grouping symbols, we simplify the innermost parentheses first and work outward.

EXAMPLE 1.5

Simplify: 5+ 2> + 3[6 — 3(4 — 2)].

© Solution

5+ 2%+ 3[6-3(4-2)]
Are there any parentheses (or other 5+2°+3[6-3(4-2)]
grouping symbols)? Yes.
Focus on the parentheses that are inside the 5+2°+3[6-3(2)]
brackets. Subtract.
Continue inside the brackets and multiply. 5+2°+3[6-6]
Continue inside the brackets and subtract. 5+ 27+ 3[0]

The expression inside the brackets requires
no further simplification.

Are there any exponents? Yes. Simplify exponents. 5+8+3[0]
Is there any multiplication or division? Yes.

Multiply. 5+8+0
Is there any addition of subtraction? Yes.

Add. 13+0
Add. 13

TRYIT::19 Simplify: 9 + 57 —[4(9 + 3)].

TRYIT::110 Simplify: 72 - 2145 + 1)].

Evaluate an Expression

In the last few examples, we simplified expressions using the order of operations. Now we’ll evaluate some
expressions—again following the order of operations. To evaluate an expression means to find the value of the
expression when the variable is replaced by a given number.

Evaluate an Expression

To evaluate an expression means to find the value of the expression when the variable is replaced by a given
number.

To evaluate an expression, substitute that number for the variable in the expression and then simplify the expression.

EXAMPLE 1.6

Evaluatewhen x=4: @ x2 ® 3% © 2x2 +3x+8.
) solution
®
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X
Replace x with 4. 4
Use definition of exponent. 4-4
Simplify. 16
®
3.!‘
Replace x with 4. 3
Use definition of exponent. 3333
Simplify. 81
©
2X+3x+8
Replace x with 4. 2(47 +3(4) + 8

Follow the order of operations.  2(16) +3(4) + 8
32+12+8

52

TRYIT:: 111 Evaluate when x =3, ® x> ® 4* © 3x? + 4x + 1.

TRYIT:: 112 Evaluate when x =6, @ x> ® 2* © 6x% —4x 7.

Identify and Combine Like Terms

Algebraic expressions are made up of terms. A term is a constant, or the product of a constant and one or more variables.

Term
A term is a constant or the product of a constant and one or more variables.

Examples of terms are 7, y, 5x2, 9a, and bo.
The constant that multiplies the variable is called the coefficient.

Coefficient

The coefficient of a term is the constant that multiplies the variable in a term.
Think of the coefficient as the number in front of the variable. The coefficient of the term 3x is 3. When we write x, the
coefficientis 1, since x =1-x.

Some terms share common traits. When two terms are constants or have the same variable and exponent, we say they
are like terms.

Look at the following 6 terms. Which ones seem to have traits in common?

5 7 n% 4 3x 9n?
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We say,
7 and 4 are like terms.

5x and 3x are like terms.

n? and 9n? are like terms.

Like Terms

Terms that are either constants or have the same variables raised to the same powers are called like terms.

17

If there are like terms in an expression, you can simplify the expression by combining the like terms. We add the

coefficients and keep the same variable.
Simplify. 4x +Tx+x
Add the coefficients. 12x

_ HOW TO COMBINE LIKE TERMS

Simplify: 2x% + 3x + 7 + x> + 4x + 5.
) Solution

204+ 3x+7 +X¥+4x+5
2¢+3x+7+X+4Ax+5

2+ 3x+ T+ X+ 4+ 5

22+ x+3x+4x +7+5

3+ T4 2

TRYIT:: 113 Simplify: 3x2 + 7x+9 + 7x% + 9x + 8.

TRYIT::114 Simplify: 4y? + 5y +2 + 8y2 + 4y + 5.

(&) HOW TO :: COMBINE LIKE TERMS.

Step 1. Identify like terms.
Step 2. Rearrange the expression so like terms are together.

Step 3. Add or subtract the coefficients and keep the same variable for each group of like terms.

Translate an English Phrase to an Algebraic Expression

We listed many operation symbols that are used in algebra. Now, we will use them to translate English phrases into

algebraic expressions. The symbols and variables we've talked about will help us do that. Table 1.2 summarizes them.
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Addition aplush a+b
the sum of ¢ and b
aincreased by b
b more than a
the total of a and b
b added to a

Subtraction a minus b a—>b

the difference of a and b
a decreased by b

b less than a

b subtracted from a

Multiplication  atimesb a-b, ab, a(b), (a)(b)
the product of a and b
twice a 2a

Division a divided by b a=+b,alb, %, bya

the quotient of g and b
the ratio of a and b
b divided into a

Table 1.2

Look closely at these phrases using the four operations:
the sum of a and b

the difference of a and b
the product of @ and b
the quotient of a and b

Each phrase tells us to operate on two numbers. Look for the words of and and to find the numbers.

Chapter 1 Foundations

EXAMPLE 1.8

Translate each English phrase into an algebraic expression:

@ the difference of 14x and 9 ® the quotient of 8y2 and 3 © twelve more than y @ seven less than 49x?

© solution

@ The key word is difference, which tells us the operation is subtraction. Look for the words of and and to find the numbers

to subtract.
the difference of 14x and 9

14x minus 9
14x-9
® The key word is quotient, which tells us the operation is division.
the quotient of 8y and 3
divide 8y by 3
8y +3
8y

This can also be written 8y*/3 or —

©The key words are more than. They tell us the operation is addition. More than means “added to.”
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twelve more than y

twelve added to y
y+12

@ The key words are less than. They tell us to subtract. Less than means “subtracted from.”

seven less than 49x?
seven subtracted from 49x2
49x% -7

TRYIT::115 Translate the English phrase into an algebraic expression:

@ the difference of 14x> and 13 ® the quotient of 12x and 2 © 13 more than z
@ 18 less than 8x

TRYIT:: 116

Translate the English phrase into an algebraic expression:

® the sum of 17.\,'2 and 19 ® the product of 7 and y © Eleven more than x @ Fourteen less than 11a

We look carefully at the words to help us distinguish between multiplying a sum and adding a product.

EXAMPLE 1.9

Translate the English phrase into an algebraic expression:

® eight times the sum of x andy@ the sum of eight times x and y

© Solution
There are two operation words—times tells us to multiply and sum tells us to add.

@ Because we are multiplying 8 times the sum, we need parentheses around the sum of x and y, (x + y). This forces us
to determine the sum first. (Remember the order of operations.)
eight times the sum of x and y
8(x+y)

® To take a sum, we look for the words of and and to see what is being added. Here we are taking the sum of eight times
xand y.
the sum of eight times x and y

8x+y

TRYIT::117 Translate the English phrase into an algebraic expression:

® four times the sum of p and ¢
® the sum of four times p and g

TRYIT::118 Translate the English phrase into an algebraic expression:
® the difference of two times x and 8

® two times the difference of x and 8

Later in this course, we'll apply our skills in algebra to solving applications. The first step will be to translate an English
phrase to an algebraic expression. We'll see how to do this in the next two examples.
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EXAMPLE 1.10

The length of a rectangle is 14 less than the width. Let w represent the width of the rectangle. Write an expression for the
length of the rectangle.

© solution

Write a phrase about the length of the rectangle. 14 less than the width

Substitute w for “the width.” w
Rewrite less than as subtracted from. 14 subtracted from w
Translate the phrase into algebra. w-14

TRYIT:: 119

The length of a rectangle is 7 less than the width. Let w represent the width of the rectangle. Write an expression
for the length of the rectangle.

TRYIT::120

The width of a rectangle is 6 less than the length. Let / represent the length of the rectangle. Write an expression
for the width of the rectangle.

The expressions in the next example will be used in the typical coin mixture problems we will see soon.

EXAMPLE 1.11

June has dimes and quarters in her purse. The number of dimes is seven less than four times the number of quarters. Let
q represent the number of quarters. Write an expression for the number of dimes.

©) solution

Write a phrase about the number of dimes.  seven less than four times the number of quarters

Substitute g for the number of quarters. 7 less than 4 times g
Translate 4 times g. 7 less than 4q
Translate the phrase into algebra. 4q -7

TRYIT::121

Geoffrey has dimes and quarters in his pocket. The number of dimes is eight less than four times the number of
quarters. Let g represent the number of quarters. Write an expression for the number of dimes.

TRYIT::122

Lauren has dimes and nickels in her purse. The number of dimes is three more than seven times the number of
nickels. Let n represent the number of nickels. Write an expression for the number of dimes.
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L 1.1 EXERCISES
Practice Makes Perfect

Identify Multiples and Factors

21

In the following exercises, use the divisibility tests to determine whether each number is divisible by 2, by 3, by 5, by 6, and by 10.

1.84 2.96 3.896

4.942 5.22,335 6.39,075

Find Prime Factorizations and Least Common Multiples
In the following exercises, find the prime factorization.
7.86 8.78 9.455

10. 400 11.432 12. 627

In the following exercises, find the least common multiple of each pair of numbers using the prime factors method.

13.8,12 14.12, 16 15. 28, 40

16. 84, 90 17. 55, 88 18.60, 72

Simplify Expressions Using the Order of Operations
In the following exercises, simplify each expression.

19.23-12:(9-5) 20. 3218 + (11 -5) 21. 2 +8(6+1)

22. 4+ 6(3 +6) 23.20+4+6(5-1) 24.33:3+4(7-2)

25. 3(1 +9-6) — 42 26. 52 +8-4)— 72 27. 21 +3(10 - 2)]

28. 52 +4(3 -2)] 29. 8 +2[7 —2(5 — 3)] - 32 30. 10+ 3[6 — 2(4 — 2)] — 2*

Evaluate an Expression
In the following exercises, evaluate the following expressions.

31. When x =2, 32. When x = 3, 33.When x=4,y=1
@ xb @ x° x% + 3xy — 7y?

® 4% ® 5%

© 2x%+3x-7 © 3x% —4x -8

34.When x=3,y=2 35.When x =10,y =7 36.When a=3,b =38
6x2 + 3xy — 9y2 (x— y)2 a’ + b?

Simplify Expressions by Combining Like Terms
In the following exercises, simplify the following expressions by combining like terms.
37. Tx+2+3x+4 38.8y+5+2y—4

30. 10a+7+5a—-2+7a—4 40. 7c+4+6c—3+9—1
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41 3x2 + 12x+ 11 + 14x2 + 8x + 5

Translate an English Phrase to an Algebraic Expression

Chapter 1 Foundations

42. 562 +9h + 10 +2b% +3b -4

In the following exercises, translate the phrases into algebraic expressions.

43.

@ the difference of 5x2 and 6xy
® the quotient of 6y” and 5x
(© Twenty-one more than y2

@ 6x less than 81x2

45,
@ the sum of 4ab® and 3a%b

® the product of 4y2 and 5x

© Fifteen more than m
@ 9x less than 121x2

47.
@ eight times the difference of y and nine

® the difference of eight times y and 9

49.
@® five times the sum of 3x and y

® the sum of five times 3x and y

51. Eric has rock and country songs on his playlist. The
number of rock songs is 14 more than twice the
number of country songs. Let ¢ represent the number
of country songs. Write an expression for the number
of rock songs.

53. Greg has nickels and pennies in his pocket. The
number of pennies is seven less than three the number
of nickels. Let n represent the number of nickels. Write
an expression for the number of pennies.

Writing Exercises

55. Explain in your own words how to find the prime
factorization of a composite number.

57. Explain how you identify the like terms in the
expression 8a’+4a+9—-a’—1.

44.
@ the difference of 17x> and Sxy

® the quotient of 8y and 3x

© Eighteen more than a?;

@ 11b less than 100b2

46.
@ the sum of 3x2y and 7)cy2

® the product of 6)cy2 and 4z

© Twelve more than 3x2
@ 7x2 less than 63x3

48.
@ seven times the difference of y and one

® the difference of seven times y and 1

50.
@ eleven times the sum of 4x2 and 5x

® the sum of eleven times 4x2 and 5x

52. The number of women in a Statistics class is 8 more
than twice the number of men. Let m represent the

number of men. Write an expression for the number of
women.

54. Jeannette has $5 and $10 bills in her wallet. The

number of fives is three more than six times the
number of tens. Let ¢ represent the number of tens.

Write an expression for the number of fives.

56. Why is it important to use the order of operations
to simplify an expression?

58. Explain the difference between the phrases “4 times
the sum of x and y” and “the sum of 4 times x and y".
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Self Check

@ Use this checklist to evaluate your mastery of the objectives of this section.

identify multiples and apply divisibility tests.

find prime factorizations and least
common multiples.

use variables and algebraic symbols.

simplify expressions using the order of
operations.

evaluate an expression.

identify and combine like terms.

translate English phrases to algebraic
expressions.

® If most of your checks were:

...confidently. Congratulations! You have achieved the objectives in this section. Reflect on the study skills you used so that you
can continue to use them. What did you do to become confident of your ability to do these things? Be specific.

...with some help. This must be addressed quickly because topics you do not master become potholes in your road to success.
In math every topic builds upon previous work. It is important to make sure you have a strong foundation before you move on.
Whom can you ask for help?Your fellow classmates and instructor are good resources. Is there a place on campus where math
tutors are available? Can your study skills be improved?

...no - I don’t get it! This is a warning sign and you must not ignore it. You should get help right away or you will quickly be
overwhelmed. See your instructor as soon as you can to discuss your situation. Together you can come up with a plan to get you
the help you need.
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12

Integers

Learning Objectives

By the end of this section, you will be able to:
Simplify expressions with absolute value
Add and subtract integers
Multiply and divide integers
Simplify expressions with integers
Evaluate variable expressions with integers
Translate phrases to expressions with integers
Use integers in applications

BE PREPARED : : 1.2

A more thorough introduction to the topics covered in this section can be found in the Elementary Algebra 2e
chapter, Foundations.

Simplify Expressions with Absolute Value

A negative number is a number less than 0. The negative numbers are to the left of zero on the number line. See Figure
1.2.

-4 -3 -2 -4 1 2 3

I

0
Negative numbers 1 Positive numbers
Zero

Figure 1.2 The number line shows the location of
positive and negative numbers.

You may have noticed that, on the number line, the negative numbers are a mirror image of the positive numbers, with
zero in the middle. Because the numbers 2 and —2 are the same distance from zero, each one is called the opposite of
the other. The opposite of 2 is —2, and the opposite of =2 is 2.

Opposite

The opposite of a number is the number that is the same distance from zero on the number line but on the opposite
side of zero.

Figure 1.3 illustrates the definition.

Figure 1.3 The opposite of 3is —3.

Opposite Notation

—a means the opposite of the number a
The notation —a is read as “the opposite of a.”
We saw that numbers such as 3 and —3 are opposites because they are the same distance from 0 on the number line.

They are both three units from 0. The distance between 0 and any number on the number line is called the absolute value
of that number.
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Absolute Value

The absolute value of a number is its distance from 0 on the number line.

The absolute value of a number n is written as |n| and |n| > 0 for all numbers.
Absolute values are always greater than or equal to zero.

For example,
—5is 5 units away from 0, so |-5| = 5.
5 is 5 units away from 0, so |5 = 5.

Figure 1.4 illustrates this idea.
5 units 5 units

Y

Figure 1.4 The numbers 5and —5 are 5 units
away from 0.

25

The absolute value of a number is never negative because distance cannot be negative. The only number with absolute

value equal to zero is the number zero itself because the distance from 0 to 0 on the number line is zero units.

In the next example, we’ll order expressions with absolute values.

EXAMPLE 1.12

Fillin <, >, or = foreach of the following pairs of numbers:

@ |-5_—-1-5®8_—1-81© -9__ —|-9 @ —(~16)__|-16].

) solution
®
[=5|_ —1-5]
Simplify. 5.-5
Order. 5> =5
[=5] > —1|-3]
®
8__ — -8

Simplify. 8_—38

Order. 8§> -8
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—9_ - -9

Simplify.  —9_-9

Order. -9=-9
~9= -9
@
—(—=16)__|-16|
Simplify. 16__16
Order. 16 =16
—(=16) = |-16|
TRYIT::123 Fillin <, >, or = foreach of the following pairs of numbers:

®@-9 —1-9®2 —-1-21© -8 |-81 @ —(=9)__|-9|.

TRYIT::124 Fillin <, >, or = foreach of the following pairs of numbers:
@7_—1-1® —(-10)_I-101 © |-4_ - -4 @ —1__|-11.
We now add absolute value bars to our list of grouping symbols. When we use the order of operations, first we simplify
inside the absolute value bars as much as possible, then we take the absolute value of the resulting number.
Grouping Symbols

Parentheses () Braces {}
Brackets [1 Absolute value ||

In the next example, we simplify the expressions inside absolute value bars first just as we do with parentheses.

EXAMPLE 1.13

Simplify: 24 — 19 — 3(6 — 2)|.
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Solution

24 — (19 = 3(6 — 2)|

Work inside parentheses first:

subtract 2 from 6. 24 - 119 - 3(4)|
Multiply 3(4). 24 — |19 — 12
Subtract inside the absolute value bars. 24 =17
Take the absolute value. 24 -7
Subtract. 17

TRYIT::125  Simplify: 19— |11 — 4(3 — 1)].

TRYIT::126  Simplify: 9 — |8 — 4(7 — 5)|.

Add and Subtract Integers

So far, we have only used the counting numbers and the whole numbers.
Counting numbers 1,2,3...
‘Whole numbers 0,1,2, 3....

Our work with opposites gives us a way to define the integers. The whole numbers and their opposites are called the
integers. The integers are the numbers ... =3, =2, —1, 0, 1, 2, 3...

Integers

The whole numbers and their opposites are called the integers.
The integers are the numbers
..—3,-2,-1,0,1,2,3...,

Most students are comfortable with the addition and subtraction facts for positive numbers. But doing addition or
subtraction with both positive and negative numbers may be more challenging.

We will use two color counters to model addition and subtraction of negatives so that you can visualize the procedures
instead of memorizing the rules.

We let one color (blue) represent positive. The other color (red) will represent the negatives.

Positive  blue

Negative red O

If we have one positive counter and one negative counter, the value of the pair is zero. They form a neutral pair. The value
of this neutral pair is zero.

14-1=0

We will use the counters to show how to add:
543 =54+ (-3) -5+4+3 5+ (=3)

The first example, 5 + 3, adds 5 positives and 3 positives—both positives.
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The second example, —5 + (—3), adds 5 negatives and 3 negatives—both negatives.

When the signs are the same, the counters are all the same color, and so we add them. In each case we get 8—either 8
positives or 8 negatives.

5+3 5+3)
00000 OO0 00000 000
8 positives 8 negatives
5+3=8 -5+(3)=-8

So what happens when the signs are different? Let'sadd —5 + 3 and 5 + (=3).

When we use counters to model addition of positive and negative integers, it is easy to see whether there are more
positive or more negative counters. So we know whether the sum will be positive or negative.

-5+3 5+(-3)

e

More negatives - the sum is negative. ~ More positives - the sum is positive.
5+3=-2 54+(3)=2

EXAMPLE 1.14

Add: @ —1 4+ (—4) ® =145 © 1+ (=5).

© Solution
®
-1+ (-4)
1 negative plus 4 negatives is 5 negatives -5
®
-1+5
i S
There are more positives, so the sum is positive. 4
©

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3



Chapter 1 Foundations 29

1+ (-5)

‘oooo

There are more negatives, so the sum is negative. -4

TRYIT::127 Add: @ 2+ (-4) ® —2+4 © 2+ (-4).

TRYIT::128 Add:® -2+ (=5) ® -2+5 © 2+ (-5).

We will continue to use counters to model the subtraction. Perhaps when you were younger, you read “5 — 3” as “5 take
away 3.” When you use counters, you can think of subtraction the same way!

We will use the counters to show to subtract:
5-3 -5-(=3) -5-3 5-(=3)
The first example, 5 — 3, we subtract 3 positives from 5 positives and end up with 2 positives.
In the second example, —5 — (—3), we subtract 3 negatives from 5 negatives and end up with 2 negatives.

Each example used counters of only one color, and the “take away” model of subtraction was easy to apply.
5-3=2 -5-(-3)=-2

u ¢ oo

What happens when we have to subtract one positive and one negative number? We'll need to use both blue and red
counters as well as some neutral pairs. If we don’t have the number of counters needed to take away, we add neutral
pairs. Adding a neutral pair does not change the value. It is like changing quarters to nickels—the value is the same, but
it looks different.

Let's look at =5 —3 and 5 — (=3).

5-3 5-(-3)

r,\]/l uor?]tegletrlt]e first O O O O O S N N N N

meegce)évr?gl?tglepairs. OOO OO OO O NN NN
000 OO0

wimoers . 00000 000
number of counters " N NN NSNS

modeled by the
second number.
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Count what is left. OOOOO OOO QOO0 OO0

5-3=-8 5_(3)=8

-8 8

EXAMPLE 1.15

Subtract: @ 3—1 ® -3 -(-1) © =3 -1 @ 3 —(=1).

© solution
®
@u’ h g
Take 1 negative from 3 negatives and get 2 negatives positives.
®
(900 o
Take 1 positive from 3 negatives and get 2 negatives. -2
©
000 O =
Take 1 positive from the one added neutral pair. @ 4
@
3-(-1)

Take 1 negative from the one added neutral pair. @ 4

3-1

2

TRYIT::129 Subtract: @ 6 —4 ® —6—(—4) © —-6-4 @ 6 — (—4).

TRYIT::130 Subtractt @ 7-4 ® -7 —(-4) © =7-4 @ 7 - (-4).

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Have you noticed that subtraction of signed numbers can be done by adding the opposite? In the last example, —3 — 1 is the
same as =3+ (—1) and 3 —(—1) is the same as 3 + 1. You will often see this idea, the Subtraction Property, written
as follows:

Subtraction Property
a—b=a+(-b)

Subtracting a number is the same as adding its opposite.

EXAMPLE 1.16

Simplify: @ 13—8 and 134+ (=8) ® —17—-9 and —17+(-9) © 9—(-15) and 9+15 @ —7 —(—4) and
-7 +4.

©) solution
®
13-8 and 13 + (—8)
Subtract. 5 5
®

—17-9 and -174+(-9)
Subtract. —26 —26

©

9 —(-15) and 9+15
Subtract. 24 24

@

-7—-(-4) and =744
Subtract. -3 -3

TRYIT:: 131

Simplify: @ 21 — 13 and 214+ (—13) ® —11 -7 and =11 +(-7) © 6 —(—13) and 6+ 13 @ -5 —(-1)
and =5+ 1.

TRYIT::132

Simplify: ® 15— 7 and 15+ (=7) ® —14—8 and =14+ (—=8) © 4 — (=19) and 4 + 19 @ —4 — (=7) and
—4+7.

What happens when there are more than three integers? We just use the order of operations as usual.

EXAMPLE 1.17
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Simplify: 7— (-4 —-3)-09.

© Solution
7-(-4-3)-9
Simplify inside the parentheses first. T-(-7-9
Subtract left to right. 14-9
Subtract. 5

TRYIT::133 Simplify: 8 — (=3 — 1) = 9.
TRYIT::134 Simplify: 12 — (=9 — 6) — 14.

Multiply and Divide Integers

Since multiplication is mathematical shorthand for repeated addition, our model can easily be applied to show
multiplication of integers. Let's look at this concrete model to see what patterns we notice. We will use the same examples
that we used for addition and subtraction. Here, we are using the model just to help us discover the pattern.

We remember that a-b means add g, b times.
53 =5(3)
add 5, 3 times add -5, 3 times

00000 000
00000 0000
00000 0000

15 positives 15 negatives

5:3=15 -5(3)=-15

The next two examples are more interesting. What does it mean to multiply 5 by —3? It means subtract 5, 3 times.

Looking at subtraction as “taking away”, it means to take away 5, 3 times. But there is nothing to take away, so we start
by adding neutral pairs on the workspace.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3



Chapter 1 Foundations 33

5(-3) =5)-3)
take away 5, 3 times take away -5, 3 times

00000

¢

00000

¢

¢

00000 COOOOC

What's left?

Q0000 OO0
Q0000 OOOOC
00000 OCOCOOOC

15 negatives 15 positives

5-3)=-15 (-5)-3)=15
In summary:

5-3=15 -53)=-15

5(=3)=-15 (=5)(-3)=15

Notice that for multiplication of two signed numbers, when the
signs are the same, the product is positive.
signs are different, the product is negative.

What about division? Division is the inverse operation of multiplication. So, 15 +3 =5 because 5-3 = 15. In words,

this expression says that 15 can be divided into 3 groups of 5 each because adding five three times gives 15. If you look at
some examples of multiplying integers, you might figure out the rules for dividing integers.

5-3=15 so 15+3=5 -53)=-15s0o —-15+3=-5
(=5)(-3)=15s0 15+(-3)=-5 5(-3)=-15s0 =15+(=3)=5

Division follows the same rules as multiplication with regard to signs.
Multiplication and Division of Signed Numbers

For multiplication and division of two signed numbers:

Same signs Result

* Two positives Positive

* Two negatives  Positive

If the signs are the same, the result is positive.

Different signs Result

+ Positive and negative Negative

* Negative and positive ~ Negative
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EXAMPLE 1.18

Multiply or divide: @ —100 = (=4) ® 7-6 © 4(-8) @ —27 = 3.

© Solution
®
—100 = (—4)
Divide, with signs that are the same the quotient is positive. 25
®

7-6

Multiply, with same signs. 42

©
4(-8)
Multiply, with different signs. -32
@
-27+3
Divide, with different signs, the quotient is negative. -9

TRYIT::135 Multiply or divide: ® —115 + (=5) ® 5-12 © 9(-7) @ —63 + 7.

TRYIT::136 Multiply or divide: @ —117 + (-=3) ® 3-13 © 7(-4) @ —42 + 6.

When we multiply a number by 1, the result is the same number. Each time we multiply a number by —1, we get its

opposite!
Multiplication by —1
—la=-a

Multiplying a number by —1 gives its opposite.

Simplify Expressions with Integers

What happens when there are more than two numbers in an expression? The order of operations still applies when

negatives are included. Remember Please Excuse My Dear Aunt Sally?

Let's try some examples. We'll simplify expressions that use all four operations with integers—addition, subtraction,

multiplication, and division. Remember to follow the order of operations.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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EXAMPLE 1.19

Simplify: @ (—2)4 ® —24.

©) solution

Notice the difference in parts (a) and (b). In part (a), the exponent means to raise what is in the parentheses, the —2 to
the 4™ power. In part (b), the exponent means to raise just the 2 to the 4" power and then take the opposite.

®

=2)*

Write in expanded form.  (=2)(=2)(=2)(-2)

Multiply. 4(-2)(-2)
Multiply. —-8(-2)
Multiply. 16
®

_04
Write in expanded form. -(2-2:2:2)
We are asked to find the opposite of 24,
Multiply. -(4-2-2)
Multiply. —-(8-2)
Multiply. —-16

TRYIT::137 simplify: @ (=3)* ® —3*.
TRYIT::138 simplify: @ (=7)2 ® ~72.

The last example showed us the difference between (—2)4 and —2* This distinction is important to prevent future
errors. The next example reminds us to multiply and divide in order left to right.

EXAMPLE 1.20

Simplify: @ 8(=9) + (=2) ® =30 = 2 + (=3)(=7).

“) Solution
@
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8(=9) = (=2)°

Exponents first.  8(=9) + (=8)

Multiply. =72+ (=8)
Divide. 9
®
23022 4 (=3)(=7)
Multiply and divide left to right, so divide first. =15+ (=3)(-7)
Multiply. —-15+21
Add. 6

TRYIT::139  implify: @ 12(=9) + (=3)® ® —27 + 3 + (=5)(=6).

TRYIT:: 140 Simplify: @ 18(=4) + (=2)° ® =32 + 4 + (=2)(=7).

Evaluate Variable Expressions with Integers

Remember that to evaluate an expression means to substitute a number for the variable in the expression. Now we can
use negative numbers as well as positive numbers.

EXAMPLE 1.21

Evaluate 4x” — 2xy + 3y2 when x =2, y=—1.

© solution
4x* - 2xy + 3y*

Substitute x = 2, y = - 1. Use parentheses A2F =2(2)(- 1)+ 3(- 1)
to show multiplication.
Simplify exponents. 4+4-22)-1)+3°1
Multiply. 16-(-4)+3
Subtract. 20+3
Add. 23

TRYIT:: 141 Evaluate: 3x% — 2xy + 6}'2 when x =1, y=-2.

TRYIT:: 142 Evaluate: 4x2 — xy + 5)'2 when x = -2, y = 3.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Translate Phrases to Expressions with Integers

Our earlier work translating English to algebra also applies to phrases that include both positive and negative numbers.

EXAMPLE 1.22

Translate and simplify: the sum of 8 and —12, increased by 3.

© Solution
the sum of 8 and —12 increased by 3
Translate. 8+ (=12)]+3
Simplify. Be careful not to confuse the brackets with an absolute (-4)+3
value sign.
Add. -1
TRYIT::143 Translate and simplify the sum of 9 and —16, increased by 4.
TRYIT::1.44 Translate and simplify the sum of —8 and —12, increased by 7.

Use Integers in Applications

We'll outline a plan to solve applications. It's hard to find something if we don’t know what we're looking for or what
to call it! So when we solve an application, we first need to determine what the problem is asking us to find. Then we'll
write a phrase that gives the information to find it. We'll translate the phrase into an expression and then simplify the
expression to get the answer. Finally, we summarize the answer in a sentence to make sure it makes sense.

DCNIYN Nl HOW TO SOLVE APPLICATION PROBLEMS USING INTEGERS

In the morning, the temperature in Kendallville, Indiana was 11 degrees. By mid-afternoon, the temperature had dropped
to —9 degrees. What was the difference in the morning and afternoon temperatures?

°C

©) solution

Step 1. Read the problem. Make
sure all the words and ideas are
understood.

Step 2. Identify what we are asked The difference of the morning
to find. and afternoon temperatures
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the difference of 11 and -9

11 -(-9)

20

The difference in temperatures
was 20 degrees.

TRYIT:: 145

In the morning, the temperature in Anchorage, Alaska was 15 degrees. By mid-afternoon the temperature had
dropped to 30 degrees below zero. What was the difference in the morning and afternoon temperatures?

TRYIT:: 146

The temperature in Denver was —6 degrees at lunchtime. By sunset the temperature had dropped to —15
degrees. What was the difference in the lunchtime and sunset temperatures?

(&) HOW TO:: USE INTEGERS IN APPLICATIONS.

Step 1.
Step 2.
Step 3.
Step 4.
Step 5.
Step 6.

[»] MmeDIA::

Read the problem. Make sure all the words and ideas are understood.
Identify what we are asked to find.

Write a phrase that gives the information to find it.

Translate the phrase to an expression.

Simplify the expression.

Answer the question with a complete sentence.

Access this online resource for additional instruction and practice with integers.
» Subtracting Integers with Counters (https://openstax.org/l/25subintegers)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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L 1.2 EXERCISES
Practice Makes Perfect

Simplify Expressions with Absolute Value

In the following exercises, fillin <, >, or = foreach of the following pairs of numbers.

59. 60. 61.

@ -7_—1-7 @ —|-9_|-9I ® —2__—1-2|
® 6___ —|-6| ® -8 |-8| ® -12__ —|-12|
©-11__-11 ©1-1__-1 ©1-3_-3

@ —(=13)___—1-13| @ —(=14)__—1-14] @ |-19_ - (=19
62.

@ —-4__ -4

® 5___ —|-5|

© —-10_-10

@ —1-0_ - (-0)

In the following exercises, simplify.

63. 15— 7| — |14 — 6| 64. 117 — 8] — 113 — 4|

66. 15— |3(8 — 5)| 67. 18 — 12— 4(4 — 1) + 3|

69. 10 — 3|9 - 333 - 1)| 70. 13 = 2|11 = 2(5 - 2)|

Add and Subtract Integers
In the following exercises, simplify each expression.

T1. T2.

@ 7+ (-4) @ -5+ (-9)

® -7+4 ® -5+9

© 7+(-4). © 5+ (-9)

74. 34+ (-19) 75. —14 +(=12) + 4

77. 19 +2(-3+38) 78. 24 4+3(-54+9)

65. 18 — [2(8 — 3)|

68. 27 — [19+4(3 - 1)— 7]

73. 48 + (—16)

76. —174+ (-18)+6

79.
®13-7

® -13 - (=7)
© -13-7
@ 13- (=7)

39
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80.

®15-8

® —15-(-8)
© -15-38
@ 15— (-8)

83. —14—(=27)+9

86.@ 35— 16 ® 35+ (—16)
80. 2-7)—(3-298)

92. —-(4-5)—-(7-39)

Multiply and Divide Integers

8l. —17—-42

84. 64+ (-17)-9

87.@ 27 — (—18) ® 27 + 18
9. (1-8)—(2-9)

93. 25— [10 — 3 — 12)]

In the following exercises, multiply or divide.

95.

@ —4-8

® 13(-5)

© -24:6

@ —52 + (—4)

97.

@ —28+7
® —180 = 15
© 3(-13)

@ —1(-14)

96.

® -3.9

® 9(=7)

© 35 = (=7
@ —84 = (=6)

98.

@ -36+4
® —-192 = 12
© 9(=7)

@ —1(-19)

Simplify and Evaluate Expressions with Integers

In the following exercises, simplify each expression.

99.® (=2)® ® —26

102. 8(—4)+5(-4) -6
105. 8 —11)(9—-12)

108. 23 — 2(4 — 6)

11 9 — 23 — §(=2)]

14. 7—15-3(4—1)— 6|

17. (=3)2-24 - (8-2)

100.® (-3)°> ® -33

103. —3(=5)(6)

106. (6 — 11)(8 — 13)

109. 65 = (=5) + (=28) = (=7)
12. 11 - 3[7 - 4(-2)]

15. 9 - 322 -6)— (3 -7

18. (=4)2—32 = (12— 4)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3

82. —58 — (—67)

85.@ 44 — 28 ® 44 + (—28)

88.@ 46 — (—=37) ® 46 + 37
9. —(6-8)—(2—4)

94. 32 —[5 — (15 —20)]

101. 5(—=6) +7(-2) -3

104. —4(-6)(3)

107. 26 — 32 = 7)

110. 52 = (—4) + (=32) + (=8)

13. 8—2-4(4-1)+3|

116. 5 -2[2(1 -4) - (2 -5)|

Chapter 1 Foundations
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In the following exercises, evaluate each expression.

41

119. y + (—14) when 120. x + (—=21) when 121. (x + y)* when
®y=-33 ® y=130 @ x=-270® x=44 x=-3,y=14

122. (y + 2) when 123. 9a — 2b — 8 when 124. 7m — 4n — 2 when
y=-3,z=15 a=-6and b=-3 m=-4 and n=-9
125. 3x% — 4xy + 2y2 when 126. 4x% — xy + 3y2 when

x=-2,y=-3 x==-3,y=-2

Translate English Phrases to Algebraic Expressions

In the following exercises, translate to an algebraic expression and simplify if possible.
127. the sum of 3 and -—15, 128. the sum of —8 and -9, 129.

increased by 7 increased by 23 @ the difference of 10 and —18
® subtract 11 from —25
130. 131. the quotient of —6 and the 132. the product of —13 and the

@ the difference of =5 and =30 sumof a and b
® subtract —6 from —13

Use Integers in Applications
In the following exercises, solve.

133. Temperature On January 15, the high temperature
in Anaheim, California, was 84°. That same day, the
high temperature in Embarrass, Minnesota, was
—12°. What was the difference between the
temperature in Anaheim and the temperature in
Embarrass?

135. Football On the first down, the Chargers had the
ball on their 25-yard line. They lost 6 yards on the first-
down play, gained 10 yards on the second-down play,
and lost 8 yards on the third-down play. What was the
yard line at the end of the third-down play?

137. Checking Account Mayra has $124 in her checking
account. She writes a check for $152. What is the new
balance in her checking account?

Writing Exercises

139. Explain why the sum of —8 and 2 is negative, but
the sum of 8 and —2 is positive.

141. In your own words, state the rules for multiplying
and dividing integers.

difference of ¢ and d

134. Temperature On January 21, the high
temperature in Palm Springs, California, was 89°,

and the high temperature in Whitefield, New
Hampshire, was —31°. What was the difference

between the temperature in Palm Springs and the
temperature in Whitefield?

136. Football On first down, the Steelers had the ball
on their 30-yard line. They gained 9 yards on the first-
down play, lost 14 yards on the second-down play, and
lost 2 yards on the third-down play. What was the yard
line at the end of the third-down play?

138. Checking Account Reymonte has a balance of

—$49 in his checking account. He deposits $281 to the
account. What is the new balance?

140. Give an example from your life experience of
adding two negative numbers.

142. Why is —4° = (-4)32
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Self Check

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

simplify expressions with absolute value.

add and subtract integers.

multiply and divide integers.

simplify and evaluate expressions with integers.

translate English phrases to algebraic
expressions.

use integers in applications.

@After reviewing this checklist, what will you do to become confident for all objectives?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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13

Fractions

Learning Objectives

By the end of this section, you will be able to:
Simplify fractions
Multiply and divide fractions
Add and subtract fractions
Use the order of operations to simplify fractions
Evaluate variable expressions with fractions

BE PREPARED : : 1.3

A more thorough introduction to the topics covered in this section can be found in the Elementary Algebra 2e
chapter, Foundations.

Simplify Fractions
2

A fraction is a way to represent parts of a whole. The fraction 3 represents two of three equal parts. See Figure 1.5. In
the fraction %, the 2 is called the numerator and the 3 is called the denominator. The line is called the fraction bar.
Figure 1.5 In thecircle, % of the circle is

shaded—2 of the 3 equal parts.
Fraction

A fraction is written %, where b # 0 and

a is the numerator and b is the denominator.

A fraction represents parts of a whole. The denominator b is the number of equal parts the whole has been divided
into, and the numerator a indicates how many parts are included.

Fractions that have the same value are equivalent fractions. The Equivalent Fractions
Property allows us to find equivalent fractions and also simplify fractions.

Equivalent Fractions Property

If a, b, and c are numbers where b # 0, ¢ # 0,

a_a-c a-c _
then b= bc and b

SHIN

A fraction is considered simplified if there are no common factors, other than 1, in its numerator and denominator.
For example,

% is simplified because there are no common factors of 2 and 3.

% is not simplified because 5 is a common factor of 10 and 15.

We simplify, or reduce, a fraction by removing the common factors of the numerator and denominator. A fraction is not
simplified until all common factors have been removed. If an expression has fractions, it is not completely simplified until
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the fractions are simplified.

Sometimes it may not be easy to find common factors of the numerator and denominator. When this happens, a good
idea is to factor the numerator and the denominator into prime numbers. Then divide out the common factors using the
Equivalent Fractions Property.

DGV R N 2 HOW TO SIMPLIFY A FRACTION

Simplify: —313.
PIY: =770
) Solution
Rewrite 315 and 770 as the _315
product of the primes. 770
34357
2+57+11
Mark the commeon factors 5 and _3+3-3-7
- 24711
Divide out the common factors _3-3
2+11
_9
22

TRYIT::147 Simplify: —-69

T 120°

TRYIT::148 L 120
. Simplify: 102"

We now summarize the steps you should follow to simplify fractions.

By HOW TO:: SIMPLIFY A FRACTION.
ab
Step 1.  Rewrite the numerator and denominator to show the common factors.
If needed, factor the numerator and denominator into prime numbers first.
Step 2.  Simplify using the Equivalent Fractions Property by dividing out common factors.

Step 3. Multiply any remaining factors.

Multiply and Divide Fractions
Many people find multiplying and dividing fractions easier than adding and subtracting fractions.
To multiply fractions, we multiply the numerators and multiply the denominators.

Fraction Multiplication

If a, b, ¢, and d are numbers where b # 0, and d # 0, then

a.c _ac

b d~ bd
To multiply fractions, multiply the numerators and multiply the denominators.

When multiplying fractions, the properties of positive and negative numbers still apply, of course. It is a good idea to
determine the sign of the product as the first step. In Example 1.25, we will multiply a negative by a negative, so the
product will be positive.

When multiplying a fraction by an integer, it may be helpful to write the integer as a fraction. Any integer, a, can be written

a

T So, for example, 3 = 3

as T

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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EXAMPLE 1.25

Multiply: —15—2(—20x).

© Solution
The first step is to find the sign of the product. Since the signs are the same, the product is positive.

12

= (-20%)
Determine the sign of the product. The signs % (20x)
are the same, so the product is positive.
Write 20x as a fraction. % (g)
Multiply. 12+20x

ply X%

Rewrite 20 to show the common factor 5 12:4-5%-x
and divide it out. *1
Simplify. 48x

TRYIT:: 149 oy -9,

TRYIT : 2150 Multiply: ? —14b).

Now that we know how to multiply fractions, we are almost ready to divide. Before we can do that, we need some
vocabulary. The reciprocal of a fraction is found by inverting the fraction, placing the numerator in the denominator and

the denominator in the numerator. The reciprocal of 2 is i. Since 4 is written in fraction form as 4 the reciprocal of 4

372 1
is 1
is o
To divide fractions, we multiply the first fraction by the reciprocal of the second.

Fraction Division

Ifa, b, ¢, and d are numbers where b #0, ¢ #0, and d #0, then

a.c_a. d

b d b ¢
To divide fractions, we multiply the first fraction by the reciprocal of the second.

Weneedtosay b #0, ¢ #0, and d # 0, to be surewe don’t divide by zero!

EXAMPLE 1.26

i i - _l; _ﬂ
Find the quotient: 18 ( 27).
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© Solution
7 .(214
18 ( 27)
To divide, multiply the first fraction by the 1 (_ﬂ)
reciprocal of the second. 181 14
Determine the sign of the product, and 727
then multiply. 18-14
Rewrite showing common factors. 7-9-3
Ge2+7+2
Remove common factors. %
Simplify. 3
plity )

TRYIT:: 151 Sivide _l;(_35)

27

TRYIT::152 Divide: 3 +(_15).

The numerators or denominators of some fractions contain fractions themselves. A fraction in which the numerator or
the denominator is a fraction is called a complex fraction.

Complex Fraction

A complex fraction is a fraction in which the numerator or the denominator contains a fraction.

Some examples of complex fractions are:

5 3 X
A 4 2
3 3 3
8 6
3
To simplify a complex fraction, remember that the fraction bar means division. For example, the complex fraction %
B
3.5
means = + 5.
48
EXAMPLE 1.27
X
Simplify: .
6
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© solution
X
2
xy
6
X
Rewrite as division. % - gy
Multiply the first fraction by the reciprocal of the second. %%
. x-6
Multiply. 2-xy
3-2
Look for common factors. ;—”
- N 3
Divide common factors and simplify. y

TRYIT:: 153 ¢

Simplify: e
6

TRYIT:: 154 »

Simplify: ==

Add and Subtract Fractions

When we multiplied fractions, we just multiplied the numerators and multiplied the denominators right straight across.
To add or subtract fractions, they must have a common denominator.

Fraction Addition and Subtraction
If a, b, and c are numbers where ¢ # 0, then

a,b_a+b a_b_a->b
cte="¢and ¢—¢=5%
To add or subtract fractions, add or subtract the numerators and place the result over the common denominator.

The least common denominator (LCD) of two fractions is the smallest number that can be used as a common
denominator of the fractions. The LCD of the two fractions is the least common multiple (LCM) of their denominators.

Least Common Denominator

The least common denominator (LCD) of two fractions is the least common multiple (LCM) of their denominators.

After we find the least common denominator of two fractions, we convert the fractions to equivalent fractions with the
LCD. Putting these steps together allows us to add and subtract fractions because their denominators will be the same!

GV i HOW TO ADD OR SUBTRACT FRACTIONS

145
Add: {5+ 55




48 Chapter 1 Foundations

© Solution
No.
12=2+2-3
Jemds Sx3
ICD=2+2+3-3
Find the LCD of 12, 18. LCD =36
LCD is 36
We multiply the numerator and 7 " 5
denominator of each fraction by 12 18
the factor needed to get the
denominator to be 36. Do not 73, 5°2
simplify the equivalent fractionst  12*3  18+2
If you do, you'll get back to the
7 : 21 10
original fractions and lose the — + 5=
: 36 36
common denominator!
Add. 31
36
Since 31 is prime, its only factors
are 1 and 31. Since 31 does not
go into 36, the answer is
simplified.

—

TRYIT::155 Add: L4 11

12 1

(9]

TRYIT::156 L1317
Add: 13 + 30

(&) HOW TO:: ADD OR SUBTRACT FRACTIONS.

Step 1. Do they have a common denominator?
> Yes—go to step 2.
o No—rewrite each fraction with the LCD (least common denominator).
= Find the LCD.

= Change each fraction into an equivalent fraction with the LCD as its
denominator.

Step 2. Add or subtract the fractions.
Step 3. Simplify, if possible.

We now have all four operations for fractions. Table 1.3 summarizes fraction operations.
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Fraction Multiplication

ac

bd

S
QUlo

Multiply the numerators and multiply the
denominators

Fraction Addition

b_a+tbh
c

a
cte

Add the numerators and place the sum over the
common denominator.

Fraction Division

d

c_a
d b ¢

TN

Multiply the first fraction by the reciprocal of the
second.

Fraction Subtraction

b_a—-b>b

a_ 0o
c~ ¢ c

Subtract the numerators and place the difference over
the common denominator.

To multiply or divide fractions, an LCD is NOT needed.
To add or subtract fractions, an LCD is needed.

Table 1.3

When starting an exercise, always identify the operation and then recall the methods needed for that operation.

49

EXAMPLE 1.29

implify: @ 2% _ 3 (& 5x.3
Slmpllfy.@ 5 10@ 6 10"

© solution

First ask, “What is the operation?” Identifying the operation will determine whether or not we need a common
denominator. Remember, we need a common denominator to add or subtract, but not to multiply or divide.

®

What is the operation? The operation is subtraction.

Do the fractions have a common denominator? No. 5_6x - %
Find the LCD of 6 and 10 The LCD is 30.
6=2-3
10=2-5
LCD=2-3-5
LCD =30
. . . . . S5x-5_3-3
Rewrite each fraction as an equivalent fraction with the LCD. 6-5 10-3
25x _ 9
30 30
Subtract the numerators and place the difference over the common denominators. %

Simplify, if possible. There are no common factors. The fraction is simplified.

®
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What is the operation? Multiplication. %x%

. . ) . . 5x-3
To multiply fractions, multiply the numerators and multiply the denominators. 6-10
Rewrite, showing common factors. Bx-Z
Remove common factors. 2.-2-F
Simplify. %

. 5x_3 inly 2X.3
Notice, we needed an LCD to add 6 0’ but not to multiply 6 10"

TRYIT:: 157 e @ 3a_ 8 @ 3a.8
. Slmpllfy.@ 4 9® 29
TRYIT:: 158 rolify: @ 4k _ 1 @ 4k 1
. Slmpllfy.@ 5 6@ 56

Use the Order of Operations to Simplify Fractions

The fraction bar in a fraction acts as grouping symbol. The order of operations then tells us to simplify the numerator and
then the denominator. Then we divide.

9‘. HOW TO:: SIMPLIFY AN EXPRESSION WITH A FRACTION BAR.

Step 1. Simplify the expression in the numerator. Simplify the expression in the denominator.
Step 2.  Simplify the fraction.

Where does the negative sign go in a fraction? Usually the negative sign is in front of the fraction, but you will sometimes
see a fraction with a negative numerator, or sometimes with a negative denominator. Remember that fractions represent
division. When the numerator and denominator have different signs, the quotient is negative.

-1 1 negative .
== —% —=——— = negative
3 3 positive &
iti .
L1 M = negative
=3 3 negative
Placement of Negative Sign in a Fraction
For any positive numbers a and b,
—a_4a _ _4a
b -b b

EXAMPLE 1.30

Simplify: %
) Solution

The fraction bar acts like a grouping symbol. So completely simplify the numerator and the denominator separately.
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Multiply.

Simplify.

Divide.

4(=3) +6(=2)

-32)-2

—12+4(=12)
—6-2

—24
-8

3

51

> | TRYIT::159 e 8(=2)+4(=3
Simplify: %

>| TRYIT::160 ) o T(=1)4+9(-3
Slmpllfy: %

Now we'll look at complex fractions where the numerator or denominator contains an expression that can be simplified.
So we first must completely simplify the numerator and denominator separately using the order of operations. Then we
divide the numerator by the denominator as the fraction bar means division.

_ HOW TO SIMPLIFY COMPLEX FRACTIONS

Simplify: (%)2
4+3?2
© solution
1 2
()
443
1
_4
443
1
_4
4+9
1
_4
13
1.13
2”1
11
213
A
52
TRYIT:: 161 2




52

TRYIT:: 162 | 442

Simplify: >

()

@ HOW TO:: SIMPLIFY COMPLEX FRACTIONS.

Step 1. Simplify the numerator.
Step 2.  Simplify the denominator.

Step 3. Divide the numerator by the denominator. Simplify if possible.

Chapter 1 Foundations

EXAMPLE 1.32

142

2+3
3 .

Simplify:

1
176

© solution

It may help to put parentheses around the numerator and the denominator.

Simplify the numerator (LCD = 6) and simplify the denominator (LCD = 12).

Simplify.

Divide the numerator by the denominator.

Simplify.

Divide out common factors.

Simplify.

—
[SIEN
+
SN[}
N —

—_
FN[o%)
|
A=

—~

— —

I\)lc W
|+

RN PNIS

N—

A
—
5|\1 N~
N— | T

oV
.I.

—

Nl\]

o~
—
\1|N

=N
i
— |t

[\

TRYIT:: 163

1+
Simplify: S—
y

o [—

W=

TRYIT:: 164

8]

w2

Simplify: =

— [t |—

=
|

Evaluate Variable Expressions with Fractions

We have evaluated expressions before, but now we can evaluate expressions with fractions. Remember, to evaluate an
expression, we substitute the value of the variable into the expression and then simplify.
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EXAMPLE 1.33

Evaluate 2x2y when x :% and y = —%.

© solution

Substitute the values into the expression.

¢y
| 1\
Substitute vy for x and fory. Z(Z) ( )
Simplify exponents first. L) (_2)
plify exp 2(7¢) (-2

Multiply; divide out the common factors. __Ze1e2

Notice we write 16 as 2-2-4 to make it easy to 77+43
remove common factors.

Simplify. a1

TRYIT::165 Evaluate 3ab® when a = —

[SS]\S)

and b= —

D=

TRYIT:: 166 Evaluate 4¢3d when ¢ = —

[»] mEDIA::

Access this online resource for additional instruction and practice with fractions.
¢ Adding Fractions with Unlike Denominators (https://openstax.org/l/25addfractions)

%andd:—

ol


https://openstax.org/l/25addfractions
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L 1.3 EXERCISES
Practice Makes Perfect

Simplify Fractions
In the following exercises, simplify.

_108 _104 120
143. 63 144. 48 145. 757
182 2 24a
146. = 14x 148. =——-
294 17 51y 3252
149, —210a’ 150, 302
11062 105y

Multiply and Divide Fractions

In the following exercises, perform the indicated operation.

. 34) -3 4 o (13

st ()3 s (-84 o (-3)-8)
157. 3210 158, 330m 15935 %

163, S+ L2y 164, L2z + 185 165. 3+ (-12)

-8 _9 _4
21 16 5
167. 12 168. 3 169. )
35 40
5 z -3
3 171. 5- _8
170. 10 % 172. )
12
Add and Subtract Fractions
In the following exercises, add or subtract.
I 4+3 S 43 Z_9
173. 12 + 3 174. 12 + 3 175. 12716
L _5 13,25 _23 .5
176. 16~ 12 177. 30 + ) 178. 30 + 48
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_39_22 _33_18
179. =56 = 35 180 =49 =35
_3_(_4 x, 1
182. -3 (5) 183 £+

185. 186.
2.1 _2_1
©3+5 ©-5-3
2.1 _2.1
©3+5 ©-53
188. 189
®3a. L ®-4x_3
8 T 12 9 76
3a_ 7 _4k 5
© 513 © 5%
191. 192.
_5a_(_10 20, 8
® 3+( 6) © S+
_5a.(_10 ®2.8
© -3+ (-19) L+ 4

Use the Order of Operations to Simplify Fractions
In the following exercises, simplify.

5.6-3.4 8.0-7.6
933503 B4 56-92

62 — 42 7-4-2(8-5)
196. 2= 197. —53-33

199. 98 —-2)-3(15-7) 200 89-2)-4(14-9)

6(7-1)-3(17-9) 78 -3)-3(16-9)

3332 2
202 (3)2 203. )

4

o

—_
RS
—

205. 121 206. —2
T, 1 T,.1
3 5 4 3
3_3
4 5

208 4—
475

Mixed Practice

In the following exercises, simplify.

200. —% - (—13—0) 210, -3 - (_i)

5232
105. 2= —

198. S7-6.6

3. 42
201. %

)

[\

A~
N[N
—

204.

A~
ool
N—

oo |
|
Lo oo

207.

N —
+
oolw

-3
2. —o+

—_
Nlu‘

9.7-3(12-1%)

55
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1,7 _1_Y
212. 3 + 2 213. 152
11 9a 10y g
215. 7576 216.1—-Fy
1,23 3.1
218.3+54 219. 1 5770
31,3 2,5 3
221.8 6+4 222.5+8 7
15_5 541
224. 8(16 6) 225. 80
24
S, 1) (2_1 3,1 (5_1
27 (5+)+(3-3) 28 (3+¢)+(3-3)
Evaluate Variable Expressions with Fractions
In the following exercises, evaluate.
1 _ S _
229. 0~ when 230. 7w when
-1 =_1 =1 =_1
@ w= 3 ® w 3 @ w= ) ® w 4
232. 8u”v> when 233. % when
__3 __1 a-
u——Zandv——E a=-3,b=8

Writing Exercises

235. Why do you need a common denominator to add  236. How do you find the LCD of 2 fractions?

or subtract fractions? Explain.

214. —

oo|w
|

217.

=
+
O8]\

_3.
220. 1 -2+

223, 12(i -

1
226. £

2

X = —gand y= -

r+s
r=10, s =

|=

—_
—_

231. 2)c2y3 when

=

234. L=35 when

=5

Chapter 1 Foundations

237. Explain how you find the reciprocal of a fraction. 238. Explain how you find the reciprocal of a negative
number.

Self Check

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

Confidently

With some
help

No-I don't
getit!

simplify fractions.

multiply and divide fractions.

add and subtract fractions.

use the order of operations to simplify
fractions.

evaluate variable expressions with fractions.

® What does this checklist tell you about your mastery of this section? What steps will you take to improve?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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14

Decimals

Learning Objectives

By the end of this section, you will be able to:

Round decimals

Add and subtract decimals

Multiply and divide decimals

Convert decimals, fractions, and percents
Simplify expressions with square roots

57

Identify integers, rational numbers, irrational numbers, and real numbers
Locate fractions and decimals on the number line

BE PREPARED : : 1.4

A more thorough introduction to the topics covered in this section can be found in the Elementary Algebra 2e

chapter, Foundations.

Round Decimals

Decimals are another way of writing fractions whose denominators are powers of ten.

is “one ten-thousandth”

0.1 = % is “one tenth”
001 = b= is “one hundredth”
0.001 = ﬁ is “one thousandth”

0.0001 = W

Just as in whole numbers, each digit of a decimal corresponds to the place value based on the powers of ten. Figure 1.6
shows the names of the place values to the left and right of the decimal point.

Place Value

wv

L
v A
g g
=
o E o
v v =] wv
S |5 wlTl3
ele wlllc|2
Slmlw cle|m|S
Hlwvw|lo|lw =3 = - B
=R =2 =3 k- oleclS|o
LIOo|m | UV im|lOo|L
= lelw|= nivlyle =
=0 = 0 k=3 I SlolSl+ |
Slcl|o|S|E|2 ElS|ale|E
2la|c|2|8|E g|2|le|T|2
IT|—|F|T|-]|O [ == = [ =

W
Figure 1.6

When we work with decimals, it is often necessary to round the

summarize the steps for rounding a decimal here.

number to the nearest required place value. We
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(&) HOW TO :: ROUND DECIMALS.

Step 1.
Step 2.
Step 3.

Step 4.

EXAMPLE 1.34

Locate the given place value and mark it with an arrow.
Underline the digit to the right of the place value.
Is the underlined digit greater than or equal to 5?

> Yes:add 1 to the digit in the given place value.

- No: do not change the digit in the given place value

Rewrite the number, deleting all digits to the right of the rounding digit.

Round 18.379 to the nearest @ hundredth ® tenth (© whole number.

©) Ssolution
Round 18.379.

@ to the nearest hundredth

Locate the hundredths place with an arrow.

18.379
Underline the digit to the right of the given
place value.
18.379
Because 9 is greater than or equal to 5, add 1 to 18.379
the 7.
Rewrite the number, deleting all digits to the 18.38
right of the rounding digit.
Notice that the deleted digits were NOT So, 18.379 rounded to the
replaced with zeros. nearest hundredth is 18.38.
® to the nearest tenth
Locate the tenths place with an arrow.
18.379
Underline the digit to the right of the
given place value.
18.379
Because 7 is greater than or equal to 5, 18.379
add 1 to the 3. :
Rewrite the number, deleting all digits to 18.4

the right of the rounding digit.
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Notice that the deleted digits were NOT S0, 18.379 rounded to the
replaced with zeros. nearest tenth is 18.4.

(© to the nearest whole number

Locate the ones place with an arrow.

18.379
Underline the digit to the right of the
given place value.

18.379
Since 3 is not greater than or equal to 5, 18.379
do not add 1 to the 8.
Rewrite the number, deleting all digits to 18

the right of the rounding digit.

So, 18.379 rounded to the
nearest whole number is 18.

TRYIT:: 167 Round 6.582 to the nearest® hundredth ® tenth © whole number.

TRYIT::168 Round 15.2175 to the nearest ® thousandth ® hundredth © tenth.

Add and Subtract Decimals

To add or subtract decimals, we line up the decimal points. By lining up the decimal points this way, we can add or subtract
the corresponding place values. We then add or subtract the numbers as if they were whole numbers and then place the
decimal point in the sum.

.@. HOW TO:: ADD OR SUBTRACT DECIMALS.

Step 1. Determine the sign of the sum or difference.
Step 2.  Write the numbers so the decimal points line up vertically.
Step 3.  Use zeros as placeholders, as needed.

Step 4. Add or subtract the numbers as if they were whole numbers. Then place the
decimal point in the answer under the decimal points in the given numbers.

Step 5. Write the sum or difference with the appropriate sign.

EXAMPLE 1.35

Add or subtract: @ —23.5 — 41.38 ® 14.65 — 20.
) Solution
®
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—23.5 -41.38
The difference will be negative. To subtract, we add the numerals. Write the 235
numbers so the decimal points line up vertically. +41.38
Put 0 as a placeholder after the 5in 23.5. 23.50
5 _50 _
Remember, 10 = 700 so 0.5=0.50. +41.38
23.50
Add the numbers as if they were whole numbers. +41.38
Then place the decimal point in the sum. 64.88
Write the result with the correct sign. —23.5 —41.38 = —64.88
®
14.65 - 20
The difference will be negative. To subtract, we subtract 14.65 from 20.
. : o : 20
Write the numbers so the decimal points line up vertically. —14.65
Remember, 20 is a whole number, so place the decimal point after the 0.
) . 20.00
Put in zeros to the right as placeholders. —14.65
9 9
1L W 10
Subtract and place the decimal point in the answer. % g : 2 (5)
5. 35
Write the result with the correct sign. 14.65 — 20 = =5.35

TRYIT:: 169 Add or subtract: @ —4.8 — 11.69 ® 9.58 — 10.

TRYIT:: 170 Add or subtract: ® —5.123 — 18.47 ® 37.42 — 50.

Multiply and Divide Decimals

When we multiply signed decimals, first we determine the sign of the product and then multiply as if the numbers were
both positive. We multiply the numbers temporarily ignoring the decimal point and then count the number of decimal
points in the factors and that sum tells us the number of decimal places in the product. Finally, we write the product with
the appropriate sign.
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(&) HOW TO :: MULTIPLY DECIMALS.

Step 1. Determine the sign of the product.

61

Step 2. Write in vertical format, lining up the numbers on the right. Multiply the numbers as if they
were whole numbers, temporarily ignoring the decimal points.

Step 3. Place the decimal point. The number of decimal places in the product is the sum of
the number of decimal places in the factors.

Step 4. Write the product with the appropriate sign.

EXAMPLE 1.36

Multiply: (—3.9)(4.075).
) Solution

The signs are different. The product
will be negative.

Write in vertical format, lining up the
numbers on the right.

Multiply.

Add the number of decimal places in
the factors (1 + 3).
Place the decimal point 4 places from the right.

(-3.9) (4.075)

The signs are the different, so the product is negative.

(—3.9)(4.075)

The product will be negative.

4,075

4.075

x 3.9

36675
12225
158925

4.075

x 3.9

36675
12225

15.8925

(—3.9)(4.075) = —15.8925

TRYIT::171  Multiply: —4.5(6.107).

TRYIT::172  Multiply: —10.79(8.12).

Often, especially in the sciences, you will multiply decimals by powers of 10 (10, 100, 1000, etc). If you multiply a few
products on paper, you may notice a pattern relating the number of zeros in the power of 10 to number of decimal places

we move the decimal point to the right to get the product.
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P‘. HOW TO :: MULTIPLY A DECIMAL BY A POWER OF TEN.

Chapter 1 Foundations

Step 1. Move the decimal point to the right the same number of places as the

number of zeros in the power of 10.
Step 2. Add zeros at the end of the number as needed.

EXAMPLE 1.37

Multiply: 5.63 by @ 10 ® 100 © 1000.
) Solution

By looking at the number of zeros in the multiple of ten, we see the number of places we need to move the decimal to the

right.
®

There is 1 zero in 10, so move the decimal point 1 place to the right.

There are 2 zeroes in 100, so move the decimal point 2 places to the right.

There are 3 zeroes in 1,000, so move the decimal point 3 place to the right.

A zero must be added to the end.

5.63 (10)
5.63

56.3

5.63(100)
5.63

563

5.63(1,000)
5.63

5,630

TRYIT::173 Multiply 2.58 by @ 10 ® 100 © 1000.

TRYIT::174 Multiply 14.2 by @ 10 ® 100 ©® 1000.

Just as with multiplication, division of signed decimals is very much like dividing whole numbers. We just have to figure out
where the decimal point must be placed and the sign of the quotient. When dividing signed decimals, first determine the
sign of the quotient and then divide as if the numbers were both positive. Finally, write the quotient with the appropriate

sign.
We review the notation and vocabulary for division:
c

quotient
a + b = ¢ b a

dividend  divisor quotient divisor /dividend
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We'll write the steps to take when dividing decimals for easy reference.

@ HOW TO:: DIVIDE DECIMALS.
abk

Step 1. Determine the sign of the quotient.

Step 2. Make the divisor a whole number by “moving” the decimal point all the way to the right.
“Move” the decimal point in the dividend the same number of places—adding zeros as
needed.

Step 3. Divide. Place the decimal point in the quotient above the decimal point in the dividend.

Step 4. Write the quotient with the appropriate sign.

EXAMPLE 1.38

Divide: —25.65 + (—0.06).
© Solution
Remember, you can “move” the decimals in the divisor and dividend because of the Equivalent Fractions Property.
-25.65 + (-0.06)
The signs are the same.

The quotient is positive.

Make the divisor a whole number by “moving” the
decimal point all the way to the right.

“Move” the decimal point in the dividend the same  0.06)25.65
number of places.
Divide. 427.5
Place the decimal point in the quotient above the 0063_%265‘0
decimal point in the dividend. 16
-12
45
—42
30
30

Write the quotient with the appropriate sign. —25.65 + (-0.06) = 427.5

TRYIT:: 175
TRYIT::176

Convert Decimals, Fractions, and Percents

In our work, it is often necessary to change the form of a number. We may have to change fractions to decimals or
decimals to percent.

Divide: —23.492 = (-0.04).

Divide: —4.11 + (=0.12).

We convert decimals into fractions by identifying the place value of the last (farthest right) digit. In the decimal 0.03. the
3is in the hundredths place, so 100 is the denominator of the fraction equivalent to 0.03.

-3
0.03 = 100

The steps to take to convert a decimal to a fraction are summarized in the procedure box.
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(&) HOW TO :: CONVERT A DECIMAL TO A PROPER FRACTION AND A FRACTION TO A DECIMAL.

Step 1. To convert a decimal to a proper fraction, determine the place value of the final digit.
Step 2. Write the fraction.
numerator—the “numbers” to the right of the decimal point

o denominator—the place value corresponding to the final digit

Step 3. To convert a fraction to a decimal, divide the numerator of the fraction by the denominator of

the fraction.

EXAMPLE 1.39

Write: ® 0.374 as a fraction ® —% as a decimal.

) Solution
@
0.374
Determine the place value of the final digit. 0.3 7 4
tenths thousandths
Write the fraction for 0.374: %
The numerator is 374. 1
The denominator is 1,000.
Simplify the fraction. 2-187
2+500
Divide out the common factors. 187
500
so,0.374 = 187

500

® Since a fraction bar means division, we begin by writing the fraction S as 8)§ Now divide.
gin by g 3

0.625

§)5.000
48

20

16
40
40

so, _g —_0.625

TRYIT::177 Write: @ 0.234 as a fraction ® —% as a decimal.

TRYIT::178 Write: @ 0.024 as a fraction ® —% as a decimal.

A percent is a

ratio whose denominator is 100. Percent means per hundred. We use the percent symbol, %, to show

percent. Since a percent is a ratio, it can easily be expressed as a fraction. Percent means per 100, so the denominator of
the fraction is 100. We then change the fraction to a decimal by dividing the numerator by the denominator. After doing
this many times, you may see the pattern.
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Chapter 1 Foundations 65

To convert a percent number to a decimal number, we move the decimal point two places to the left.
6%  78% 2.7% 135%

0.06 078 0.027 1.35

To convert a decimal to a percent, remember that percent means per hundred. If we change the decimal to a fraction
whose denominator is 100, it is easy to change that fraction to a percent. After many conversions, you may recognize the
pattern.

To convert a decimal to a percent, we move the decimal point two places to the right and then add the percent sign.
0.05 083 1.05 0.075 03

5% 83% 105% 7.5% 30%

@ HOW TO:: CONVERT A PERCENT TO A DECIMAL AND A DECIMAL TO A PERCENT.

Step 1. To convert a percent to a decimal, move the decimal point two places to the left after removing
the percent sign.

Step 2. To convert a decimal to a percent, move the decimal point two places to the right and then add
the percent sign.

EXAMPLE 1.40

Convert each:

@ percent to a decimal: 62%, 135%, and 13.7%.

® decimal to a percent: 0.51, 1.25, and 0.093.
© solution
®

62%  135%  35.7%
Move the decimal point two places to the left. 062 135  0.357

®

0.51 1.25 0.093

Move the decimal point two places to theright.  51%  125%  9.3%

TRYIT::179 Convert each:

® percent to a decimal: 9%, 87%, and 3.9%.

® decimal to a percent: 0.17, 1.75, and 0.0825.

TRYIT: : 1.80 Convert each:

® percent to a decimal: 3%, 91%, and 8.3%.

® decimal to a percent: 0.41, 2.25, and 0.0925.
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Simplify Expressions with Square Roots

2

Remember that when a number n is multiplied by itself, we write n“ and read it “ n squared.” The result is called the

square of a number n. For example, 82 is read "8 squared” and 64 is called the square of 8. Similarly, 121 is the square

of 11 because 112 is 121. It will be helpful to learn to recognize the perfect square numbers.

Square of a number

If n? = m, then mis the square of n.

What about the squares of negative numbers? We know that when the signs of two numbers are the same, their product
is positive. So the square of any negative number is also positive.

-3)2=9  (-8)2=64 (-1D)?*=121  (-15?%=225

Because 10% =100, we say 100 is the square of 10. We also say that 10 is a square root of 100. A number whose square
is m is called a square root of a number m.

Square Root of a Number

If n? = m, then nis a square root of m.

Notice (—10)2 = 100 also, so —10 is also a square root of 100. Therefore, both 10 and —10 are square roots of 100. So,

every positive number has two square roots—one positive and one negative. The radical sign, Vi, denotes the positive

square root. The positive square root is called the principal square root. When we use the radical sign that always means
we want the principal square root.

Square Root Notation

vm is read “the square root of m .”

Ifm:nz, then vm =n, for n > 0.

The square root of m, vm, is the positive number whose square is m.

We know that every positive number has two square roots and the radical sign indicates the positive one. We write
V100 = 10. If we want to find the negative square root of a number, we place a negative in front of the radical sign. For

example, —V100 = —10. We read —V100 as “the opposite of the principal square root of 10.”

Simplify: @ 125 ® V121 © —V144.

Solution

®

Since 52=25 5

®
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V121

Since 112=121 11

©

—V144

The negative is in front of the radical sign.  —12

TRYIT::181 Simplify: ® V36 ® /169 © —\225.

TRYIT::182 Simplify: @ V16 ® V196 © —V100.

Identify Integers, Rational Numbers, Irrational Numbers, and Real Numbers

We have already described numbers as counting numbers, whole numbers, and integers. What is the difference between
these types of numbers? Difference could be confused with subtraction. How about asking how we distinguish between
these types of numbers?

Counting numbers 1,2,3,4, ...
‘Whole numbers 0,1,2, 3,4, ...
Integers . —3,-2,-1,0,1, 2,3, ....

What type of numbers would we get if we started with all the integers and then included all the fractions? The numbers
we would have form the set of rational numbers. A rational number is a number that can be written as a ratio of two
integers.

In general, any decimal that ends after a number of digits (such as 7.3 or —1.2684 ) is a rational number. We can use
the reciprocal (or multiplicative inverse) of the place value of the last digit as the denominator when writing the decimal

as a fraction. The decimal for % is the number 0.3. The bar over the 3 indicates that the number 3 repeats infinitely.

Continuously has an important meaning in calculus. The number(s) under the bar is called the repeating block and it
repeats continuously.

Since all integers can be written as a fraction whose denominator is 1, the integers (and so also the counting and whole
numbers. are rational numbers.

Every rational number can be written both as a ratio of integers 2, where p and q are integers and g # 0, and as a decimal

that stops or repeats.
Rational Number

A rational number is a number of the form £, where p and q are integers and g # 0.

q’
Its decimal form stops or repeats.

Are there any decimals that do not stop or repeat? Yes! The number 7 (the Greek letter pi, pronounced “pie”), which is

very important in describing circles, has a decimal form that does not stop or repeat. We use three dots (...) to indicate
the decimal does not stop or repeat.

7 =3.141592654...

The square root of a number that is not a perfect square is a decimal that does not stop or repeat.

A numbers whose decimal form does not stop or repeat cannot be written as a fraction of integers. We call this an
irrational number.
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Irrational Number

An irrational number is a number that cannot be written as the ratio of two integers.
Its decimal form does not stop and does not repeat.

Let's summarize a method we can use to determine whether a number is rational or irrational.
Rational or Irrational

If the decimal form of a number
*+ repeats or stops, the number is a rational number.
* does not repeat and does not stop, the number is an irrational number.

We have seen that all counting numbers are whole numbers, all whole numbers are integers, and all integers are rational
numbers. The irrational numbers are numbers whose decimal form does not stop and does not repeat. When we put
together the rational numbers and the irrational numbers, we get the set of real numbers.

Real Number

A real number is a number that is either rational or irrational.

Later in this course we will introduce numbers beyond the real numbers. Figure 1.7 illustrates how the number sets we've
used so far fit together.

[ Real numbers ]

T e

[ Rational numbers J Irrational numbers]

1

Integers
sy =5 0:10 20

\ J

i

=
Whole numbers
0,123, ..

L8 J

t

-
Counting numbers
12:30

. J

~

~

Figure 1.7 This chart shows the number sets that
make up the set of real numbers.

Does the term “real numbers” seem strange to you? Are there any numbers that are not “real,” and, if so, what could they
be? Can we simplify Y—25? Is there a number whose square is —257?

0% =-2572

None of the numbers that we have dealt with so far has a square that is —25. Why? Any positive number squared is

positive. Any negative number squared is positive. So we say there is no real number equal to V—25. The square root of
a negative number is not a real number.

EXAMPLE 1.42

Given the numbers —7, 15—4, 8, V5, 5.9, —V64, list the @ whole numbers ® integers © rational numbers @ irrational

numbers © real numbers.
) Solution

(@ Remember, the whole numbers are 0, 1, 2, 3, ..., so 8is the only whole number given.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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® The integers are the whole numbers and their opposites (which includes 0). So the whole number 8 is an integer, and
—7 is the opposite of a whole number so it is an integer, too. Also, notice that 64 is the square of 8 so —V64 = —8. So
the integers are —7, 8, and —V64.

© since all integers are rational, then —7, 8, and —V64 are rational. Rational numbers also include fractions and

decimals that repeat or stop, so 15—4 and 5.9 are rational. So the list of rational numbersis —7, %, 8,5.9, and —\64.
(@ Remember that 5 is not a perfect square, so V5 is irrational.

(© All the numbers listed are real numbers.

TRYIT::183

Given the numbers —3, —=V2, 0. 3 , 2, 4, Y49, list the ® whole numbers ® integers@ rational numbers

|\

@ irrational numbers ® real numbers.

TRYIT:: 184

Given numbers —V25, — g, —1, 6, V121, 2.041975..., list the ® whole numbers ® integers © rational

numbers @ irrational numbers ® real numbers.

Locate Fractions and Decimals on the Number Line

We now want to include fractions and decimals on the number line. Let's start with fractions and locate
1 4 3 7 9

1 _4 _ 3 i
5 5 5 and on the number line.

) Zy - E’ 3
We'll start with the whole numbers 3 and —5 because they are the easiest to plot. See Figure 1.8.

1 4 1

The proper fractions listed are 5 and 3 We know the proper fraction 3 has value less than one and so would be
located between 0 and 1. The denominator is 5, so we divide the unit from 0 to 1 into 5 equal parts %, %, %, % We plot
1
5
Similarly, —% is between 0 and —1. After dividing the unit into 5 equal parts we plot —%.
Finally, look at the improper fractions %, %, % Locating these points may be easier if you change each of them to a
mixed number.

7_43 _9__41 3 _52

4 4 2 2 3 3
Figure 1.8 shows the number line with all the points plotted.

9 4 1 7 8
3 =3 5 5 7 33
oo} op——+—I~
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

Figure 1.8

EXAMPLE 1.43

Locate and label the following on a number line: 4 -3, %, -2 and L.

3 _1
94’ 43
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© solution
Locate and plot the integers, 4, —3.
Locate the proper fraction % first. The fraction % is between 0 and 1. Divide the distance between 0 and 1 into four equal
parts, then we plot % Similarly plot —%.
Now locate the improper fractions %, - %, and % It is easier to plot them if we convert them to mixed numbers and

~ L6l _5_ 51 7_»1
then plot them as described above: 5= 15, 5 22, 3 23.

5 1 36 7
= ] 2 35 3 4
|~
6 5 4 3 2 - 0 1 2 3 4 5 6
TRYIT::185 Locate and label the following on a number line: —1, l, Q. - z, 2, 5, — 8
3’5 4’ 2 3

TRYIT:: 186 Locate and label the following on a number line: =2, %, %, - %, %, 3, — %

Since decimals are forms of fractions, locating decimals on the number line is similar to locating fractions on the number
line.

EXAMPLE 1.44

Locate on the number line: @ 0.4 ® —0.74.
) Solution

@ The decimal number 0.4 is equivalent to IAO’ a proper fraction, so 0.4 is located between 0 and 1. On a number line,

divide the interval between 0 and 1 into 10 equal parts. Now label the parts 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0. We
write 0 as 0.0 and 1 as 1.0, so that the numbers are consistently in tenths. Finally, mark 0.4 on the number line.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

4
100°

the hundredths in the interval between 0 and —1.

® The decimal —0.74 is equivalent to — so it is located between 0 and —1. On a number line, mark off and label

-0.74

[N P I O |
9T

L |
T T
-0.80 -0.70 -0.

TRYIT:: 187 Locate on the number line: @ 0.6 ® —0.25.

TRYIT::188 Locate on the number line: ® 0.9 ® —0.75.

|z| MEDIA : :

Access this online resource for additional instruction and practice with decimals.

» Arithmetic Basics: Dividing Decimals (https://openstax.org/l/25dividedecim)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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L 1.4 EXERCISES
Practice Makes Perfect

Round Decimals

In the following exercises, round each number to the nearest @ hundredth ® tenth © whole number.

240.1.638

239.5.781

242.0.697

Add and Subtract Decimals

243.63.479

In the following exercises, add or subtract.

245. —16.53 —24.38
248. —29.83 +19.76
251. 91.75 — (—-10.462)

254. 59.08 — 4.6

Multiply and Divide Decimals
In the following exercises, multiply.
257. (94.69)(—12.678)

260. (—9.16)(—68.34)

263. (9.24)(10)

266. (0.037)(100)

246.

249.

252.

255.

258.

261.

264.

267.

—19.47 — 32.58
72.5 — 100
94.69 — (—12.678)

251-74

(—8.5)(1.69)

(0.06)(21.75)

(6.531)(10)

(55.2)(1000)

241.0.299

244.84.281

247. —-38.69 + 31.47

250. 86.2 — 100
253. 55.01 - 3.7
256. 3.84 — 6.1

259. (—5.18)(—65.23)

262. (0.08)(52.45)

265. (0.025)(100)

268. (99.4)(1000)

In the following exercises, divide. Round money monetary answers to the nearest cent.

269. $117.25 + 48

272. —1.15 = (-0.05)

270.

273.

$109.24 = 36

52<+25

Convert Decimals, Fractions and Percents

In the following exercises, write each decimal as a fraction.
276.1.464

275. 0.04

278. —0.375

In the following exercises, convert each fraction to a decimal.

17
279. 20

_18
282. -4

280.

17
4

271. 1.44 = (-0.3)

274. 14 - 0.35

277. 0.095

_310
281l -2

71
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In the following exercises, convert each percent to a decimal.
283. 711% 284. 150%

286. 7.8%

In the following exercises, convert each decimal to a percent.
287. 1.56 288.3

290. 2.254

Simplify Expressions with Square Roots
In the following exercises, simplify.

291. V64 292. Y169
294, —\V4 295. —\/100

Chapter 1 Foundations

285. 39.3%

289. 0.0625

293. V144

296. —V121

Identify Integers, Rational Numbers, Irrational Numbers, and Real Numbers

In the following exercises, list the @ whole numbers, ® integers, © rational numbers, @ irrational numbers, © real numbers

for each set of numbers.
297.
—8, 0, 1.95286..., 12,136, 9

298.

300.

—6, —2. 0, 0.714285, 2%, Vid

-3

Locate Fractions and Decimals on the Number Line

-9, -34 9, 0.4 09

In the following exercises, locate the numbers on a number line.

3 7 11 7 5 13
30L 55 7 —6,4 302. 13- 3- —8,3

2 243 _ 438 _8 _
304. %, - %, 14, 14, 3 ~3 305.@ 0.8 ® —1.25

307.® —1.6 ® 3.25

Writing Exercises

309. How does knowing about U.S. money help you
learn about decimals?

311. In your own words, explain the difference between
a rational number and an irrational number.

299.
11 _ 7 _8 _ 1
,6,7 100, -7, 3 1,0.77,34
3 342 425 _5

303. T 4,13, 13, 3 T

306.@ —0.9 ® -2.75

308.® 3.1 ® —3.65

310. When the Szetos sold their home, the selling price
was 500% of what they had paid for the house 30 years
ago. Explain what 500% means in this context.

312. Explain how the sets of numbers (counting, whole,
integer, rational, irrationals, reals) are related to each
other.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Self Check

@ Use this checklist to evaluate your mastery of the objectives of this section.

round decimals.

add and subtract decimals.

multiply and divide decimals.

convert decimals, fractions and percents.

simplify expressions with square roots.

identify integers, rational numbers,
irrational numbers and real numbers.

locate fractions and decimals on the

number line.

73

® on a scale of 1-10, how would you rate your mastery of this section in light of your responses on the checklist? How can you

improve this?
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15

Properties of Real Numbers

Learning Objectives

By the end of this section, you will be able to:

Use the commutative and associative properties
Use the properties of identity, inverse, and zero
Simplify expressions using the Distributive Property

BE PREPARED : : 1.5

A more thorough introduction to the topics covered in this section can be found in the Elementary Algebra 2e
chapter, Foundations.

Use the Commutative and Associative Properties
The order we add two numbers doesn’t affect the result. f we add 8 +9 or 9 + 8, the results are the same—they both
equal 17.So, 8 + 9 = 9 + 8. The order in which we add does not matter!

Similarly, when multiplying two numbers, the order does not affect the result. If we multiply 9-8 or 89 the results are
the same—they both equal 72. So, 98 = 8-9. The order in which we multiply does not matter!

These examples illustrate the Commutative Property.

Commutative Property

of Addition If a and b are real numbers, then a+b=>b+a.
of Multiplication If @ and b are real numbers, then a-b=b-a.

When adding or multiplying, changing the order gives the same result.

The Commutative Property has to do with order. We subtract 9 —8 and 8 — 9, and see that 9 — 8 # 8 — 9. Since
changing the order of the subtraction does not give the same result, we know that subtraction is not commutative.
Division is not commutative either. Since 12 + 3 # 3 + 12, changing the order of the division did not give the same result.
The commutative properties apply only to addition and multiplication!

Addition and multiplication are commutative.

Subtraction and division are not commutative.

When adding three numbers, changing the grouping of the numbers gives the same result. For example,
(7+8)+2=7+(@8+2), since each side of the equation equals 17.

This is true for multiplication, too. For example, (5 %) 3=5. (% : 3), since each side of the equation equals 5.
These examples illustrate the Associative Property.
Associative Property
of Addition If a, b, and c are real numbers, then (a+b)+c=a+ (b+c).

of Multiplication If a, b, and c are real numbers, then (a-b)-c=a-(b-c).
When adding or multiplying, changing the grouping gives the same result.

The Associative Property has to do with grouping. If we change how the numbers are grouped, the result will be the same.
Notice it is the same three numbers in the same order—the only difference is the grouping.

We saw that subtraction and division were not commutative. They are not associative either.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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(10-3)—2#10-(3—=2) (24=4)+2#24=(4=2)

T-2#10-1 6+-2#24+2
5#9 3#12

When simplifying an expression, it is always a good idea to plan what the steps will be. In order to combine like terms in
the next example, we will use the Commutative Property of addition to write the like terms together.

EXAMPLE 1.45

Simplify: 18p 4+ 6g + 15p + 5¢.

© solution
18p +6g+ 15p + 5q
Use the Commutative Property of addition to reorder so that like terms are 18p + 15p + 6 + 59
together.
Add like terms. 33p+1lg

TRYIT::180  Simplify: 237 + 145+ 9r + 155,

TRYIT::1.90 Simplify: 37m + 21n + 4m — 15n.

When we have to simplify algebraic expressions, we can often make the work easier by applying the Commutative
Property or Associative Property first.

EXAMPLE 1.46

Simplify: (li + %) + %

© Solution

Notice that the last 2 terms have a common denominator, so change the grouping. 15—3 + (% + %)

Add in parentheses first. 15—3 + (%)
Simplify the fraction. 15—3+1
Add. 1%

. . 18
Convert to an improper fraction. 13

TRVITEOL simpiity: (L +2) +

15

co|w
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TRYITSL92 ity (24 1)+ 3

12 12°

Use the Properties of Identity, Inverse, and Zero

What happens when we add 0 to any number? Adding 0 doesn’t change the value. For this reason, we call 0 the additive
identity. The Identity Property of Addition that states that for any real number a, a+0=a and 0 +a =a.

What happens when we multiply any number by one? Multiplying by 1 doesn’t change the value. So we call 1 the
multiplicative identity. The Identity Property of Multiplication that states that for any real number a, a-1 =a and
l-a=a.

We summarize the Identity Properties here.

Identity Property

of Addition _ For any real numbera : a+0=a O+a=a
0 1s the additive identity

of Multiﬁ)licatio_n . For any real numbera: a-1=a l-a=a
1 1s the multiplicative identity

What number added to 5 gives the additive identity, 0? We know
5+(5)=0

The missing number was the opposite of the number!

We call —a the additive inverse of a. The opposite of a number is its additive inverse. A number and its opposite add

to zero, which is the additive identity. This leads to the Inverse Property of Addition that states for any real number
a,a+(—a)=0.

What number multiplied by 2 gives the multiplicative identity, 1? In other words, 2 times what results in 1? We know

3 3

WM
.
MW
Il
=

The missing number was the reciprocal of the number!

We call % the multiplicative inverse of a. The reciprocal of a number is its multiplicative inverse. This leads to the Inverse
Property of Multiplication that states that for any real number a, a # 0, a % =1.

We'll formally state the inverse properties here.

Inverse Property

of Addition For any real number a, a+(—a)=0

—a is the additive inverse of a
A number and its opposite add to zero.

of Multiplication  For any real number a, a#0, a -% = 1l,
éis the multiplicative inverse of a.

A number and its reciprocal multiply to one.

The Identity Property of addition says that when we add 0 to any number, the result is that same number. What happens
when we multiply a number by 0? Multiplying by 0 makes the product equal zero.

What about division involving zero? What is 0 + 3?7 Think about a real example: If there are no cookies in the cookie jar

and 3 people are to share them, how many cookies does each person get? There are no cookies to share, so each person
gets 0 cookies. So, 0 +3 = 0.

We can check division with the related multiplication fact. So we know 0 + 3 = 0 because 0-3 = 0.

Now think about dividing by zero. What is the result of dividing 4 by 0? Think about the related multiplication fact:
4:0=[?] means [?]:0=4

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Is there a number that multiplied by 0 gives 4? Since any real number multiplied by 0 gives 0, there is no real number
that can be multiplied by 0 to obtain 4. We conclude that there is no answer to 4 = 0 and so we say that division by 0 is
undefined.

We summarize the properties of zero here.
Properties of Zero

Multiplication by Zero: For any real number a,
a-0=0 0-a=0 The product of any number and 0 is 0.

Division by Zero: For any real number a, a # 0

% =0 Zero divided by any real number, except itself, is zero.
4 is undefined Division by zero is undefined.

0

We will now practice using the properties of identities, inverses, and zero to simplify expressions.

EXAMPLE 1.47

Simplify: —84n + (—73n) + 84n.

) Ssolution
—84n + (=73n) + 84n
Notice_that the first and third terms are opposites; use the Commutative Property —84n + 84n + (=73n)
of addition to re-order the terms.
Add left to right. 0+ (=73n)
Add. —73n

TRYIT::193  Simplify: —27a + (—48a) + 27a.

TRYIT::194  Simplify: 39x + (=92x) + (—39x).

Now we will see how recognizing reciprocals is helpful. Before multiplying left to right, look for reciprocals—their product
is 1.

EXAMPLE 1.48

Simplify: 1523 7
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) Solution
7.8 .15
15 23 7
Notice the first and third terms are reciprocals, so use the Commutative Property of 7 .15 8
multiplication to re-order the factors. 15 7 23
. . 1.8
Multiply left to right. 73
Multiply. %

TRYIT::195 e 9.5 16
. Simplify: 1649 9"

TRYIT::196 e 6 11 17
. Simplify: 17 6"

[\
(9]

The next example makes us aware of the distinction between dividing 0 by some number or some number being divided
by 0.

EXAMPLE 1.49

simplify: @ —0— where n # -5 ® w, where 10 —3p # 0.

n+5’
) Solution
®
0
n+5
Zero divided by any real number except itself is 0. 0
®
10 - 3p
0
Division by 0 is undefined. undefined

TRYIT::197 Simplify: @ 1719—7’ where m# -7 ® 18%6‘ where 18 — 6¢ # 0.

>| TRYIT::198
Simplify: ®

where d #4 ® % where 15 —4g # 0.

0
d—4&

Simplify Expressions Using the Distributive Property

Suppose that three friends are going to the movies. They each need $9.25—that’s 9 dollars and 1 quarter—to pay for their
tickets. How much money do they need all together?

You can think about the dollars separately from the quarters. They need 3 times $9 so $27 and 3 times 1 quarter, so 75
cents. In total, they need $27.75. If you think about doing the math in this way, you are using the Distributive Property.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Distributive Property

If a, b, and c are real numbers, then  a(b+ ¢) = ab + ac
b+ c)a=ba+ca
a(b—c)=ab - ac
(b—c)a=ba-—ca

In algebra, we use the Distributive Property to remove parentheses as we simplify expressions.

EXAMPLE 1.50

Simplify: 3(x + 4).

) Solution

3(x+4)
Distribute. 3-x+3-4

Multiply. 3x+12

TRYIT::199 Simplify: 4(x + 2).

TRYIT::1100 Simplify: 6(x + 7).

Some students find it helpful to draw in arrows to remind them how to use the Distributive Property. Then the first step
in Example 1.50 would look like this:

EXAMPLE 1.51

3(x + 4)

Simplify: 8(%)6 + %)
© solution
3 1
8 (EX + I)
Distribute. 8 -%X+8 .%
Multiply. 3x + 2

)

TRYIT:: 000 6(%},+L)
TRYIT::1102 Simplify: 12(ln + i).

3 4

Using the Distributive Property as shown in the next example will be very useful when we solve money applications in
later chapters.
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EXAMPLE 1.52

Simplify: 100(0.3 + 0.25¢).

) Ssolution
100(0.3 + 0.25q)
Distribute. 100(0.3) + 100(0.25q)
Multiply. 30 + 25¢

TRYIT::1103  Simplify: 100(0.7 + 0.15p).

TRYIT:: 1104 Simplify: 100(0.04 + 0.354).

When we distribute a negative number, we need to be extra careful to get the signs correct!

EXAMPLE 1.53

Simplify: —11(4 — 3a).

© solution
~11(4 - 3a)
Distribute. ~ —11-4—(=11)-3a
Multiply. —44 — (=33a)
Simplify. —44 4 33a

Notice that you could also write the result as 33a — 44. Do you know why?

TRYIT::1105  Simplify: —5(2 — 3a).

TRYIT::1106 Simplify: —7(8 — 15y).

In the next example, we will show how to use the Distributive Property to find the opposite of an expression.

EXAMPLE 1.54

Simplify: —(y + 5).
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©) solution

Multiplying by —1 results in the opposite.
Distribute.
Simplify.

Simplify.

—(y+3)
-1y +5)
—1-y+(=1)-5
—y+(=5)

81

TRYIT::1107  Simplify: —(z — 11).

TRYIT:: 1108 Simplify: —(x — 4).

There will be times when we'll need to use the Distributive Property as part of the order of operations. Start by looking at
the parentheses. If the expression inside the parentheses cannot be simplified, the next step would be multiply using the

Distributive Property, which removes the parentheses. The next two examples will illustrate this.

EXAMPLE 1.55

Simplify: 8 — 2(x + 3)

We follow the order of operations. Multiplication comes before subtraction, so we will distribute the 2 first and then

) Solution
subtract.
8 —2(x+3)
Distribute. §—-2-x—-2-3
Multiply. 8§—2x—6
Combine like terms. —2x+2

TRYIT::1109  Simplify: 9 — 3(x + 2).

TRYIT::1110  Simplify: 7x — 5(x + 4).

EXAMPLE 1.56

Simplify: 4(x — 8) — (x + 3).
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©) solution
4x—8)—(x+3)
Distribute. dx—-32—-x-3
Combine like terms. 3x—35

Chapter 1 Foundations

TRYIT:: 111 Simplify: 6(x — 9) — (x + 12).

TRYIT:: 1112 Simplify: 8(x — 1) — (x + 5).

All the properties of real numbers we have used in this chapter are summarized here.

Commutative Property
When adding or multiplying, changing the order gives the same result

of addition If a, b are real numbers, then a+b
of multiplication If a, b are real numbers, then a-b
Associative Property
When adding or multiplying, changing the grouping gives the same result.
of addition If a, b, and c are real numbers, then (a+b)+c
of multiplication If a, b, and c are real numbers, then (a-b)-c
Distributive Property
If a, b, and c are real numbers, then alb+c)
(b+c)a
alb—c)
(b—-c)a
Identity Property
of addition For any real number a: a+
0 is the additive identity 0+
of multiplication For any real number a: a-
1 is the multiplicative identity 1
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Inverse Property

of addition For any real number a, a+(—a)=0

—a is the additive inverse of a
A number and its opposite add to zero.

of multiplication For any real number a, a # 0 a-

%is the multiplicative inverse of a

Q=
Il
—_

A number and its reciprocal multiply to one.

Properties of Zero

For any real number a, a-0=0
0-a=0

For any real number a, a # 0, % =0

For any real number a, 4 is undefined

0
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L 1.5 EXERCISES
Practice Makes Perfect

Use the Commutative and Associative Properties

In the following exercises, simplify.
313. 43m + (—12n) + (—16m) + (—9n)

3041y 7,05
35. gg+ 95+ g8+ 5k

317. 6.8p +9.14q + (—4.37p) + (—0.88¢)

—24.7.3
319. 2478

5,8\, 17
321. (6 + 15)+ 15
323. 17(0.25)(4)

325. [2.48(12)(0.5)
327. 12(%;7)

Use the Properties of Identity, Inverse and Zero
In the following exercises, simplify.
329. 19a + 44 — 19a

1.7.(_1
331. D) + 3 +( 2)
333. 10(0.1d)

335 3 .49 .20

337. — 0 where u # 4.99

330 %, where 32 — 5a # 0

341. (% + %m) + 0, where %+ %m #0

Simplify Expressions Using the Distributive Property
In the following exercises, simplify using the Distributive Property.
344. OBw+7)

343. 84y +9)

314.

316.

318.

320.

322.

324.

326.

328.

330.

332.

334.

336.

338.

340.

342.

Chapter 1 Foundations

-22p+ 17 + (—35p)+ (-27q)

5,4,3,.1,.9
6a+10b+6a+10

9.6m +7.22n + (—=2.19m) + (—0.65n)

_36-.11-4

O

r4)+3

36(0.2)(5)

[9.731(4))(0.75)

(k)

27¢+ 16 = 27¢
2,5 ,(_2
5T 12 +( 5)
100(0.01p)

13 .25 18

28 —9b

0 where 28 —=9b # 0

S, _3)- S5,_3
(16” 7).0, where 16” 7#0

345. 6(c — 13)
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346. 7(y — 13)

349, 9(%y - %)
352. 12(l + is)

355. r(s — 18)

358. (a+ 7)x

361. —3(x — 6)

364. —(5p — 4)

367. 4 —11(3¢c - 2)

370. 8 — (r—17)

373. 9(8x —3) — (-2)

376. 9Su+8)+2(u—06)
379. 6(7y + 8) — (30y — 15)

Writing Exercises

381. In your own words, state the Associative Property

of addition.

383. Simplify S(x - l) using the Distributive Property

4
and explain each step.

Self Check

347.

350.

353.

356.

359.

362.

365.

368.

371.

374.

377.

380.

%(3q +12)

15%(4d+ 10)

u(v — 10)
—T74p+1)

—4g =)

16 —3(y+ 8)

9 —6(7n —5)
(Gm—=3)—(m+7)
4(6x—1) — (=8)
14(c—1)—8(c - 6)

73n+9) — (4n—13)

348.

351.

354.

357.

360.

363.

366.

369.

372.

375.

378.

1
5 (4m + 20)

—

12(3+%)

18%(15h+ 24)

v+4p

—90Oa +4)
-Bx=17)

18 —4(x +2)

22 —(a+3)
@y-1-0-2)
52n+9)+ 12(n — 3)

=T =5n-1)

382. What is the difference between the additive

inverse and the multiplicative inverse of a number?

384. Explain how you can multiply 4($5.97) without
paper or calculator by thinking of $5.97 as 6 — 0.03

and then using the Distributive Property.

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

Confidently

With some
help get it!

No-I don't

use the commutative and associative
properties.

ZEro.

use the properties of identity, inverse and

simplify expressions using the distributive
property.

® After reviewing this checklist, what will you do to become confident for all objectives?
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CHAPTER 1 REVIEW

KEY TERMS
absolute value The absolute value of a number is its distance from 0 on the number line.

additive identity The number 0 is the additive identity because adding 0 to any number does not change its value.
additive inverse The opposite of a number is its additive inverse.

coefficient The coefficient of a term is the constant that multiplies the variable in a term.

complex fraction A fraction in which the numerator or the denominator is a fraction is called a complex fraction.

composite number A composite number is a counting number that is not prime. It has factors other than 1 and the
number itself.

constant A constantis a number whose value always stays the same.

denominator In 3 fraction, written %, where b # 0, the denominator b is the number of equal parts the whole has
been divided into.

divisible by a number If a number m is a multiple of n, then m is divisible by n.

equation An equation is two expressions connected by an equal sign.

equivalent fractions Equivalent fractions are fractions that have the same value.

evaluate an expression To evaluate an expression means to find the value of the expression when the variables are
replaced by a given number.

expression An expression is a number, a variable, or a combination of numbers and variables using operation symbols.

factors If a-b = m, then aand b are factors of m.

fraction A fraction is written %, where b # 0, and ais the numerator and b is the denominator. A fraction represents
parts of a whole.
integers The whole numbers and their opposites are called the integers.

irrational number Anirrational number is a number that cannot be written as the ratio of two integers. Its decimal form
does not stop and does not repeat.

least common denominator The least common denominator (LCD) of two fractions is the least common multiple (LCM)
of their denominators.

least common multiple The least common multiple (LCM) of two numbers is the smallest number that is a multiple of
both numbers.

like terms Terms that are either constants or have the same variables raised to the same powers are called like terms.
multiple of a number A number is a multiple of n if it is the product of a counting number and n.

multiplicative identity The number 1 is the multiplicative identity because multiplying 1 by any number does not
change its value.

multiplicative inverse The reciprocal of a number is its multiplicative inverse.

negative numbers Numbers less than O are negative numbers.

numerator [n 3 fraction, written %, where b # 0, the numerator a indicates how many parts are included.

opposite The opposite of a number is the number that is the same distance from zero on the number line but on the
opposite side of zero.

order of operations The order of operations are established guidelines for simplifying an expression.

percent A percentis a ratio whose denominator is 100.

prime factorization The prime factorization of a number is the product of prime numbers that equals the number.

prime number A prime number is a counting number greater than 1 whose only factors are 1 and the number itself.

principal square root The positive square root is called the principal square root.

rational number  otional number is a number of the form £, where p and q are integers and g # 0. Its decimal

q7
form stops or repeats.

real number A real number is a number that is either rational or irrational.
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reciprocal 1o reciprocal of a fraction is found by inverting the fraction, placing the numerator in the denominator and
the denominator in the numerator.

simplify an expression To simplify an expression means to do all the math possible.

square of a number ¢ ,2 _ ;) then m is the square of n.

square root of a number ¢ ,,2 — ,;;  then n s a square root of m.

term Aterm is a constant, or the product of a constant and one or more variables.

variable A variable is a letter that represents a number whose value may change.

KEY CONCEPTS

1.1 Use the Language of Algebra

+ Divisibility Tests
A number is divisible by:
2 if the last digitis 0, 2, 4, 6, or 8.
3 if the sum of the digits is divisible by 3.
5 if the last digit is 5 or 0.
6 if it is divisible by both 2 and 3.
10 if it ends with 0.

+ How to find the prime factorization of a composite number.
Step 1. Find two factors whose product is the given number, and use these numbers to create two branches.
Step 2. If a factor is prime, that branch is complete. Circle the prime, like a bud on the tree.
Step 3. If a factor is not prime, write it as the product of two factors and continue the process.
Step 4. Write the composite number as the product of all the circled primes.
* How To Find the least common multiple using the prime factors method.
Step 1. Write each number as a product of primes.
Step 2. List the primes of each number. Match primes vertically when possible.
Step 3. Bring down the columns.
Step 4. Multiply the factors.

+ Equality Symbol
a=b isread “aisequalto b.”

The symbol “=" is called the equal sign.
+ Inequality
a< bisread "ais less than b” - | =
ais to the left of b on the number line a b

a> bisread "a is greater than b” : ] 2
a is to the right of b on the number line b a

+ Inequality Symbols
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Inequality Symbols = Words

a#b a is not equal to b.

a<b a is less than b.

alb a is less than or equal to b.
a>b a is greater than b.

a>b a is greater than or equal to b.

Table 1.4

* Grouping Symbols

Parentheses O
Brackets []
Braces {}

+ Exponential Notation
a” means multiply a by itself, n times.

The expression a” is read a to the n'" power.
+ Simplify an Expression

To simplify an expression, do all operations in the expression.
+ How to use the order of operations.

Step 1. Parentheses and Other Grouping Symbols

= Simplify all expressions inside the parentheses or other grouping symbols, working on the
innermost parentheses first.

Step 2. Exponents
= Simplify all expressions with exponents.
Step 3. Multiplication and Division

= Perform all multiplication and division in order from left to right. These operations have equal
priority.

Step 4. Addition and Subtraction

= Perform all addition and subtraction in order from left to right. These operations have equal
priority.

* How to combine like terms.
Step 1. Identify like terms.
Step 2. Rearrange the expression so like terms are together.
Step 3. Add or subtract the coefficients and keep the same variable for each group of like terms.
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Operation Phrase Expression

Addition aplush a+b
the sum of a and b

aincreased by b

b more than a

the total of a and b
b added to a

Subtraction a minus b a—>b

the difference of a and b
a decreased by b

b less than a

b subtracted from a

Multiplication  atimesb a-b, ab, a(b), (a)(b)
the product of a and b
twice a
2a
Division a divided by b a=<b, alb, %, b

the quotient of g and b
the ratio of a and b
b divided into a

Table 1.5

1.2 Integers

+ Opposite Notation
—a means the opposite oI the number a

>

The notation —a is read as “the opposite of a.’

* Absolute Value
The absolute value of a number is its distance from 0 on the number line.
The absolute value of a number n is written as |n| and |n| > 0 for all numbers.

Absolute values are always greater than or equal to zero.
* Grouping Symbols
Parentheses ()  Braces {}
Brackets [1] Absolute value [

+ Subtraction Property
a—-b=a+(-b)
Subtracting a number is the same as adding its opposite.

* Multiplication and Division of Signed Numbers
For multiplication and division of two signed numbers:

Same signs Result
+ Two positives Positive

+ Two negatives  Positive

If the signs are the same, the result is positive.
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Different signs Result

+ Positive and negative Negative

* Negative and positive ~ Negative

If the signs are different, the result is negative.

Multiplication by —1

—la=-a
Multiplying a number by —1 gives its opposite.
How to Use Integers in Applications.
Step 1. Read the problem. Make sure all the words and ideas are understood
Step 2. Identify what we are asked to find.
Step 3. Write a phrase that gives the information to find it.
Step 4. Translate the phrase to an expression.
Step 5. Simplify the expression.
Step 6. Answer the question with a complete sentence.

1.3 Fractions

Equivalent Fractions Property
If a, b, and c are numbers where b # 0, ¢ # 0, then

a_a-c ac_a
b=bc ™y =

How to simplify a fraction.

Step 1. Rewrite the numerator and denominator to show the common factors.
If needed, factor the numerator and denominator into prime numbers first.

Step 2. Simplify using the Equivalent Fractions Property by dividing out common factors.
Step 3. Multiply any remaining factors.
Fraction Multiplication

If a, b, ¢, and d are numbers where b # 0, and d # 0, then
a. c _ ac

b'd= bd
To multiply fractions, multiply the numerators and multiply the denominators.
Fraction Division
If a, b, ¢, and d are numbers where b #0, c # 0, and d # 0, then

a.c_a.d
b 'd b ¢
To divide fractions, we multiply the first fraction by the reciprocal of the second.

Fraction Addition and Subtraction
If a, b, and c are numbers where ¢ # 0, then

b_a+b b_a-b
o=t and $-2=422

To add or subtract fractions, add or subtract the numerators and place the result over the common denominator.

a
et

How to add or subtract fractions.
Step 1. Do they have a common denominator?
= Yes—qgo to step 2.
= No—rewrite each fraction with the LCD (least common denominator).
= Find the LCD.
= Change each fraction into an equivalent fraction with the LCD as its denominator.
Step 2. Add or subtract the fractions.
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Step 3. Simplify, if possible.

How to simplify an expression with a fraction bar.

Step 1. Simplify the expression in the numerator. Simplify the expression in the denominator.
Step 2. Simplify the fraction.

Placement of Negative Sign in a Fraction

For any positive numbers a and b,
—a _ _a a

b~ =b_ b
How to simplify complex fractions.
Step 1. Simplify the numerator.
Step 2. Simplify the denominator.
Step 3. Divide the numerator by the denominator. Simplify if possible.

1.4 Decimals

How to round decimals.

Step 1. Locate the given place value and mark it with an arrow.
Step 2. Underline the digit to the right of the place value.

Step 3. Is the underlined digit greater than or equal to 5?

= Yes: add 1 to the digit in the given place value.
= No: do not change the digit in the given place value
Step 4. Rewrite the number, deleting all digits to the right of the rounding digit.
How to add or subtract decimals.
Step 1. Determine the sign of the sum or difference.
Step 2. Write the numbers so the decimal points line up vertically.
Step 3. Use zeros as placeholders, as needed.

Step 4. Add or subtract the numbers as if they were whole numbers. Then place the decimal point in the answer
under the decimal points in the given numbers.

Step 5. Write the sum or difference with the appropriate sign
How to multiply decimals.
Step 1. Determine the sign of the product.

Step 2. Write in vertical format, lining up the numbers on the right. Multiply the numbers as if they were whole
numbers, temporarily ignoring the decimal points.

Step 3. Place the decimal point. The number of decimal places in the product is the sum of the number of decimal
places in the factors.

Step 4. Write the product with the appropriate sign.

How to multiply a decimal by a power of ten.

Step 1. Move the decimal point to the right the same number of places as the number of zeros in the power of 10.
Step 2. Add zeros at the end of the number as needed.

How to divide decimals.

Step 1. Determine the sign of the quotient.

Step 2. Make the divisor a whole number by “moving” the decimal point all the way to the right. “Move” the
decimal point in the dividend the same number of places—adding zeros as needed.

Step 3. Divide. Place the decimal point in the quotient above the decimal point in the dividend.
Step 4. Write the quotient with the appropriate sign.
How to convert a decimal to a proper fraction and a fraction to a decimal.
Step 1. To convert a decimal to a proper fraction, determine the place value of the final digit.
Step 2. Write the fraction.

= numerator—the “numbers” to the right of the decimal point

= denominator—the place value corresponding to the final digit
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Step 3. To convert a fraction to a decimal, divide the numerator of the fraction by the denominator of the fraction.
* How to convert a percent to a decimal and a decimal to a percent.

Step 1. To convert a percent to a decimal, move the decimal point two places to the left after removing the percent
sign.

Step 2. To convert a decimal to a percent, move the decimal point two places to the right and then add the percent
sign.

+ Square Root Notation
vm is read “the square root of m.”

2, then vim =n, for n>0.
The square root of m, v, is the positive number whose square is m.

Ifm=n

+ Rational or Irrational
If the decimal form of a number

> repeats or stops, the number is a rational number.
> does not repeat and does not stop, the number is an irrational number.
* Real Numbers

[ Real numbers ]

T e

[ Rational numbers J [lrrational numbers]

1

Integers
sy =5 0:10 20

i

=
Whole numbers
0,123, ..

L8 J

t

'S = ™
Counting numbers
12:30

. J

~

Figure 1.9

1.5 Properties of Real Numbers
Commutative Property
When adding or multiplying, changing the order gives the same result
of addition If a, b are real numbers, then a+b = b+a

of multiplication If a, b are real numbers, then a-b b-a

Associative Property
When adding or multiplying, changing the grouping gives the same result.

of addition If ¢, b, and ¢ are real numbers, then (a+b)+c = a+b+c)

of multiplication If a, b, and c are real numbers, then (a-b)-c

a-(b-c)
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Distributive Property

If a, b, and c are real numbers, then

Identity Property
of addition For any real number a:
0 is the additive identity
of multiplication For any real number a:

1is the multiplicative identity

Inverse Property

of addition For any real number a,

—a is the additive inverse of a
A number and its opposite add to zero.

of multiplication For any real number a, a # 0

1

7 is the multiplicative inverse of a

A number and its reciprocal multiply to one.

Properties of Zero
For any real number a,

For any real number a, a # 0,

For any real number a,

REVIEW EXERCISES

1.1 Use the Language of Algebra
Identify Multiples and Factors

385. Use the divisibility tests to determine whether 180
is divisible by 2, by 3, by 5, by 6, and by 10.

387. Find the least common multiple of 24 and 40.

In the following exercises, simplify each expression.

388, 24 -3 +4(5-2)

alb+c) = ab+ac
(b+c)a = ba+ca
alb—c) = ab-ac
(b—ca = ba-ca
a+0=a
O+a=a
a-l=a
l-a=a
a+(—a)=0
a-%:l
a-0=0
0-a=0
0_
=0
%isundeﬁned

386. Find the prime factorization of 252.

389. 7+3[6—4(5—4)]— 32
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Evaluate an Expression
In the following exercises, evaluate the following expressions.

390. When x=4, @ x> ® 5% © 2x2 —5x+3 301 2x2—4xy—3y? when x=3, y=1

Simplify Expressions by Combining Like Terms
In the following exercises, simplify the following expressions by combining like terms.

392. 12y+7+2y-5 393. 14x>—9x+11—-8x>+8x—6

Translate an English Phrase to an Algebraic Expression
In the following exercises, translate the phrases into algebraic expressions.

394. 395.

@ the sum of 4ab” and 7a’b? @ eleven times the difference of y and two
2

® the product of 6y~ and 3y ® the difference of eleven times y and two

© twelve more than 5x
@ 5y less than 8y?

396. Dushko has nickels and pennies in his pocket.
The number of pennies is four less than five times
the number of nickels. Let n represent the number

of nickels. Write an expression for the number of
pennies.

1.2 Integers
Simplify Expressions with Absolute Value

In the following exercise, fillin <, >, or = foreach of the following pairs of numbers.
397.

@ —7__ - 1-7

® -8__ —1-8]

©-13_-13

@ 1-12__ - (~12)

In the following exercises, simplify.
398. 9—[3(4-23)] 399. 12 —3|1 —4(4 —2)|

Add and Subtract Integers

In the following exercises, simplify each expression.

400. —124+(-8)+7 401. 402. —11-(-12)+5
@ 15-7

® —15—(=7)
© -15-7
@ 15— (=7)

403. @ 23— (-17) ® 23 +17 404 —-(7-1D-B-5)
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Multiply and Divide Integers
In the following exercise, multiply or divide.

405. @ —27+9 ® 120+ (-8)
© 4(-14) @ —1(-17)

Simplify and Evaluate Expressions with Integers
In the following exercises, simplify each expression.
406. @ (_7)3 ® _73 407. (7—-11)(6-13) 408.

409. 6 —34(1—2)—(7-15)| 410. (-2)*-24+(13-5)

For the following exercises, evaluate each expression.

a11. (y+2)> when 412. 3x> = 2xy + 4y? when
y=—4’Z=7 x=—2,y=—3

Translate English Phrases to Algebraic Expressions

In the following exercises, translate to an algebraic expression and simplify if possible.

413. the sum of —4 and -9, g4 @ the difference of 17 and
i 2
increased by 23 —8 ® subtract 17 from —25

Use Integers in Applications
In the following exercise, solve.

415. Temperature On July 10, the
high temperature in Phoenix,
Arizona, was 109°, and the high
temperature in Juneau, Alaska, was
63°. What was the difference
between the temperature in
Phoenix and the temperature in
Juneau?

1.3 Fractions
Simplify Fractions

In the following exercises, simplify.

204 3
416. =52 a17. —270x"
228 1982

Multiply and Divide Fractions
In the following exercises, perform the indicated operation.

—H) 10 6x . 9y -4
a8, ( 15 (21) 419 5520 420, -2
21
Add and Subtract Fractions
In the following exercises, perform the indicated operation.
S .7 11 _15 5,3
21 s5+15 22. -3 423. ® 3+ ®

63 + (=9) + (=36) + (—4)

95



96 Chapter 1 Foundations

3y 55 5
424. ® 70 6@ R

Use the Order of Operations to Simplify Fractions
In the following exercises, simplify.

4.3-2.5 47-3)-24-9 43 _42
425. a4 —4a
~6.3+2.3 2. 3@ E)+7G-6 421. 2

Evaluate Variable Expressions with Fractions
In the following exercises, evaluate.

428. 4xzy2 when 429. % when
-
x:%andy=—% a=-4, b=6

1.4 Decimals
Round Decimals
430. Round 6.738 to the nearest

® hundredth ® tenth © whole
number.

Add and Subtract Decimals
In the following exercises, perform the indicated operation.
431. —-23.67 +29.84 432. 543 -100 433. 79.38 — (—17.598)

Multiply and Divide Decimals
In the following exercises, perform the indicated operation.
434. (—2.8)(3.97) 435. (—8.43)(-57.91) 436. (53.48)(10)

437. (0.563)(100) 438. $118.35+2.6 439. 1.84 =+ (-0.8)

Convert Decimals, Fractions and Percents
In the following exercises, write each decimal as a fraction.
440. 0.65 441. -9.6

In the following exercises, convert each fraction to a decimal.

-3 14
2. -3 443 |5

In the following exercises, convert each decimal to a percent.
444. 243 445. 0.0475

Simplify Expressions with Square Roots
In the following exercises, simplify.

446. V289 447. V-121

Identify Integers, Rational Numbers, Irrational Numbers, and Real Numbers

In the following exercise, list the @ whole numbers ® integers © rational numbers @ irrational numbers © real numbers for
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each set of numbers
448.

-8, 0, 1.95286..., 15—2 V36, 9

Locate Fractions and Decimals on the Number Line
In the following exercises, locate the numbers on a number line.

3 341 427 _5 -
a9. 5. -3 13, 13, 3 =3 450 @ 32 ® -1.35
1.5 Properties of Real Numbers

Use the Commutative and Associative Properties
In the following exercises, simplify.

Se4 S 417 -32.9.3 11 i) S

451. 8x+ 12y+ 8x+ 177 452. -32-9 8 453. (15 + 8 + 8

Use the Properties of Identity, Inverse and Zero

In the following exercises, simplify.

4,8 (-4 13.9 15 0

454, 7+15+( 7) 455. 1517 13 456. x_3,x;é3

457. %, 5x—7%40

Simplify Expressions Using the Distributive Property

In the following exercises, simplify using the Distributive Property.

458. 8(a —4) 2,45 460. 18-2(2x —
459. 12(2p+3) 60. 18-2(2x—5)

461. (x—35)p 462. —4(y —3) 463. 12 -6(x+3)

464. 6(3x —4) — (=5) 465. 52y +3)—(4y—1)
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PRACTICE TEST

466. Find the prime factorization
of 756.

469. Translate to an algebraic
expression and simplify:

@ eleven less than negative eight

® the difference of —8 and -3,
increased by 5

472. Convert

S
11

percent

to a decimal ® 1.15 to a

467. Combine
Sn+8+2n-1

like  terms:

470. Dushko has nickels and
pennies in his pocket. The number
of pennies is seven less than four
times the number of nickels. Let n

represent the number of nickels.
Write an expression for the
number of pennies.

2.8, and — S ona

473. Locate 3 >

57
number line.

In the following exercises, simplify each expression.

474. 8 +3[6—3(5 —2)]— 42

477. 16 —2|3(1 —4) — (8 = 5)|
180, —L+ %

483. %

486. —4.8 4+ (—6.7)

489. —8 +0.05

492. 5x+(—8y)—6x+ 3y

495. 6(3y—1)—(5y—3)

475. —(4-9)—-(09-5)

—542(=3)%2-9

£(B

S .47.13
i34

478.

481.

484.

487. 34.6 — 100

490. V-121

493.

®
ol
(S)
o=
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468. Evaluate when x = -2 and

y=3: [3x — 4y|

471.

6

Round 28.1458

nearest

® hundredth ® thousandth

476.

479.

482.

485.

488.

491.

494.

56 = (=8) + (=27) = (=3)

180

204
9-3.9
5-9
s

)

10

21
—12.04- (4.
8 .5

(13 + 7)+
—3(8x—5)

Chapter 1 Foundations



Figure 2.1 This drone is flying high in the sky while its pilot remains safely on the ground. (credit: “Unsplash” / Pixabay)

Chapter Outline
2.1 Use a General Strategy to Solve Linear Equations
2.2 Use a Problem Solving Strategy
2.3 Solve a Formula for a Specific Variable
2.4 Solve Mixture and Uniform Motion Applications
2.5 Solve Linear Inequalities
2.6 Solve Compound Inequalities
2.7 Solve Absolute Value Inequalities

Introduction

Imagine being a pilot, but not just any pilot—a drone pilot. Drones, or unmanned aerial vehicles, are devices that can be
flown remotely. They contain sensors that can relay information to a command center where the pilot is located. Larger
drones can also carry cargo. In the near future, several companies hope to use drones to deliver materials and piloting a
drone will become an important career. Law enforcement and the military are using drones rather than send personnel
into dangerous situations. Building and piloting a drone requires the ability to program a set of actions, including taking
off, turning, and landing. This, in turn, requires the use of linear equations. In this chapter, you will explore linear
equations, develop a strategy for solving them, and relate them to real-world situations.

21

Use a General Strategy to Solve Linear Equations

Learning Objectives

By the end of this section, you will be able to:

Solve linear equations using a general strategy
Classify equations
Solve equations with fraction or decimal coefficients

BE PREPARED :: 2.1 Before you get started, take this readiness quiz.
Simplify: %(12)(+ 20).

If you missed this problem, review Example 1.51.
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BE PREPARED : : 2.2 Simplify: 5 —2(n + 1).
If you missed this problem, review Example 1.55.

BE PREPARED : : 2.3 Find the LCD of % and %
If you missed this problem, review Example 1.28.

Solve Linear Equations Using a General Strategy

Solving an equation is like discovering the answer to a puzzle. The purpose in solving an equation is to find the value or
values of the variable that makes it a true statement. Any value of the variable that makes the equation true is called a
solution to the equation. It is the answer to the puzzle!

Solution of an Equation

A solution of an equation is a value of a variable that makes a true statement when substituted into the equation.

To determine whether a number is a solution to an equation, we substitute the value for the variable in the equation. If
the resulting equation is a true statement, then the number is a solution of the equation.

9‘. HOW TO :: DETERMINE WHETHER A NUMBER IS A SOLUTION TO AN EQUATION.

Step 1.  Substitute the number for the variable in the equation.
Step 2.  Simplify the expressions on both sides of the equation.
Step 3. Determine whether the resulting equation is true.

o Ifitis true, the number is a solution.

If it is not true, the number is not a solution.

EXAMPLE 2.1

Determine whether the values are solutions to the equation: 5y + 3 = 10y — 4.
-3 -1
®@y= s ®y <

©) solution

Since a solution to an equation is a value of the variable that makes the equation true, begin by substituting the value of
the solution for the variable.

®
S5y+3=10y-4
— 3 2403\
Substitute z for y. S(E) +3= 10(§) 4
Multiply. 3+326-4
Simplify. 6+#2
Since y = % does not result in a true equation, y = % is not a solution to the equation 5y + 3 = 10y — 4.
®
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Sy+3=10y-4
Substitute % fory. 5(%) +32 10(%) -4
Multiply. 7+3214_4
Simplify. 10=10v
Since y = % results in a true equation, y = % is a solution to the equation 5y +3 = 10y — 4.
TRYIT:: 21 Determine whether the values are solutions to the equation: 9y + 2 = 6y + 3.
@y=%®y=%
TRYIT::22 Determine whether the values are solutions to the equation: 4x —2 = 2x + 1.
@x=%®x=—%

There are many types of equations that we will learn to solve. In this section we will focus on a linear equation.

Linear Equation

A linear equation is an equation in one variable that can be written, where a and b are real numbers and a # 0, as:

ax+b=0

To solve a linear equation it is a good idea to have an overall strategy that can be used to solve any linear equation. In
the next example, we will give the steps of a general strategy for solving any linear equation. Simplifying each side of the
equation as much as possible first makes the rest of the steps easier.

_ HOW TO SOLVE A LINEAR EQUATION USING A GENERAL STRATEGY
Solve: 7(n —3)—8 = —15.

© Solution
Use the Distributive Property. 7(n-3)-8=-15
Notice that each side of the equation 7n-21-8=-15
is now simplified as much as possible. 7n-29=-15

Nothing to do—all n" s are on the

left side.

To get constants only on the right, 7n-29+29=-15+29
add 29 to each side.

Simplify. n=14
Divide each side by 7. 7n_14
Simplify. o
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Check:
7(n-3)-8=-15
letn=2 72-3)-82_15
Subtract. 71)-82-15
g=gdogs
fE=dq5

TRYIT::23 Solve: 20m —4) +3 = —1.

TRYIT::24 Solve: 5(a —3)+ 5 = —10.

These steps are summarized in the General Strategy for Solving Linear Equations below.

9_- HOW TO:: SOLVE LINEAR EQUATIONS USING A GENERAL STRATEGY.

Step 1. Simplify each side of the equation as much as possible.
Use the Distributive Property to remove any parentheses.
Combine like terms.

Step 2.  Collect all the variable terms on one side of the equation.
Use the Addition or Subtraction Property of Equality.

Step 3. Collect all the constant terms on the other side of the equation.
Use the Addition or Subtraction Property of Equality.

Step 4. Make the coefficient of the variable term equal to 1.
Use the Multiplication or Division Property of Equality.
State the solution to the equation.

Step 5. Check the solution.
Substitute the solution into the original equation to make sure the result is a true statement.

Solve: %(3m —6)=5-m.

©) solution

%(3m—6)=5—m

Distribute. 2m-4=5-m

Add m to both sides to get the variables only on the left. ~2m+m-4=5-m+m

Simplify. 3m-4=5
Add 4 to both sides to get constants only on the right. 3m-4+4=5+4
Simplify. 3m=9
Divide both sides by three. STm =%
Simplify. m=3
Check: 2@Bm-6)=5-m

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Let m = 3. %{3-3_6}i5_3

29-622
292
2322

2=2v

TRYIT::25 Solve: %(GLI +3)=7—-u.

TRYIT::26 sower 29— 12) = 8.4 2v.

We can solve equations by getting all the variable terms to either side of the equal sign. By collecting the variable terms on
the side where the coefficient of the variable is larger, we avoid working with some negatives. This will be a good strategy
when we solve inequalities later in this chapter. It also helps us prevent errors with negatives.

EXAMPLE 2.4

Solve: 4(x—1)—2=52x+3)+ 6.

© Solution
Ax-1)-2=52x+3)+6
Distribute. 4x-4-2=10x+15+6
Combine like terms. 4x-6=10x+ 21
Subtract 4x from each side to get the variables only on Ax-4x-6="10x-4x+21

the right since 10 > 4.

Simplify. -6=06x+21
Subtract 21 from each side to get the constants on left. -6-21=6x+21-21
Simplify. -27=6x
Divide both sides by 6. %=%_x
Simplify. 9_,
2

Check: Ax-1)-2=52x+3)+6

- _9 _9 _N_22s5(x(-9
let x= - 3. a(-2-1)-225 o 2)+3)+6

4(_1_21)_2i5{_9+3)+6

~22-225c6)+6
—242_30+6
—24=_24y
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TRYIT:: 27 Solve: 6(p —3)—7 = 5(@p +3)— 12.

TRYIT::238 Solve: 8(g+1)—5 =3(2g —4)— 1.

EXAMPLE 2.5

Solve: 10[3 — 8(2s — 5)] = 15(40 — 5s).
© Solution

Simplify from the innermost parentheses first.

Combine like terms in the brackets.
Distribute.

Add 160s to both sides to get the
variables to the right.

Simplify.

Subtract 600 from both sides to get the
constants to the left.

10[3 - 8(2s - 5)] = 15(40 — 55)

10[3 - 165 + 40] = 15(40 - 55)

10[43 - 165] = 15(40 - 5s)
430 - 160s = 600 — 755

430 - 160s + 160s = 600 - 755 + 160s

430 =600 + 855

430 - 600 = 600 + 855 - 600

Simplify. -170 = 85s
.o . -170 _@
Divide both sides by 85. 85 =85
Simplify. -2=s
Check: 10[3 - 8(2s - 5)] = 15(40 — 55)
let s= —2.  10[3-8(2(-2)-5)] 2 15(40 — 5(- 2))
10[3 - 8(- 4 - 5)] 2 15(40 + 10)
10[3 - 8(- 9)] Z 15(50)
103 +72) 2 750
10(75) £ 750
750=750v
TRYIT::29 Solve: 6]4 — 2(7y — 1)] = §(13 — 8y).
TRYIT::210  Solve: 12[1 — 5(d4z— 1) = 3(24 + 112).
Classify Equations
Whether or not an equation is true depends on the value of the variable. The equation 7x + 8 = —13 is true when we

replace the variable, x, with the value —3, but not true when we replace x with any other value. An equation like this is

called a conditional equation. All the equations we have solved so far are conditional equations.

Conditional Equation

An equation that is true for one or more values of the variable and false for all other values of the variable is a
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conditional equation.

Now let’s consider the equation 7y + 14 = 7(y + 2). Do you recognize that the left side and the right side are equivalent?
Let's see what happens when we solve for y.
Solve:

Ty+14=7(y+2)
Distribute. Ty+14=Ty+14
Subtract 7y to each side to get the y’s to one side.  7¥-7y+14=7y-T7y+14
Simplify—the y’s are eliminated. 14=14

But 14 = 14 is true.

This means that the equation 7y + 14 = 7(y + 2) is true for any value of y. We say the solution to the equation is all of
the real numbers. An equation that is true for any value of the variable is called an identity.

Identity

An equation that is true for any value of the variable is called an identity.
The solution of an identity is all real numbers.

What happens when we solve the equation —8z = —8z+9?

Solve:
-8z=-82+9
Add 8z to both sides to leave the constant alone on the right. -8z+87=-82+8z+9
Simplify—the z’s are eliminated. 0+#9
But 0 #09.

Solving the equation —8z = —8z + 9 led to the false statement 0 = 9. The equation —8z = —8z + 9 will not be true for

any value of z. It has no solution. An equation that has no solution, or that is false for all values of the variable, is called a
contradiction.

Contradiction

An equation that is false for all values of the variable is called a contradiction.
A contradiction has no solution.

The next few examples will ask us to classify an equation as conditional, an identity, or as a contradiction.

EXAMPLE 2.6

Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:
62n—1)+3=2n-8+52n+1).
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© solution
6(2n-1)+3=2n-8+5(2n+1)
Distribute. 12n-6+3=2n-8+10n+5
Combine like terms. 12n-3=12n-3
Subtract 12n from each side to get the n’s to one side. 12n-12n-3=12n-12n-3
Simplify. -3=-3
This is a true statement. The equation is an identity.

The solution is all real numbers.

TRYIT:: 211

Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:
44+908x—-7)=—-42x — 13 +23(3x - 2).

TRYIT::2.12

Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:
8(1 =3x)+ I5Q2x+7)=2(x+50)+4(x+3) + 1.

EXAMPLE 2.7

Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:
8+3(@—-4)=0.

) Solution

8+3(e-4)=0

Distribute. 84+3a-12=0

Combine like terms. 30-4=0
Add 4 to both sides. 30-4+4=0+4

Simplify. 3a=4

Divide. 3a_4

3 3

Simplify. a=%

The equation is true when a = This is a conditional equation.

s

The solutionis a = %

TRYIT:: 213

Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:
Il{g+3)—-5=19.
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TRYIT:: 214

107

Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:

6+14(k — 8) = 95.

EXAMPLE 2.8

Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:

Sm+309+3m)=2(Tm—11).
) Solution

Distribute.

Combine like terms.

Subtract 14m from both sides.

Simplify.
But 27 # —22.

5m+3(9+3m)=2(7m-11)
5m+ 27 +9m=14m - 22
14m + 27 =14m =22

14m + 27 - 14m = 14m - 22 - 14m

27 #-22

The equation is a contradiction.

It has no solution.

TRYIT:: 215

Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:

12¢ +5(5 +3¢) = 3(9c — 4).

TRYIT:: 216

Classify the equation as a conditional equation, an identity, or a contradiction and then state the solution:

4(7d + 18) = 13(3d - 2) — 11d.

We summarize the methods for classifying equations in the table.

Type of equation What happens when you solve it? m

Conditional True for one or more values of the variables and false for all
Equation other values
Identity True for any value of the variable
Contradiction False for all values of the variable
Table 2.1

Solve Equations with Fraction or Decimal Coefficients

One or more
values

All real numbers

No solution

We could use the General Strategy to solve the next example. This method would work fine, but many students do not
feel very confident when they see all those fractions. So, we are going to show an alternate method to solve equations
with fractions. This alternate method eliminates the fractions.

We will apply the Multiplication Property of Equality and multiply both sides of an equation by the least common
denominator (LCD) of all the fractions in the equation. The result of this operation will be a new equation, equivalent to

the first, but without fractions. This process is called clearing the equation of fractions.

To clear an equation of decimals, we think of all the decimals in their fraction form and then find the LCD of those

denominators.
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_ HOW TO SOLVE EQUATIONS WITH FRACTION OR DECIMAL COEFFICIENTS

Solve: —=x + S = i.

1
12 6 4
©) Solution

. 1 5 3 1 S5 3
What is the LCD of e and Z? 12 + T 7
LCD =12
Multiply both sides of the 12(—-1—)( + _-E) = 12(?:)
equation by the LCD, 12. 12 6 4
Use the Distributive Property. 12- 11—2x +12 - %: 12- %
Simplify—and notice, no more x+10=9
fractions!
To isolate the variable term, Xx+10-10=9-10
subtract 10.
simplify. il
Check:
1 5.3
7783
1 573
12(-1)+ 6 4
1 573
12t672
1,107 9
BT
295
12712

TRYIT::217
TRYIT:: 218

.4 1_5
Solve: —4x+—2 =3
.4 1 _1
Solve: —8x+—2 T

Notice in the previous example, once we cleared the equation of fractions, the equation was like those we solved earlier
in this chapter. We changed the problem to one we already knew how to solve. We then used the General Strategy for
Solving Linear Equations.

:: SOLVE EQUATIONS WITH FRACTION OR DECIMAL COEFFICIENTS.

Find the least common denominator (LCD) of all the fractions and decimals (in fraction form)
in the equation.

Multiply both sides of the equation by that LCD. This clears the fractions and decimals.
Solve using the General Strategy for Solving Linear Equations.

= HOW TO
abk
Step 1.
Step 2.
Step 3.

2

Solve: 5 = %y + AL

3
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©) solution

We want to clear the fractions by multiplying both sides of the equation by the LCD of all the fractions in the equation.

Find the LCD of all fractions in the equation.

The LCD is 12.

Multiply both sides of the equation by 12.

Distribute.

Simplify—notice, no more fractions.

Combine like terms.

Divide by five.

Simplify.

Check: 5=%y+%y—%y

Let y = 12. 53%{12“%(12)-%(12]
526+8-9

5=5v

12(5)=12-(%y+%y—%y)
12[5):12-%y+ 12-%y—12-%y
60 = 6y + 8y -9y
60 =5y

60 _ 5
5°5

12=y

109

TRYIT::219 Solve: 7 = ix + ix —
2 4 §
TRYIT::220 o001, .1, 2

4

2

L

In the next example, we'll distribute before we clear the fractions.

EXAMPLE 2.11

Solve: %(y -5 = %(y - 1)

) Solution

Distribute.

Simplify.

Multiply by the LCD, four.
Distribute.

Simplify.

Collect the variables to the left.

2y-y-10=y-y-1
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Simplify. y—10==1
Collect the constants to the right. y-10+10=-1+10
Simplify. y=9

An alternate way to solve this equation is to clear the fractions without distributing first. If you multiply the
factors correctly, this method will be easier.

y-9=2u-1

Multiply by the LCD, 4. 4-3y-9=4-2-1)
Multiply four times the fractions. 2y-5=1y-1
Distribute. 2y-10=y-1
Collect the variables to the left. 2y-y-10=y-y-1
Simplify. y-10=-1
Collect the constants to the right. y-10+10=-1+10
Simplify. y=9

: 1 s D
Check: F=5=7r-1

= lig_g521g_
Let y = 9. 19-521(9-1)

Finish the check on your own.

TRYIT::221 Solve: %(n +3) = %(n +2).

TRYIT::2.22 Solve: %(m -3)= %(m =7).

When you multiply both sides of an equation by the LCD of the fractions, make sure you multiply each term by the
LCD—even if it does not contain a fraction.

EXAMPLE 2.12

Solve: 4612+ 3 +6= 3q: >
© solution
4q2+ 3 i6= 3qr: 5
Multiply both sides by the LCD, 4. 4(4raf2+ 3, 6) _ 4(3q_:5)
Distribute. 4(_ 4(;_2+3) a6 =4 (L:S)
Simplify. 2(4g+3)+24=3g+5

8G+6+24=3g+5
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8¢g+30=3g+5

Collect the variables to the left. 89-3¢+30 =3g-3¢+5
Simplify. 5q+30=>5
Collect the constants to the right. 59 +30-30=5-30
Simplify. 5q=-25
Divide both sides by five. 59 _-25

5 5
Simplify. 9=-5
Check: 49+ 3 _3g+5

2. L84
let g= —5. 45)+3 (2 35)+5
2 h 4

Finish the check on your own.

TRYIT::223 come: 3,»:5 L 4,~;r 3

TRYIT:: 224 gy 2543 3o2

Some equations have decimals in them. This kind of equation may occur when we solve problems dealing with money

or percentages. But decimals can also be expressed as fractions. For example, 0.7 = 17—0 and 0.29 = % So, with an

equation with decimals, we can use the same method we used to clear fractions—multiply both sides of the equation by
the least common denominator.

The next example uses an equation that is typical of the ones we will see in the money applications in a later section.
Notice that we will clear all decimals by multiplying by the LCD of their fraction form.

EXAMPLE 2.13

Solve: 0.25x + 0.05(x + 3) = 2.85.

© solution
Look at the decimals and think of the equivalent fractions:
- 25 =35 =235
0.25 = 100" 0.05 = 100" 2.85 100"

Notice, the LCD is 100. By multiplying by the LCD we will clear the decimals from the equation.
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Distribute first.

Combine like terms.

To clear decimals, multiply by 100.

Distribute.

Subtract 15 from both sides.
Simplify.

Divide by 30.

Simplify.

0.25x + 0.05(x + 3) = 2.85
0.25x + 0.05x + 0.15 = 2.85
0.30x+0.15=2.85
100(0.30x + 0.15) = 100(2.85)
30x + 15 =285
30x+15-15=285-15
30x =270
30x _ 270
30 30

x=9

Check it yourself by substituting x = 9 into the original equation.

Chapter 2 Solving Linear Equations

TRYIT::225  Solve: 0.25n +0.05(n + 5) = 2.95.

TRYIT:: 226 Solve: 0.10d + 0.05(d — 5) = 2.15.
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L 2.1 EXERCISES
Practice Makes Perfect

Solve Equations Using the General Strategy

In the following exercises, determine whether the given values are solutions to the equation.

1. 6y+10=12y 2. 4x+9 =28

@y=%®y=_% @xz—%@xz%

3.8u—1="6u 4. 9y —-2=3y

Qu=-1ou=1 @v:—%@v:%

In the following exercises, solve each linear equation.

5. 15(y — 9) = —60 6. —16(3n +4) =32

7. -(w—-12) =30 8. —(t—19) =28

9.514+54 —¢q) =56 10. -6+ 6(5 —k) =15

11. 3(10-2x) +54 =0 12. -2(11 =7x)+ 54 =4

13. %(90 —3)=22 14. %(mx —-5)=27

15. %(150+ 10)=c+7 16. %(20d+ 12)=d+7
17.34n—-1)—-2=8n+3 18.92m —3)—-8=4m+7

19. 12+2(5-3y)=-9y—-1)-2 20. —15+4Q2-5y)=-Ty-4)+4

21. 5+6(3s—5)=-3+28s—-1) 22. —124+8(x -5 =—-4+3056x-2)

23. 4p-4)—-(p+7)=5p-3) 24.3a—-2)—(a+6)=4(a—-1)

25. 45 - 8(4c—3)]=12(1 —13¢) -8 26. 5[9 —2(6d — 1)]=11(4 — 10d) — 139
27. 39+ 8(4h -3)]=2(5 - 12h) - 19 28. 3[-14 + 2(15k — 6)] = 8(3 — 5k) — 24
29. 30.

S2m+4) +8(m —7)]=2[3(5 + m) — (21 — 3m)] 105(n+ 1) +4(m— 1] = 11{7(5 + n) — (25 — 3n)]

Classify Equations

In the following exercises, classify each equation as a conditional equation, an identity, or a contradiction and then state the
solution.

3L 23z+ 19 = 3(52— 9) + 8z + 46 32. 15y +32 = 2(10y — 7)— Sy + 46
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33. 18(5j— 1) +29 = 47 34. 24(3d — 4) + 100 = 52
35. 22(3m — 4) = 82m + 9) 36. 30(2n — 1) = 5(10n + 8)
37. Tv+42=113v+8)—2(13v— 1) 38. 18u — 51 = 9(4u + 5) — 6(3u — 10)
30. 45(3y —2) = 9(15y — 6) 40. 60Q2x — 1) = 15(8x + 5)
41. 9(14d + 9) + 4d = 13(10d + 6) + 3 42. 11(8¢ +5) — 8¢ = 2(40c +25) + 5

Solve Equations with Fraction or Decimal Coefficients
In the following exercises, solve each equation with fraction coefficients.

l._.1__3 3,_1_1
43.4x 7= "% 44.4x >=1
5,-2__3 Sy_1__1
B3 72 8737 7%
1,,3_3 5,.1__3
47. 4t =7 48. 8b+2 7
1, _1,,2 =3,_1,42
49.2—3x 2x+3x 50. 2 5 3x+5x
1,45, -1 l,_1_1,,1
51. 3w+4—w 7 52. 54~y 6a+12
1,,1_2, 3 l.,2_1,_2
53. 3b+5—5b 3 54. 3x+5 X5
55. Lp—7)=Lp +5) 56. Lig +3)=1ig-3)
4 3 "5 2
1 =3 1 =3
57. s(x+4) =7 58. 2(x+5) = ¢
4n+8 _n 3p+6 _p
59. =75 3 60. —5—=7%
3x+4 _5x+10 10y — 2 _10y+1
6l =5—+1 3 62. — +3= 5
Ju—1_1_4u+38 3v—06 _1llv—4
63. 7 1= 3 64. 5 +5 3
In the following exercises, solve each equation with decimal coefficients.
65. 0.4x+0.6 =0.5x— 1.2 66. 0.7x +04 =0.6x+24
67. 0.9x —1.25=0.75x+ 1.75 68. 1.2x — 091 = 0.8x+2.29
69. 0.057 4+ 0.10(n + 8) = 2.15 70. 0.057 4+ 0.10(n + 7) = 3.55
71. 0.10d + 0.25(d + 5) = 4.05 72. 0.10d + 0.25(d +7) = 5.25

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Everyday Math

73. Fencing Micah has 74 feet of fencing to make a
dog run in his yard. He wants the length to be 2.5 feet
more than the width. Find the length, L, by solving the
equation 2L +2(L —2.5) = 74.

Writing Exercises

75. Using your own words, list the steps in the general
strategy for solving linear equations.

77. What is the first step you take when solving the
equation 3 —7(y —4) =38? Why is this your first

step?

79. If an equation has fractions only on one side, why
do you have to multiply both sides of the equation by
the LCD?

Self Check

74. Stamps Paula bought $22.82 worth of 49-cent
stamps and 21-cent stamps. The number of 21-cent
stamps was eight less than the number of

49-cent stamps. Solve the equation

0.495 + 0.21(s — 8) = 22.82 for s, to find the number

of 49-cent stamps Paula bought.

76. Explain why you should simplify both sides of an
equation as much as possible before collecting the
variable terms to one side and the constant terms to
the other side.

78. If an equation has several fractions, how does
multiplying both sides by the LCD make it easier to
solve?

80. For the equation 0.35x + 2.1 = 3.85, how do you
clear the decimal?

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

With some No-I don't

Confidently help getit!

solve linear equations using a general
strategy.

classify equations.

solve equations with fraction or decimal
coefficients.

® If most of your checks were:
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...confidently. Congratulations! You have achieved the objectives in this section. Reflect on the study skills you used so that you
can continue to use them. What did you do to become confident of your ability to do these things? Be specific.

...with some help. This must be addressed quickly because topics you do not master become potholes in your road to success.
In math every topic builds upon previous work. It is important to make sure you have a strong foundation before you move on.
Whom can you ask for help?Your fellow classmates and instructor are good resources. Is there a place on campus where math

tutors are available? Can your study skills be improved?

..ho - I don't get it! This is a warning sign and you must not ignore it. You should get help right away or you will quickly be
overwhelmed. See your instructor as soon as you can to discuss your situation. Together you can come up with a plan to get you

the help you need.
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22

Use a Problem Solving Strategy

Learning Objectives

By the end of this section, you will be able to:

Use a problem solving strategy for word problems
Solve number word problems

Solve percent applications

Solve simple interest applications

BE PREPARED :: 2.4 Before you get started, take this readiness quiz.

Translate “six less than twice x” into an algebraic expression.
If you missed this problem, review Example 1.8.

BE PREPARED : : 2.5 Convert 4.5% to a decimal.
If you missed this problem, review Example 1.40.

BE PREPARED :: 2.6 Convert 0.6 to a percent.
If you missed this problem, review Example 1.40.

Have you ever had any negative experiences in the past with word problems? When we feel we have no control, and
continue repeating negative thoughts, we set up barriers to success. Realize that your negative experiences with word
problems are in your past. To move forward you need to calm your fears and change your negative feelings.

Start with a fresh slate and begin to think positive thoughts. Repeating some of the following statements may be helpful
to turn your thoughts positive. Thinking positive thoughts is a first step towards success.

Ithink I can!IthinkI can!
While word problems were hard in the past, I think I can try them now.
I am better prepared now—I think I will begin to understand word problems.

I am able to solve equations because I practiced many problems and I got help when I needed it—I can try that
with word problems.

It may take time, but I can begin to solve word problems.

You are now well prepared and you are ready to succeed. If you take control and believe you can be successful, you will
be able to master word problems.

Use a Problem Solving Strategy for Word Problems

Now that we can solve equations, we are ready to apply our new skills to word problems. We will develop a strategy we
can use to solve any word problem successfully.

EXAMPLE 2.14

Normal yearly snowfall at the local ski resort is 12 inches more than twice the amount it received last season. The normal
yearly snowfall is 62 inches. What was the snowfall last season at the ski resort?

“) Solution

Step 1. Read the problem.
Step 2. Identify what you are looking for. What was the snowfall last season?

Step 3. Name what we are looking for and Let s = the snowfall last season.
choose a variable to represent it.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Step 4. Translate.
Restate the problem in one sentence with all the important
information.

Translate into an equation.
Step 5. Solve the equation.
Subtract 12 from each side.
Simplify.

Divide each side by two.

Simplify.

117

twelve more than
twice the amount last year

The normal
snowfall was

62 = 25+12
62=25+12
62-12=2s+12-12
50=2s

50 _2s
)

25=s

Step 6. Check: First, is our answer reasonable?
Yes, having 25 inches of snow seems OK.

The problem says the normal snowfall is twelve
inches more than twice the number of last season.
Twice 25 is 50 and 12 more than that is 62.

Step 7. Answer the question. The snowfall last season was 25 inches.

TRYIT:: 227

Guillermo bought textbooks and notebooks at the bookstore. The number of textbooks was three more than twice
the number of notebooks. He bought seven textbooks. How many notebooks did he buy?

TRYIT::228

Gerry worked Sudoku puzzles and crossword puzzles this week. The number of Sudoku puzzles he completed is
eight more than twice the number of crossword puzzles. He completed 22 Sudoku puzzles. How many crossword
puzzles did he do?

We summarize an effective strategy for problem solving.

.@. HOW TO:: USE A PROBLEM SOLVING STRATEGY FOR WORD PROBLEMS.

Step 1. Read the problem. Make sure all the words and ideas are understood.

Step 2. Identify what you are looking for.

Step3. Name what you are looking for. Choose a variable to represent that quantity.

Step4. Translate into an equation. It may be helpful to restate the problem in one sentence with all
the important information. Then, translate the English sentence into an algebra equation.

Step 5. Solve the equation using proper algebra techniques.

Step 6. Check the answer in the problem to make sure it makes sense.

Step 7. Answer the question with a complete sentence.

Solve Number Word Problems

We will now apply the problem solving strategy to “number word problems.” Number word problems give some clues
about one or more numbers and we use these clues to write an equation. Number word problems provide good practice
for using the Problem Solving Strategy.

EXAMPLE 2.15




118 Chapter 2 Solving Linear Equations

The sum of seven times a number and eight is thirty-six. Find the number.
© Solution

Step 1. Read the problem.
Step 2. Identify what you are looking for. the number

Step 3. Name what you are looking for and Let n = the number.
choose a variable to represent it.

Step 4. Translate: The sum of seven times a number and 8 is 36

Restate the problem as one sentence.

. . n+8 = 36
Translate into an equation.

Step 5. Solve the equation. 7n+8=36
Subtract eight from each side and simplify. 7n =28
Divide each side by seven and simplify. n=4

Step 6. Check.
Is the sum of seven times four plus eight equal to 36?
7-4+38 36

28 +8 36
36 36V

[l Il

Step 7. Answer the question. The number is 4.

Did you notice that we left out some of the steps as we solved this equation? If you're not yet ready to leave out these
steps, write down as many as you need.

TRYIT::229 The sum of four times a number and two is fourteen. Find the number.

TRYIT::230 The sum of three times a number and seven is twenty-five. Find the number.

Some number word problems ask us to find two or more numbers. It may be tempting to name them all with different
variables, but so far, we have only solved equations with one variable. In order to avoid using more than one variable,
we will define the numbers in terms of the same variable. Be sure to read the problem carefully to discover how all the
numbers relate to each other.

EXAMPLE 2.16

The sum of two numbers is negative fifteen. One number is nine less than the other. Find the numbers.
© Solution

Step 1. Read the problem.
Step 2. Identify what you are looking for. ~ two numbers

Step 3. Name what you are looking for by
choosing a variable to represent the first Let n = 15 number.
number.

“One number is nine less than the other.”
n—9=2" number

Step 4. Translate.

Write as one sentence. The sum of two numbers is negative fifteen.
Translate into an equation‘ 1* number + 2™ number is negative fifteen
n + n-9 = -15

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Step 5. Solve the equation.

119

n+n-9=-15

Combine like terms. 2n-9=-15

Add nine to each side and simplify. 2n=-6

Simplify. n=-3 1%number
n-9 2" number
-3-9
-12

Step 6. Check.
Is —12 nine less than —37?
9

—3-9 £ 12
-12 = -12V
Is their sum —157?
34+(-12) £ -15
-15 —-15v

Step 7. Answer the question.

The numbers are —3 and —12.

TRYIT:: 231

The sum of two numbers is negative twenty-three. One number is seven less than the other. Find the numbers.

TRYIT:: 232

The sum of two numbers is negative eighteen. One number is forty more than the other. Find the numbers.

Some number problems involve consecutive integers. Consecutive integers are integers that immediately follow each

other. Examples of consecutive integers are:

1, 2, 3, 4
-10, -9, -8, -7
150, 151, 152, 153

Notice that each number is one more than the number preceding it. Therefore, if we define the first integer as n, the next
consecutive integer is n + 1. The one after that is one more than n+ 1, soitis n+ 1+ 1, whichis n+ 2.

n 1%integer
n+1 2™ consecutive integer
n+2 3" consecutive integer

We will use this notation to represent consecutive integers in the next example.

etc.

EXAMPLE 2.17

Find three consecutive integers whose sum is —54.
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©) solution

Step 1. Read the problem.
Step 2. Identify what you are looking for.  three consecutive integers

Step 3. Name each of the three numbers Let n = 1% integer.
n+1=2" consecutive integer

n+2=3" consecutive integer

Step 4. Translate.

Restate as one sentence. The sum of the three integers is —54.
Translate into an equation. n+n+1+n+2=-54

Step 5. Solve the equation. n+n+1+n+2=-54

Combine like terms. 3n+3=-54

Subtract three from each side. 3n=-57

Divide each side by three. n=-19 1*integer

n+1 2"integer

-19 41
-18
n+2 3"integer
-19+2
17
Step 6. Check.
=19+ (-18) +(-17) = =54
=54 = -54v
Step 7. Answer the question. The three consecutive integers are
—-17, —18, and —19.
TRYIT::233 Find three consecutive integers whose sum is —96.
TRYIT::234 Find three consecutive integers whose sum is —36.

Now that we have worked with consecutive integers, we will expand our work to include consecutive even integers and
consecutive odd integers. Consecutive even integers are even integers that immediately follow one another. Examples
of consecutive even integers are:

24,26, 28
-12, —10, -8
Notice each integer is two more than the number preceding it. If we call the first one n, then the next one is n + 2. The
one after thatwouldbe n+2+2 or n+4.

n 1% even integer
n+2 2™ consecutive even integer
n+4 3" consecutive even integer  etc.

Consecutive odd integers are odd integers that immediately follow one another. Consider the consecutive odd integers
63, 65, and 67.

63, 65, 67
nn+2,n+4
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n 1% odd integer
n+2 2™ consecutive odd integer
n+4 3" consecutive odd integer  etc.

Does it seem strange to have to add two (an even number) to get the next odd number? Do we get an odd number or an
even number when we add 2 to 3? to 11?7 to 47?

Whether the problem asks for consecutive even numbers or odd numbers, you do not have to do anything different. The
pattern is still the same—to get to the next odd or the next even integer, add two.

EXAMPLE 2.18

Find three consecutive even integers whose sumis 120.

© Solution

Step 1. Read the problem.
Step 2. Identify what you are looking for.  three consecutive even integers

Step 3. Name. Letn = 1% even integer.
n+2 = 2" consecutive even integer

n+4 = 3" consecutive even integer

Step 4. Translate.

Restate as one sentence. The sum of the three even integers is 120.
Translate into an equation. n+n+2+n+4 =120
Step 5. Solve the equation. n+n+2+n+4=120
Combine like terms. 3n+6=120
Subtract 6 from each side. 3n=114

Divide each side by 3. n=38 1%integer

n+2 2" integer

38+2
40
n+4 3"integer
38+4
42
Step 6. Check.
38+40+42 120
120 =120 v/
Step 7. Answer the question. The three consecutive integers are 38, 40, and 42.
TRYIT::235 Find three consecutive even integers whose sum is 102.
TRYIT::2.36 Find three consecutive even integers whose sum is —24.

When a number problem is in a real life context, we still use the same strategies that we used for the previous examples.

EXAMPLE 2.19
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A married couple together earns $110,000 a year. The wife earns $16,000 less than twice what her husband earns. What
does the husband earn?

“) Solution

Step 1. Read the problem.
Step 2. Identify what you are looking for. How much does the husband earn?

Step 3. Name.
Choose a variable to represent the amount the husband earns.
The wife earns $16,000 less than twice that.

Let h = the amount the husband
earns.

Step 4. Translate.
Restate the problem in one sentence with
all the important information.

2h - 16,000 = the amount the wife
Together the husband and wife earn

Translate into an equation. $110,000.
h+2h—-16,000 = 110,000
Step 5. Solve the equation. h+2h—-16,000 = 110,000
Combine like terms. 34— 16.000 = 110.000
Add 16,000 to both sides and simplify. ’ B ’
Divide each side by three. 3h = 126,000
h = 42,000

$42,000 amount husband earns

2h — 16,000 amount wife earns
2(42,000) — 16,000
84,000 — 16,000

68,000
Step 6. Check:
If the wife earns $68,000 and the husband earns $42,000, is that
$110,000? Yes!
Step 7. Answer the question. The husband earns $42,000 a year.

TRYIT::237

According to the National Automobile Dealers Association, the average cost of a car in 2014 was $28,400. This was
$1,600 less than six times the cost in 1975. What was the average cost of a car in 1975?

TRYIT:: 238

US Census data shows that the median price of new home in the U.S. in November 2014 was $280,900. This was
$10,700 more than 14 times the price in November 1964. What was the median price of a new home in November
19647

Solve Percent Applications

There are several methods to solve percent equations. In algebra, it is easiest if we just translate English sentences into
algebraic equations and then solve the equations. Be sure to change the given percent to a decimal before you use it in
the equation.

EXAMPLE 2.20

Translate and solve:

@ What number is 45% of 84?(®) 8.5% of what amount is $4.76? (©) 168 is what percent of 112?
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©) solution
©)

Translate into algebra. Let n = the number.

Multiply.

Translate. Let n = the amount.
Multiply.
Divide both sides by 0.085 and simplify.

©

We are asked to find percent, so we must
have our result in percent form.

Translate into algebra. Let p = the percent.
Multiply.
Divide both sides by 112 and simplify.

Convert to percent.

123

What number is 45% of 847

n = 045 -+ 84
n=37.38

37.8 is 45% of 84.

8.5% of whatamount is $4.767

0.085 - n = 476
0.085n = 476
n=>56

8.5% of $56 is $4.76

168 is whatpercent of 112?

168 = P 112
168=112p
15=p

150% = p

168 is 150% of 112.

TRYIT:: 239

Translate and solve: ® What number is 45% of 80? ® 7.5% of what amount is $1.95? © 110 is what percent of 88?

TRYIT::2.40

Translate and solve: ® What number is 55% of 60? ® 8.5% of what amount is $3.06? @ 126 is what percent of 72?

Now that we have a problem solving strategy to refer to, and have practiced solving basic percent equations, we are ready
to solve percent applications. Be sure to ask yourself if your final answer makes sense—since many of the applications we
will solve involve everyday situations, you can rely on your own experience.

EXAMPLE 2.21

The label on Audrey’s yogurt said that one serving provided 12 grams of protein, which is 24% of the recommended daily
amount. What is the total recommended daily amount of protein?
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©) solution

What are you asked to find?

Choose a variable to represent it.

Write a sentence that gives the
information to find it.

Translate into an equation.
Solve.
Check: Does this make sense?

Yes, 24% is about i of the total and

12 is about % of 50.

Write a complete sentence to answer the question.

Chapter 2 Solving Linear Equations

What total amount of protein is recommended?
Let a = total amount of protein.

12g is 24% of the total amount

12 = 024 - a

50=a

The amount of protein that is recommended is 50 g.

TRYIT:: 241

One serving of wheat square cereal has 7 grams of fiber, which is 28% of the recommended daily amount. What is

the total recommended daily amount of fiber?

TRYIT::2.42

One serving of rice cereal has 190 mg of sodium, which is 8% of the recommended daily amount. What is the total

recommended daily amount of sodium?

Remember to put the answer in the form requested. In the next example we are looking for the percent.

EXAMPLE 2.22

Veronica is planning to make muffins from a mix. The package says each muffin will be 240 calories and 60 calories will be

from fat. What percent of the total calories is from fat?

© solution
What are you asked to find?
Choose a variable to represent it.

Write a sentence that gives the
information to find it.

Translate the sentence into an equation.

Multiply.
Divide both sides by 240.
Put in percent form.

Check: does this make sense?
Yes, 25% is one-fourth; 60 is one-fourth

of 240. So, 25% makes sense.

Write a complete sentence to answer the question.

What percent of the total calories is fat?

Let p = percent of fat.

What percent of 240 is 60?

p . 240 = 60
240 p =60
p=0.25

p=25%

Of the total calories in each muffin, 25% is fat.
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TRYIT::2.43

Mitzi received some gourmet brownies as a gift. The wrapper said each 28% brownie was 480 calories, and had
240 calories of fat. What percent of the total calories in each brownie comes from fat? Round the answer to the
nearest whole percent.

TRYIT::2.44

The mix Ricardo plans to use to make brownies says that each brownie will be 190 calories, and 76 calories are
from fat. What percent of the total calories are from fat? Round the answer to the nearest whole percent.

It is often important in many fields—business, sciences, pop culture—to talk about how much an amount has increased
or decreased over a certain period of time. This increase or decrease is generally expressed as a percent and called the
percent change.

To find the percent change, first we find the amount of change, by finding the difference of the new amount and the
original amount. Then we find what percent the amount of change is of the original amount.

-@. HOW TO:: FIND PERCENT CHANGE.

Step 1.  Find the amount of change.
change = new amount — original amount

Step 2.  Find what percent the amount of change is of the original amount.
change is what percent of the original amount?

EXAMPLE 2.23

Recently, the California governor proposed raising community college fees from $36 a unit to $46 a unit. Find the percent
change. (Round to the nearest tenth of a percent.)

© solution
Find the amount of change. 46 —36 = 10
Find the percent. Change is what percent of the original amount?
Let p = the percent. 10 is what percent of 367
Translate to an equation. 10 = p + 36
Simplify. 10=36p
Divide both sides by 36. 0.278 =p
Change to percent form; round to the 27.8% ~p
nearest tenth
Write a complete sentence to answer The new fees are approximately a 27.8% increase
the question. over the old fees.

Remember to round the division to the nearest thousandth in order to round the percent to the nearest
tenth.

TRYIT:: 245

Find the percent change. (Round to the nearest tenth of a percent.) In 2011, the IRS increased the deductible
mileage cost to 55.5 cents from 51 cents.
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TRYIT:: 246

Find the percent change. (Round to the nearest tenth of a percent.) In 1995, the standard bus fare in Chicago was
$1.50. In 2008, the standard bus fare was 2.25.

Applications of discount and mark-up are very common in retail settings.

When you buy an item on sale, the original price has been discounted by some dollar amount. The discount rate, usually
given as a percent, is used to determine the amount of the discount. To determine the amount of discount, we multiply
the discount rate by the original price.

The price a retailer pays for an item is called the original cost. The retailer then adds a mark-up to the original cost to
get the list price, the price he sells the item for. The mark-up is usually calculated as a percent of the original cost. To
determine the amount of mark-up, multiply the mark-up rate by the original cost.

Discount

amount of discount = discount rate - original price
sale price = original amount — discount price

The sale price should always be less than the original price.

Mark-up

amount of mark-up = mark-up rate - original price
list price = original cost + mark-up

The list price should always be more than the original cost.

EXAMPLE 2.24

Liam’s art gallery bought a painting at an original cost of $750. Liam marked the price up 40%. Find @ the amount of

mark-up and ® the list price of the painting.
© solution
®

Identify what you are asked to find, and ~ What is the amount of mark-up?

choose a variable to represent it. Let m = the amount of mark-up.
Write a sentence that gives the The mark-up is 40% of the $750 original cost
information to find it.
Translate into an equation. m = 040 x 750
Solve the equation. m =300
Write a complete sentence. The mark-up on the painting was $300.
®
Identify what you are asked to find, and  What is the list price?
choose a variable to represent it. Let p = the list price.
Write a sentence that gives the The list price  is original cost plus the mark-up

information to find it.

Translate into an equation. p = 750 + 300
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Solve the equation. p=1,050

Check. Is the list price more than the original cost?
Is $1,050 more than $750? Yes.

Write a complete sentence. The list price of the painting was $1,050.

TRYIT:: 2.47

Find ® the amount of mark-up and ® the list price: Jim’s music store bought a guitar at original cost $1,200. Jim
marked the price up 50%.

TRYIT:: 2.48

Find ® the amount of mark-up and ® the list price: The Auto Resale Store bought Pablo’s Toyota for $8,500. They
marked the price up 35%.

Solve Simple Interest Applications

Interest is a part of our daily lives. From the interest earned on our savings to the interest we pay on a car loan or credit
card debt, we all have some experience with interest in our lives.

The amount of money you initially deposit into a bank is called the principal, P, and the bank pays you interest, I. When
you take out a loan, you pay interest on the amount you borrow, also called the principal.

In either case, the interest is computed as a certain percent of the principal, called the rate of interest, r. The rate of
interest is usually expressed as a percent per year, and is calculated by using the decimal equivalent of the percent. The
variable t, (for time) represents the number of years the money is saved or borrowed.

Interest is calculated as simple interest or compound interest. Here we will use simple interest.
Simple Interest

If an amount of money, P, called the principal, is invested or borrowed for a period of t years at an annual interest rate
r, the amount of interest, I, earned or paid is

= interest

principal

= rate

= time

I = Prt where

-~ N U~
Il

Interest earned or paid according to this formula is called simple interest.

The formula we use to calculate interest is I = Prt. To use the formula we substitute in the values for variables that are
given, and then solve for the unknown variable. It may be helpful to organize the information in a chart.

EXAMPLE 2.25

Areli invested a principal of $950 in her bank account that earned simple interest at an interest rate of 3%. How much
interest did she earn in five years?

) Solution
I = 7

P = $950
r = 3%

t = Syears
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What is the simple interest?

Identify what you are asked to find, and choose a variable to represent it. Let I = interest

Write the formula. I=Prt
Substitute in the given information. 1'=(950)(0.03)(5)
Simplify. [=1425

Check.

Is $142.50 a reasonable amount of interest on $950?
Yes.

Write a complete sentence. The interest is $142.50.

TRYIT::2.49

Nathaly deposited $12,500 in her bank account where it will earn 4% simple interest. How much interest will
Nathaly earn in five years?

TRYIT:: 250

Susana invested a principal of $36,000 in her bank account that earned simple interest at an interest rate of 6.5%.

How much interest did she earn in three years?

There may be times when we know the amount of interest earned on a given principal over a certain length of time, but
we do not know the rate.

EXAMPLE 2.26

Hang borrowed $7,500 from her parents to pay her tuition. In five years, she paid them $1,500 interest in addition to the
$7,500 she borrowed. What was the rate of simple interest?

© Solution
I = $1500
P = $7500
ro= 7
t = Syears

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Identify what you are asked to find, and choose a variable to
represent it.

Write the formula.

Substitute in the given information.
Multiply.

Divide.

Change to percent form.

Check.

I = Prt
1,500 2 (7,500)(0.04)(5)
1,500 = 1,500 v/

Write a complete sentence.
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What is the rate of simple
interest?
Let r = rate of interest.

I = Prt
1,500 = (7,500)r(5)
1,500 = 37,500~
0.04 = r
4% = r

The rate of interest was 4%.

TRYIT:: 251

Jim lent his sister $5,000 to help her buy a house. In three years, she paid him the $5,000, plus $900 interest. What

was the rate of simple interest?

TRYIT:: 252

Loren lent his brother $3,000 to help him buy a car. In four years, his brother paid him back the $3,000 plus $660

in interest. What was the rate of simple interest?

In the next example, we are asked to find the principal—the amount borrowed.

EXAMPLE 2.27

Sean’s new car loan statement said he would pay $4,866,25 in interest from a simple interest rate of 8.5% over five years.

How much did he borrow to buy his new car?

© solution
I = 4,866.25
P =7

r = 85%

t = Syears
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What is the amount borrowed (the
principal)?
Let P = principal borrowed.

Identify what you are asked to find, and choose a variable to
represent it.

. I = Prt
Write the formula.
Substitute in the given information. 4.866.25 = P(0.085)(5)
Multiply. 4,866.25 = 0.425P
Divide. 11,450 = P
Check.
I = Prt
486625 = (11,450)(0.085)(5)
4,866.25 = 4,866.25 v/
Write a complete sentence. The principal was $11,450.

TRYIT:: 253

Eduardo noticed that his new car loan papers stated that with a 7.5% simple interest rate, he would pay $6,596.25
in interest over five years. How much did he borrow to pay for his car?

TRYIT:: 254

In five years, Gloria’s bank account earned $2,400 interest at 5% simple interest. How much had she deposited in
the account?

|Z| MEDIA : :

Access this online resource for additional instruction and practice with using a problem solving strategy.
* Begining Arithmetic Problems (https://openstax.org/l/37begalgwordpro)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3


https://openstax.org/l/37begalgwordpro

Chapter 2 Solving Linear Equations

L 2.2 EXERCISES
Practice Makes Perfect

Use a Problem Solving Strategy for Word Problems

81. List five positive thoughts you
can say to yourself that will help
you approach word problems with
a positive attitude. You may want
to copy them on a sheet of paper
and put it in the front of your
notebook, where you can read
them often.

In the following exercises, solve using the problem solving strategy for word problems. Remember to write a complete sentence

to answer each question.

83. There are 16 girls in a school
club. The number of girls is four
more than twice the number of
boys. Find the number of boys.

86. Jeff is lining up children’s and
adult bicycles at the bike shop
where he works. The number of
children’s bicycles is nine less than
three times the number of adult
bicycles. There are 42 adult
bicycles. How many children’s
bicycles are there?

Solve Number Word Problems

82. List five negative thoughts that
you have said to yourself in the
past that will hinder your progress
on word problems. You may want
to write each one on a small piece
of paper and rip it up to
symbolically destroy the negative
thoughts.

84. There are 18 Cub Scouts in
Troop 645. The number of scouts
is three more than five times the
number of adult leaders. Find the
number of adult leaders.

In the following exercises, solve each number word problem.

87. The difference of a number
and 12 is three. Find the number.

90. The sum of twice a number
and six is 14. Find the number.

93. Three times the sum of a
number and nine is 12. Find the
number.

96. One number is five more than
the other. Their sum is 33. Find the
numbers.

99. One number is 14 less than
another. If their sum is increased
by seven, the result is 85. Find the
numbers.

102. The sum of two numbers is
zero. One number is nine less than
twice the other. Find the
numbers.

88. The difference of a number
and eight is four. Find the
number.

91. The difference of twice a
number and seven is 17. Find the
number.

94. Six times the sum of a number
and eight is 30. Find the number.

97. The sum of two numbers is 20.
One number is four less than the
other. Find the numbers.

100. One number is 11 less than
another. If their sum is increased
by eight, the result is 71. Find the
numbers.

103. The sum of two consecutive
integers is 77. Find the integers.

85. Huong is organizing
paperback and hardback books
for her club’s used book sale. The
number of paperbacks is 12 less
than three times the number of
hardbacks. Huong had 162
paperbacks. How many hardback
books were there?

89. The sum of three times a
number and eight is 23. Find the
number.

92. The difference of four times a
number and seven is 21. Find the
number.

95. One number is six more than
the other. Their sum is 42. Find the
numbers.

98. The sum of two numbers is 27.
One number is seven less than the
other. Find the numbers.

101. The sum of two numbers is
14. One number is two less than
three times the other. Find the
numbers.

104. The sum of two consecutive
integers is 89. Find the integers.
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105. The sum of three consecutive
integers is 78. Find the integers.

108. Find three consecutive
integers whose sumis —3.

111. Find three consecutive odd
integers whose sumis —213.

114. Marc just bought an SUV for
$54,000. This is $7,400 less than
twice what his wife paid for her car
last year. How much did his wife
pay for her car?

Solve Percent Applications

106. The sum of three consecutive
integers is 60. Find the integers.

109. Find three consecutive even
integers whose sum is 258.

112. Find three consecutive odd
integers whose sum is —267.

115. Laurie has $46,000 invested in
stocks and bonds. The amount
invested in stocks is $8,000 less
than three times the amount

invested in bonds. How much
does Laurie have invested in
bonds?

In the following exercises, translate and solve.

117. @ What number is 45% of
120? ® 81 is 75% of what number?
@ What percent of 260 is 78?

1200 @ 150% of 90 is what

number? ® 6.4% of what amount

is $2.88? @ 50 is what percent of
40?

In the following exercises, solve.

121. Geneva treated her parents to
dinner at their favorite restaurant.
The bill was $74.25. Geneva wants
to leave 16% of the total bill as a
tip. How much should the tip be?

124. One serving of trail mix has
67 grams of carbohydrates, which
is 22% of the recommended daily
amount. What is the total
recommended daily amount of
carbohydrates?

127. The nutrition fact sheet at a
fast food restaurant says the fish
sandwich has 380 calories, and
171 calories are from fat. What
percent of the total calories is
from fat?

118. ® What number is 65% of
100? ® 93 is 75% of what number?
@ What percent of 215 is 86?

122. When Hiro and his co-workers
had lunch at a restaurant near
their work, the bill was $90.50.
They want to leave 18% of the total
bill as a tip. How much should the
tip be?

125. A bacon cheeseburger at a
popular fast food restaurant
contains 2070 milligrams (mg) of
sodium, which is 86% of the
recommended daily amount.
What is the total recommended
daily amount of sodium?

128. The nutrition fact sheet at a
fast food restaurant says a small
portion of chicken nuggets has
190 calories, and 114 calories are
from fat. What percent of the total
calories is from fat?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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107. Find three consecutive
integers whose sumis —36.

110. Find three consecutive even
integers whose sum is 222.

113. Philip pays $1,620 in rent
every month. This amount is $120
more than twice what his brother
Paul pays for rent. How much
does Paul pay for rent?

116. Erica earned a total of $50,450
last year from her two jobs. The
amount she earned from her job
at the store was $1,250 more than
three times the amount she
earned from her job at the college.
How much did she earn from her
job at the college?

119. ® 250% of 65 is what

number? ® 8.2% of what amount

is $2.87? @ 30 is what percent of
20?

123. One serving of oatmeal has
8 grams of fiber, which is 33% of
the recommended daily amount.
What is the total recommended
daily amount of fiber?

126. A grilled chicken salad at a
popular fast food restaurant
contains 650 milligrams (mg) of
sodium, which is 27% of the
recommended daily amount.
What is the total recommended
daily amount of sodium?

129. Emma gets paid $3,000 per
month. She pays $750 a month for
rent. What percent of her monthly
pay goes to rent?
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130. Dimple gets paid $3,200 per
month. She pays $960 a month for
rent. What percent of her monthly
pay goes to rent?

In the following exercises, solve.

131. Tamanika received a raise in
her hourly pay, from $15.50 to
$17.36. Find the percent change.

134. The price of a share of one
stock rose from $12.50 to $50. Find
the percent change.

137. Hernando's salary was
$49,500 last year. This year his
salary was cut to $44,055. Find the
percent change.

In the following exercises, find @ the amount of discount and ® the sale price.

139. Janelle bought a beach chair on sale at 60% off. The

original price was $44.95.

132. Ayodele received a raise in
her hourly pay, from $24.50 to
$25.48. Find the percent change.

135. A grocery store reduced the
price of a loaf of bread from $2.80
to $2.73. Find the percent change.

138.In ten years, the population of
Detroit fell from 950,000 to about
712,500. Find the percent change.

133. Annual student fees at the
University of California rose from
about $4,000 in 2000 to about
$12,000 in 2010. Find the percent
change.

136. The price of a share of one
stock fell from $8.75 to $8.54. Find
the percent change.

140. Errol bought a skateboard helmet on sale at 40%

off. The original price was $49.95.
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In the following exercises, find @ the amount of discount and ® the discount rate (Round to the nearest tenth of a percent if

needed.)

141. Larry and Donna bought a sofa at the sale price of
$1,344. The original price of the sofa was $1,920.

142. Hiroshi bought a lawnmower at the sale price of
$240. The original price of the lawnmower is $300.

In the following exercises, find @ the amount of the mark-up and ® the list price.

143. Daria bought a bracelet at
original cost $16 to sell in her
handicraft store. She marked the
price up 45%. What was the list
price of the bracelet?

146. Flora paid her supplier $0.74 a
stem for roses to sell at her flower
shop. She added an 85% mark-up.
What price did she charge her
customers for the roses?

Solve Simple Interest Applications

In the following exercises, solve.

147. Casey deposited $1,450 in a
bank account that earned simple
interest at an interest rate of 4%.
How much interest was earned in
two years?

150. Carleen deposited $16,400 in
a bank account that earned simple
interest at an interest rate of 3.9%
How much interest was earned in
eight years?

144. Regina bought a handmade
quilt at original cost $120 to sell
in her quilt store. She marked the
price up 55%. What was the list
price of the quilt?

148. Terrence deposited $5,720 in
a bank account that earned simple
interest at an interest rate of 6%.
How much interest was earned in
four years?

151. Hilaria borrowed $8,000 from
her grandfather to pay for college.
Five years later, she paid him back
the $8,000, plus $1,200 interest.
What was the rate of simple
interest?

145. Tom paid $0.60 a pound for
tomatoes to sell at his produce
store. He added a 33% mark-up.
What price did he charge his
customers for the tomatoes?

149. Robin deposited $31,000 in a
bank account that earned simple
interest at an interest rate of 5.2%.
How much interest was earned in
three years?

152. Kenneth lent his niece $1,200
to buy a computer. Two years
later, she paid him back the
$1,200, plus $96 interest. What
was the rate of simple interest?
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153. Lebron lent his daughter
$20,000 to help her buy a

condominium. When she sold the
condominium four years later, she
paid him the $20,000, plus $3,000
interest. What was the rate of
simple interest?

156. In 25 years, a bond that paid
4.75% simple interest earned
$2,375 interest. What was the
principal of the bond?

154. Pablo borrowed $50,000 to
start a business. Three years later,
he repaid the $50,000, plus $9,375
interest. What was the rate of
simple interest?

157. Joshua’s computer loan
statement said he would pay
$1,244.34 in simple interest for a
three-year loan at 12.4%. How
much did Joshua borrow to buy

Chapter 2 Solving Linear Equations

155. In 10 years, a bank account
that paid 5.25% simple interest
earned $18,375 interest. What was
the principal of the account?

158. Margaret'’s car loan
statement said she would pay
$7,683.20 in simple interest for a
five-year loan at 9.8%. How much
did Margaret borrow to buy the

the computer?

Everyday Math

159. Tipping At the campus coffee cart, a medium
coffee costs $1.65. MaryAnne brings $2.00 with her
when she buys a cup of coffee and leaves the change
as a tip. What percent tip does she leave?

Writing Exercises

161. What has been your past experience solving word
problems? Where do you see yourself moving
forward?

163. After returning from vacation, Alex said he should
have packed 50% fewer shorts and 200% more shirts.
Explain what Alex meant.

Self Check

car?

160. Tipping Four friends went out to lunch and the
bill came to $53.75 They decided to add enough tip
to make a total of $64, so that they could easily split
the bill evenly among themselves. What percent tip did
they leave?

162. Without solving the problem “44 is 80% of what
number” think about what the solution might be.
Should it be a number that is greater than 44 or less
than 44? Explain your reasoning.

164. Because of road construction in one city,
commuters were advised to plan that their Monday
morning commute would take 150% of their usual
commuting time. Explain what this means.

@ After completing the exercises, use this checklist to evaluate your mastery of the objective of this section.

Ican...

With some No-I don't

Confidently help getit!

use a problem-solving strategy for word
problems.

solve number problems.

solve percent applications.

solve simple interest applications.

® After reviewing this checklist, what will you do to become confident for all objectives?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Solve a Formula for a Specific Variable

Learning Objectives

By the end of this section, you will be able to:

Solve a formula for a specific variable
Use formulas to solve geometry applications

BE PREPARED : : 2.7 Before you get started, take this readiness quiz.
Evaluate 2(x + 3) when x = 5.
If you missed this problem, review Example 1.6.

BE PREPARED : : 2.8

The length of a rectangle is three less than the width. Let w represent the width. Write an expression for the length
of the rectangle.
If you missed this problem, review Example 1.10.

BE PREPARED :: 2.9 Evaluate %bh when b =14 and h=09.

If you missed this problem, review Example 1.33.

Solve a Formula for a Specific Variable

We have all probably worked with some geometric formulas in our study of mathematics. Formulas are used in so many

fields, it is important to recognize formulas and be able to manipulate them easily.

It is often helpful to solve a formula for a specific variable. If you need to put a formula in a spreadsheet, it is not unusual
to have to solve it for a specific variable first. We isolate that variable on one side of the equals sign with a coefficient of

one and all other variables and constants are on the other side of the equal sign.
1

Geometric formulas often need to be solved for another variable, too. The formula V = gﬂrzh is used to find the volume

of a right circular cone when given the radius of the base and height. In the next example, we will solve this formula for

the height.

EXAMPLE 2.28

Solve the formula V = %ﬂrzh for h.

© solution
Write the formula. v=%nﬁh
Remove the fraction on the right. 3. y=3.%xrzh
Simplify. 3V=xrh
Divide both sides by 7r2. .f_rz =h

We could now use this formula to find the height of a right circular cone when we know the volume and the radius of the
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3V

base, by using the formula h = =%.
r

TRYIT::255 Use the formula A = %h/z to solve for b.

TRYIT::2.356 Use the formula A = %bh to solve for h.

In the sciences, we often need to change temperature from Fahrenheit to Celsius or vice versa. If you travel in a foreign
country, you may want to change the Celsius temperature to the more familiar Fahrenheit temperature.

EXAMPLE 2.29

Solve the formula C = %(F —32) for F.

© solution
Write the formula. C=%(F—32)
Remove the fraction on the right. %C: % . % (F-32)
Simplify. %C= (F-32)
Add 32 to both sides. Sci32=F

5

We can now use the formula F = %C + 32 to find the Fahrenheit temperature when we know the Celsius temperature.

TRYIT::2.57 Solve the formula F = %C + 32 for C.

TRYIT::2.58 Solve the formula A = %h(b + B) for b.

The next example uses the formula for the surface area of a right cylinder.

EXAMPLE 2.30

Solve the formula S = 27212 + 2zrh for h.

) Solution

Write the formula. S=2nr+2xrh

Isolate the h term by subtracting 2zr> from each side. ~ S-28r'=2r'-2zr'+2zxrh

Simplify. S-2ar’=2zrh
Solve for h by dividing both sides by 2zr. S-2zrt _2zrh
2nr 2nr
. . S-2nr _
Simplify. 25 —h

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT::259 Solve the formula A = P + Prt fort.

TRYIT::2.60 Solve the formula A = P + Prt forr.

Sometimes we might be given an equation that is solved for y and need to solve it for x, or vice versa. In the following
example, we're given an equation with both x and y on the same side and we'll solve it for y.

EXAMPLE 2.31

Solve the formula 8x 4+ 7y = 15 fory.

) Solution

We will isolate y on one side of the equation. 8 +7y=15

Subtract 6x from both sides to isolate the term with y. ~ 8X—8x+7y=15-8x

Simplify. 7y=15-8x
Divide both sides by 7 to make the coefficient of y one. 77}’ _15 - 8x
Simplify. y=%

TRYIT::261 Solve the formula 4x + 7y =9 fory.

TRYIT::262 Solve the formula 5x + 8y =1 fory.

Use Formulas to Solve Geometry Applications

In this objective we will use some common geometry formulas. We will adapt our problem solving strategy so that we can
solve geometry applications. The geometry formula will name the variables and give us the equation to solve.

In addition, since these applications will all involve shapes of some sort, most people find it helpful to draw a figure and
label it with the given information. We will include this in the first step of the problem solving strategy for geometry
applications.

9‘. HOW TO:: SOLVE GEOMETRY APPLICATIONS.

Step 1. Read the problem and make sure all the words and ideas are understood.
Step 2. Identify what you are looking for.

Step 3. Name what we are looking for by choosing a variable to represent it. Draw the figure and label
it with the given information.

Step 4. Translate into an equation by writing the appropriate formula or model for the situation.
Substitute in the given information.

Step 5. Solve the equation using good algebra techniques.
Step 6. Check the answer in the problem and make sure it makes sense.
Step 7. Answer the question with a complete sentence.

When we solve geometry applications, we often have to use some of the properties of the figures. We will review those
properties as needed.

The next example involves the area of a triangle. The area of a triangle is one-half the base times the height. We can write
thisas A = %bh, where b = length of the base and h = height.
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EXAMPLE 2.32

The area of a triangular painting is 126 square inches. The base is 18 inches. What is the height?
© Solution

Step 1. Read the problem.

Step 2. Identify what you are looking for. height of a triangle
Step 3. Name.
Choose a variable to represent it. Let h = the height.

Draw the figure and label it with the given information.  Area =126 sq. in.

18in
Step 4. Translate.
Write the appropriate formula. A=dph
2
Substitute in the given information. 126=1.18.1
2
Step 5. Solve the equation. 126 = 9h
Divide both sides by 9. 14=nh
Step 6. Check.
=1
A = 2bh
2 1.3.
126 = > 18- 14
126 = 126/
Step 7. Answer the question. The height of the triangle is 14 inches.

TRYIT:: 263

The area of a triangular church window is 90 square meters. The base of the window is 15 meters. What is the
window'’s height?

TRYIT:: 264

Atriangular tent door has area 15 square feet. The height is five feet. What is the length of the base?

In the next example, we will work with a right triangle. To solve for the measure of each angle, we need to use two

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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triangle properties. In any triangle, the sum of the measures of the angles is 180°. We can write this as a formula:
msA+m<sB+m<« C=180. Also, since the triangle is a right triangle, we remember that a right triangle has one
90° angle.

Here, we will have to define one angle in terms of another. We will wait to draw the figure until we write expressions for
all the angles we are looking for.

EXAMPLE 2.33

The measure of one angle of a right triangle is 40 degrees more than the measure of the smallest angle. Find the
measures of all three angles.

© Ssolution

Step 1. Read the problem.
Step 2. Identify what you are looking for. the measures of all three angles
Step 3. Name. Choose a variable to represent it. Leta = 1% angle.
a+40 = 2" angle
90 = 3" angle (the right angle)

Draw the figure and label it with the given information. A
a+40
a
C B
Step 4. Translate.
Write the appropriate formula. m£A+ mZB+m£C=180
Substitute into the formula. a+(a+40)+90=180
Step 5. Solve the equation. 2a+130=180
2a=50
a = 25 first angle
a + 40 second angle
25+ 40
65
90 third angle
Step 6. Check.
25+65+90 < 180
180 = 180V
Step 7. Answer the question. The three angles measure 25°, 65°, and 90°.

TRYIT:: 2.65

The measure of one angle of a right triangle is 50 more than the measure of the smallest angle. Find the measures
of all three angles.
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TRYIT:: 266

The measure of one angle of a right triangle is 30 more than the measure of the smallest angle. Find the measures
of all three angles.

The next example uses another important geometry formula. The Pythagorean Theorem tells how the lengths of the
three sides of a right triangle relate to each other. Writing the formula in every exercise and saying it aloud as you write it
may help you memorize the Pythagorean Theorem.

The Pythagorean Theorem

In any right triangle, where a and b are the lengths of the legs, and c is the length of the hypotenuse, the sum of the
squares of the lengths of the two legs equals the square of the length of the hypotenuse.

“ Bﬁ -
b

We will use the Pythagorean Theorem in the next example.

EXAMPLE 2.34

Use the Pythagorean Theorem to find the length of the other leg in
12
‘ : 13

Step 2. Identify what you are looking for.  the length of the leg of the triangle

“ Solution

Step 1. Read the problem.

Step 3. Name.
Choose a variable to represent it. Let a = the leg of the triangle.
Label side a. =

a 13
Step 4. Translate.
Write the appropriate formula. a2 +b? = (2
Substitute.

Hbstite A+ 122 = 132
Step 5. Solve the equation. aZ+144 = 169
Isolate the variable term. 2 _ s
Use the definition of square root. a =
Simplify. a = \25

a =5
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Step 6. Check.
5:4 122213

25+ 1442169
169 =169 v
Step 7. Answer the question. The length of the leg is 5.
TRYIT:: 267 Use the Pythagorean Theorem to find the length of the leg in the figure.
15 17
[1 N\
b
TRYIT::268 Use the Pythagorean Theorem to find the length of the leg in the figure.
15
9
b

The next example is about the perimeter of a rectangle. Since the perimeter is just the distance around the rectangle, we
find the sum of the lengths of its four sides—the sum of two lengths and two widths. We can write is as P = 2L +2W

where L is the length and W is the width. To solve the example, we will need to define the length in terms of the width.

EXAMPLE 2.35

The length of a rectangle is six centimeters more than twice the width. The perimeter is 96 centimeters. Find the length
and width.

“) Solution

Step 1. Read the problem.

Step 2. Identify what we are looking for. the length and the width
Step 3. Name. Choose a variable to represent the width.  Let w = width.
The length is six more than twice the width. 2w+ 6= length
w
2W+6
P =96 cm

Step 4. Translate.
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Write the appropriate formula. P=2L+42W
Substitute in the given information. 96 = 2(2W + 6) + 2W

Step 5. Solve the equation. 96 =4W +12 + 2W
96 =6W+12

84 = 6W
14 = W (width)

2W+ 6 (length)
2(14) + 6
34 The lengthis 34 cm.

Step 6. Check.

14cm
34cm
P = 2L4+2W
96 < 2.34+2-14
9% = 9%V
Step 7. Answer the question. The length is 34 cm and the width is 14 cm.

TRYIT: : 2,60

The length of a rectangle is seven more than twice the width. The perimeter is 110 inches. Find the length and
width.

TRYIT:: 270

The width of a rectangle is eight yards less than twice the length. The perimeter is 86 yards. Find the length and
width.

The next example is about the perimeter of a triangle. Since the perimeter is just the distance around the triangle, we find
the sum of the lengths of its three sides. We can write thisas P =a+ b+ ¢, where g, b, and ¢ are the lengths of the

sides.

EXAMPLE 2.36

One side of a triangle is three inches more than the first side. The third side is two inches more than twice the first. The
perimeter is 29 inches. Find the length of the three sides of the triangle.

© solution

Step 1. Read the problem.

Step 2. Identify what we are looking for.  the lengths of the three sides of a triangle
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Step 3. Name. Choose a variable to Letx = length of 1% side.

represent the length of the first side. q .
x+3 length of 2" side

2x+2 = length of 3" side

N Perimeter is 29 in.
X

2%+ 2
Step 4. Translate. P=a+b+c
Write the appropriate formula. 29=x+(x+3)+(2x+2)
Substitute in the given information.
Step 5. Solve the equation. 29=4x+5
24 = 4x

6 =x length of first side

x+3 length of second side

6+3
9
2x+ 2 length of second side
2°6+2
14
Step 6. Check.
6 9
14
2926+9+14
29=29v
Step 7. Answer the question. The lengths of the sides of the triangle

are 6,9, and 14 inches.

TRYIT:: 271

One side of a triangle is seven inches more than the first side. The third side is four inches less than three times
the first. The perimeter is 28 inches. Find the length of the three sides of the triangle.

TRYIT::2.72

One side of a triangle is three feet less than the first side. The third side is five feet less than twice the first. The
perimeter is 20 feet. Find the length of the three sides of the triangle.

EXAMPLE 2.37

The perimeter of a rectangular soccer field is 360 feet. The length is 40 feet more than the width. Find the length and
width.
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©) solution

Step 1. Read the problem.

Step 2. Identify what we are looking for. the length and width of the soccer field
Step 3. Name. Choose a variable to representit.  Let w = width.

The length is 40 feet more than the width. w+40 = length

Draw the figure and label it with the Perimeter = 360 feet

given information.

W+ 40
Step 4. Translate. P=2L+2W
Write the appropriate formula and 360 = 2(w + 40) + 2w
substitute.
Step 5. Solve the equation. 360 = 2w + 80 + 2w
360 = 4w + 80
280 = 4w
70=w  the width of the field
w+ 40 the length of the field
70 + 40
110
Step 6. Check.
P = 2L+2W
360 £ 2(110) +2(70)
360 = 360V
Step 7. Answer the question. The length of the soccer field is 110 feet

and the width is 70 feet.

TRYIT:: 273

The perimeter of a rectangular swimming pool is 200 feet. The length is 40 feet more than the width. Find the
length and width.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT::2.74

The length of a rectangular garden is 30 yards more than the width. The perimeter is 300 yards. Find the length
and width.

Applications of these geometric properties can be found in many everyday situations as shown in the next example.

EXAMPLE 2.38

Kelvin is building a gazebo and wants to brace each corner by placing a 10" piece of wood diagonally as shown.
A

Z R\

How far from the corner should he fasten the wood if wants the distances from the corner to be equal? Approximate to
the nearest tenth of an inch.

) Solution

Step 1. Read the problem.

Step 2. Identify what we are looking for. the distance from the corner that the
bracket should be attached

Step 3. Name. Choose a variable to representit. Let x = the distance from the corner.
Draw the figure and label it with the given X
information. 10

Step 4. Translate.
Write the appropriate formula and substitute. a2+ pr=c2

x2+x2 =102

Step 5. Solve the equation.

Isolate the variable. 2x% = 100
Use the definition of square root. 2 _ 50
Simplify. Approximate to the nearest tenth. o=
x = V50
x =~ 7.1
Step 6. Check.
a?+b> = ¢?
(7.D2+(7.1)% ~ 102 Yes.
Step 7. Answer the question. Kelvin should fasten each piece of wood

approximately 7.1"” from the corner.
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TRYIT::2.75

John puts the base of a 13-foot ladder five feet from the wall of his house as shown in the figure. How far up the
wall does the ladder reach?

TRYIT::2.76

Randy wants to attach a 17-foot string of lights to the top of the 15 foot mast of his sailboat, as shown in the figure.
How far from the base of the mast should he attach the end of the light string?

[»] mEDIA::

Access this online resource for additional instruction and practice with solving for a variable in literal equations.
+ Solving Literal Equations (https://openstax.org/l/37literalequat)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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L 2.3 EXERCISES
Practice Makes Perfect

Solve a Formula for a Specific Variable

In the following exercises, solve the given formula for the specified variable.

165. Solve the formula C = nd
for d.

168. Solve the formula V = LWH
for H.

171. Solve the formula
A = %dl d2 for dl

174. Solve the formula
A =Th(by +by) for by.

177.Solve 180 = a + b + ¢ fora.

180. Solve the formula
A =%pl+B for 1.

166. Solve the formula C = znd
for =.

169. Solve the formula A = %bh
for b.
172. Solve the formula

A=1d,d, for dy

175. Solve the formula

h =54t + %at2 fora.

178.Solve 180 =a + b + ¢ forc.

181. Solve the formula
P=2L+2W forl.

In the following exercises, solve for the formula for y.

183. Solve the formula
8x+y =15 fory.

186. Solve the formula
—Sx+y=-1 fory.

189. Solve the formula
4x + 3y =7 fory.

192. Solve the formula
5x +2y =10 fory.

184. Solve the formula
9x +y =13 fory.

187. Solve the formula
x—y=—4 fory.

190. Solve the formula
3x+2y =11 fory.

193. Solve the formula
3x —2y =18 fory.

Use Formulas to Solve Geometry Applications

In the following exercises, solve using a geometry formula.

195. A triangular flag has area 0.75
square feet and height 1.5 foot.
What is its base?

198. What is the height of a
triangle with area 893 square
inches and base 38 inches?

196. A triangular window has area
24 square feet and height six feet.
What is its base?

199. The two smaller angles of a
right triangle have equal
measures. Find the measures of
all three angles.

167. Solve the formula V = LWH
for L.

170. Solve the formula A = %bh
for h.

173. Solve the formula
A =Th(by +by) for by.

176. Solve the formula

h =48t + %(Jtt2 for a.

179. Solve the formula
A =%pl+B for p.

182. Solve the formula
P=2L+2W forW.

185. Solve the formula
—4x+y=—6 fory.

188. Solve the formula
x—y=-3 fory.

191. Solve the formula
2x +3y =12 fory.

194. Solve the formula
4x — 3y =12 fory.

197. What is the base of a triangle
with area 207 square inches and
height 18 inches?

200. The measure of the smallest
angle of a right triangle is 20°
less than the measure of the next
larger angle. Find the measures of
all three angles.
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201. The angles in a triangle are
such that one angle is twice the
smallest angle, while the third
angle is three times as large as the
smallest angle. Find the measures
of all three angles.

202. The angles in a triangle are
such that one angle is 20 more
than the smallest angle, while the
third angle is three times as large
as the smallest angle. Find the
measures of all three angles.

Chapter 2 Solving Linear Equations

In the following exercises, use the Pythagorean Theorem to find the length of the hypotenuse.

203.

12

206.

20

4.
16 \
12

205.

20
15 I/

In the following exercises, use the Pythagorean Theorem to find the length of the leg. Round to the nearest tenth if necessary.

207.

10
6

210.
16

20

208.

211.
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213.

214.

As

7

In the following exercises, solve using a geometry formula.

215. The width of a rectangle is
seven meters less than the length.
The perimeter is 58 meters. Find
the length and width.

218. The length of the rectangle is
1.1 meters less than the width.
The perimeter of a rectangle is
49.4 meters. Find the dimensions
of the rectangle.

221. The length of the rectangle is
three meters less than twice the
width. The perimeter of a
rectangle is 36 meters. Find the
dimensions of the rectangle.

224. The perimeter of a triangle is
35 feet. One side of the triangle
is five feet longer than the second
side. The third side is three feet
longer than the second side. Find
the length of each side.

227. The perimeter of a
rectangular field is 560 yards. The
length is 40 yards more than the
width. Find the length and width
of the field.

230. A rectangular rug has
perimeter 240 inches. The length
is 12 inches more than twice the
width. Find the length and width
of the rug.

216. The length of a rectangle is
eight feet more than the width.
The perimeter is 60 feet. Find the
length and width.

219. The perimeter of a rectangle
of 150 feet. The length of the
rectangle is twice the width. Find
the length and width of the
rectangle.

222. The length of a rectangle is
five inches more than twice the
width. The perimeter is 34 inches.
Find the length and width.

225. One side of a triangle is twice
the smallest side. The third side is
five feet more than the shortest
side. The perimeter is 17 feet. Find
the lengths of all three sides.

228. The perimeter of a
rectangular atrium is 160 feet. The
length is 16 feet more than the
width. Find the length and width
of the atrium.

217. The width of the rectangle is
0.7 meters less than the length.
The perimeter of a rectangle is
52.6 meters. Find the dimensions
of the rectangle.

220. The length of the rectangle
is three times the width. The
perimeter of a rectangle is 72 feet.
Find the length and width of the
rectangle.

223. The perimeter of a triangle is
39 feet. One side of the triangle is
one foot longer than the second
side. The third side is two feet
longer than the second side. Find
the length of each side.

226. One side of a triangle is three
times the smallest side. The third
side is three feet more than the
shortest side. The perimeter is 13
feet. Find the lengths of all three
sides.

229. A rectangular parking lot has
perimeter 250 feet. The length is
five feet more than twice the
width. Find the length and width
of the parking lot.

149
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In the following exercises, solve. Approximate answers to the nearest tenth, if necessary.

231. A 13-foot string of lights will
be attached to the top of a 12-foot
pole for a holiday display as
shown. How far from the base of
the pole should the end of the
string of lights be anchored?

232. am wants to put a banner
across her garage door
diagonally, as shown, to
congratulate her son for his

college graduation. The garage
door is 12 feet high and 16 feet
wide. Approximately how long
should the banner be to fit the

233. Chi is planning to put a
diagonal path of paving stones
through her flower garden as
shown. The flower garden is a
square with side 10 feet. What will
the length of the path be?

garage door?

12 ft

=110

234. Brian borrowed a 20-foot
extension ladder to use when he
paints his house. If he sets the
base of the ladder six feet from
the house as shown, how far up
will the top of the ladder reach?

Everyday Math

235. Converting temperature While on a tour in
Greece, Tatyana saw that the temperature was 40°

Celsius. Solve for F in the formula C = %(F —32) to

find the Fahrenheit temperature.

237. Christa wants to put a fence around her triangular
flowerbed. The sides of the flowerbed are six feet, eight
feet and 10 feet. How many feet of fencing will she
need to enclose her flowerbed?

Writing Exercises

239. If you need to put tile on your kitchen floor, do you
need to know the perimeter or the area of the kitchen?
Explain your reasoning.

236. Converting temperature Yon was visiting the
United States and he saw that the temperature in
Seattle one day was 50° Fahrenheit. Solve for C in the

formula F=%C+32 to find the Celsius

temperature.

238. Jose just removed the children’s play set from his
back yard to make room for a rectangular garden. He
wants to put a fence around the garden to keep the
dog out. He has a 50-foot roll of fence in his garage
that he plans to use. To fit in the backyard, the width of
the garden must be 10 feet. How long can he make the
other side?

240. If you need to put a fence around your backyard,
do you need to know the perimeter or the area of the
backyard? Explain your reasoning.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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241. Look at the two figures below.

I m—

8 4

@ Which figure looks like it has the larger area? Which
looks like it has the larger perimeter?

® Now calculate the area and perimeter of each figure.

Which has the larger area? Which has the larger
perimeter?

© Were the results of part (b) the same as your
answers in part (a)? Is that surprising to you?

Self Check

242. Write a geometry word problem that relates to
your life experience, then solve it and explain all your
steps.

(@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

With some No-I don't

Confidently help get it!

solve a formula for a specific variable.

use formulas to solve geometry
applications.

® What does this checklist tell you about your mastery of this section? What steps will you take to improve?

151
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24

Solve Mixture and Uniform Motion Applications

Learning Objectives

By the end of this section, you will be able to:

Solve coin word problems

Solve ticket and stamp word problems
Solve mixture word problems

Solve uniform motion applications

BE PREPARED : : 2.10 Before you get started, take this readiness quiz.
Simplify: 0.25x + 0.10(x + 4).
If you missed this problem, review Example 1.52.

BE PREPARED : : 2.11

The number of adult tickets is three more than twice the number of children tickets. Let ¢ represent the number
of children tickets. Write an expression for the number of adult tickets.
If you missed this problem, review Example 1.11.

BE PREPARED : : 2.12 Convert 4.2% to a decimal.
If you missed this problem, review Example 1.40.

Solve Coin Word Problems

Using algebra to find the number of nickels and pennies in a piggy bank may seem silly. You may wonder why we just
don’t open the bank and count them. But this type of problem introduces us to some techniques that will be useful as we
move forward in our study of mathematics.

If we have a pile of dimes, how would we determine its value? If we count the number of dimes, we’ll know how many
we have—the number of dimes. But this does not tell us the value of all the dimes. Say we counted 23 dimes, how much
are they worth? Each dime is worth $0.10—that is the value of one dime. To find the total value of the pile of 23 dimes,
multiply 23 by $0.10 to get $2.30.

The number of dimes times the value of each dime equals the total value of the dimes.
number -value = total value
23-$0.10 = $2.30

This method leads to the following model.

Total Value of Coins

For the same type of coin, the total value of a number of coins is found by using the model

number - value = total value
* number is the number of coins

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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* value is the value of each coin
 total value is the total value of all the coins

153

If we had several types of coins, we could continue this process for each type of coin, and then we would know the total
value of each type of coin. To get the total value of all the coins, add the total value of each type of coin.

EXAMPLE 2.39

Jesse has $3.02 worth of pennies and nickels in his piggy bank. The number of nickels is three more than eight times the

number of pennies. How many nickels and how many pennies does Jesse have?

“ Solution

Step 1. Read the problem.

Determine the types of coins involved.
Create a table.

Write in the value of each type of coin.

Step 2. Identify what we are looking for.

Step 3. Name. Represent the number of each type of
coin using variables.

The number of nickels is defined in terms of the
number of pennies, so start with pennies.

The number of nickels is three more than eight times
the number of pennies.

In the chart, multiply the number and the value to
get the total value of each type of coin.

Step 4. Translate. Write the equation by adding the total
value of all the types of coins.

Step 5. Solve the equation.

How many nickels?

Step 6. Check the answer in the problem and make sure
it makes sense.

Jesse has 7 pennies and 59 nickels.

Is the total value $3.02?

7(0.01) + 59(0.05) = 3.02
3.02 = 3.02/

[l

pennies and nickels

Pennies are worth $0.10.

Nickels are worth $0.05.

the number of pennies and nickels

Let p = number of pennies.

8p + 3 = number of nickels

Type Number * Value ($) = Total Value ($)
pennies P 0.01 0.01p
nickels 8p+3 0.05 0.05(8p + 3)
$3.02

0.01p + 0.05(8p + 3) =3.02

0.01p + 0.40p + 0.15 =3.02

0.41p +0.15=3.02

0.41p =
p =

2.87
7 pennies

8p+3
8(7)+3

59 nickels

TRYIT::2.77

Jesse has $6.55 worth of quarters and nickels in his pocket. The number of nickels is five more than two times the
number of quarters. How many nickels and how many quarters does Jesse have?
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TRYIT::2.78

Elane has $7.00 total in dimes and nickels in her coin jar. The number of dimes that Elane has is seven less than
three times the number of nickels. How many of each coin does Elane have?

The steps for solving a coin word problem are summarized below.

-@. HOW TO:: SOLVE COIN WORD PROBLEMS.

Step 1. Read the problem. Make sure all the words and ideas are understood.
- Determine the types of coins involved.

o Create a table to organize the information.

" ou " ou

= Label the columns “type,” “number,” “value,” and “total value.”
= List the types of coins.
= Write in the value of each type of coin.

= Write in the total value of all the coins.

Type Number +* Value($) = Total Value (%)

Step 2. Identify what you are looking for.
Step3. Name what you are looking for. Choose a variable to represent that quantity.

- Use variable expressions to represent the number of each type of coin and write them
in the table.

o Multiply the number times the value to get the total value of each type of coin.
Step4. Translate into an equation.

o It may be helpful to restate the problem in one sentence with all the important
information. Then, translate the sentence into an equation.

> Write the equation by adding the total values of all the types of coins.
Step 5. Solve the equation using good algebra techniques.
Step 6. Check the answer in the problem and make sure it makes sense.

Step 7. Answer the question with a complete sentence.

Solve Ticket and Stamp Word Problems

Problems involving tickets or stamps are very much like coin problems. Each type of ticket and stamp has a value, just like
each type of coin does. So to solve these problems, we will follow the same steps we used to solve coin problems.

EXAMPLE 2.40

Danny paid $15.75 for stamps. The number of 49-cent stamps was five less than three times the number of 35-cent
stamps. How many 49-cent stamps and how many 35-cent stamps did Danny buy?

© Solution
Step 1. Determine the types of stamps involved. 49-cent stamps and 35-cent stamps
Step 2. Identify we are looking for. the number of 49-cent stamps and the
number of 35-cent stamps
Step 3. Write variable expressions to represent the Let x = number of 35-cent stamps.

number of each type of stamp.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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“The number of 49-cent stamps was five less

than three times the number of 35-cent 3x —5 = number of 49-cent stamps
stamps.”
Type Number - Value($) = Total Value ($)
49 cent stamps 3x-5 0.49 0.49(3x - 5)
35 cent stamps X 0.35 0.35x
5875
Step 4. Write the equation from the total values. 0.49(3x - 5) + 0.35x = 15.75
Step 5. Solve the equation. 1.47x -2.45 + 0.35x = 15.75
1.82x-2.45=15.75
1.82x=18.2
How many 49-cent stamps? x=10 35-cent stamps
3x-5
3(10)-5

25 49-cent stamps

Step 6. Check.

10(0.35) + 25(0.49) 2 1575
350+ 1225 £ 1575
15.75 = 15.75/
Step 7. Answer the question with a complete sentence. Danny bought ten 35-cent stamps and

twenty-five 49-cent stamps.

TRYIT:: 279

Eric paid $19.88 for stamps. The number of 49-cent stamps was eight more than twice the number of 35-cent
stamps. How many 49-cent stamps and how many 35-cent stamps did Eric buy?

TRYIT::2.80

Kailee paid $14.74 for stamps. The number of 49-cent stamps was four less than three times the number of 20-cent
stamps. How many 49-cent stamps and how many 20-cent stamps did Kailee buy?

In most of our examples so far, we have been told that one quantity is four more than twice the other, or something
similar. In our next example, we have to relate the quantities in a different way.

Suppose Aniket sold a total of 100 tickets. Each ticket was either an adult ticket or a child ticket. If he sold 20 child tickets,
how many adult tickets did he sell?

Did you say “80? How did you figure that out? Did you subtract 20 from 100?
If he sold 45 child tickets, how many adult tickets did he sell?
Did you say “55”? How did you find it? By subtracting 45 from 100?

Now, suppose Aniket sold x child tickets. Then how many adult tickets did he sell? To find out, we would follow the same
logic we used above. In each case, we subtracted the number of child tickets from 100 to get the number of adult tickets.
We now do the same with x.

We have summarized this in the table.
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Child tickets | Adult tickets
20 80
45 55
75 25
X 100 -x

We will apply this technique in the next example.

EXAMPLE 2.41

A whale-watching ship had 40 paying passengers on board. The total revenue collected from tickets was $1,196. Full-fare
passengers paid $32 each and reduced-fare passengers paid $26 each. How many full-fare passengers and how many
reduced-fare passengers were on the ship?

© solution

Step 1. Determine the types of tickets involved.  full-fare tickets and reduced-fare tickets

Step 2. Identify what we are looking for. the number of full-fare tickets and reduced-fare tickets
Step 3. Name. Represent the number of each Let f = the number of full-fare tickets.
type of ticket using variables. 40 — f = the number of reduced-fare tickets

We know the total number of tickets sold was
40. This means the number of reduced-fare
tickets is 40 less the number of full-fare tickets.
Multiply the number times the value to get the
total value of each type of ticket.

Type Number - Value($) = Total Value ($)
Full-fare i 32 32f
Reduced-fare 40 -f 26 26(40 - f)
1,196
Step 4. Translate. Write the equation by 32f+26(40-f) = 1,196
adding the total values of each type of ticket.
Step 5. Solve the equation. 32f + 1,040 - 26f = 1,196
6f=156
f=26  full-fare tickets
How many reduced-fare? 40-f
40-26
14 reduced-fare tickets

Step 6. Check the answer.

There were 26 full-fare tickets at $32 each and
14 reduced-fare tickets at $26 each. Is the total
value $116?

26-32 = 832

14-26 364

1,196 v

Step 7. Answer the question. They sold 26 full-fare and 14 reduced-fare tickets.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT:: 281

During her shift at the museum ticket booth, Leah sold 115 tickets for a total of $1,163. Adult tickets cost $12 and
student tickets cost $5. How many adult tickets and how many student tickets did Leah sell?

TRYIT:: 282

Galen sold 810 tickets for his church’s carnival for a total revenue of $2,820. Children’s tickets cost $3 each and
adult tickets cost $5 each. How many children’s tickets and how many adult tickets did he sell?

Solve Mixture Word Problems

Now we’ll solve some more general applications of the mixture model. In mixture problems, we are often mixing two
quantities, such as raisins and nuts, to create a mixture, such as trail mix. In our tables we will have a row for each item to
be mixed as well as one for the final mixture.

EXAMPLE 2.42

Henning is mixing raisins and nuts to make 25 pounds of trail mix. Raisins cost $4.50 a pound and nuts cost $8 a pound. If
Henning wants his cost for the trail mix to be $6.60 a pound, how many pounds of raisins and how many pounds of nuts
should he use?

© solution
Step 1. Determine what is being mixed. The 25 pounds of trail mix will come from mixing raisins
and nuts.
Step 2. Identify what we are looking for. the number of pounds of raisins and nuts
Step 3. Represent the number of each type Let x = number of pounds of raisins.
of ticket using variables. 25 —x = number of pounds of nuts
- : Number  Priceper _
As beforg, we fill in a chart to organize our Type of pounds Pound (§) ~ Total Value ($)
information. —
We enter the price per pound for each item. Raisins x 4.50 4.5x
We multiply the number times the value to Nuts 25-x 8 8(25 —x)
get the total value. Trail mix 25 6.60 25(6.60)
Notice that the last column in the table gives
the information for the total amount of the
mixture.
Step 4. Translate into an equation. The value of the raisins plus the value of the nuts will be
the value of the trail mix.
Step 5. Solve the equation. 4.5x + 8(25 - x) = 25(6.60)
4.5x + 200 - 8x = 165
-35x=-35
x=10 pounds of raisins
Find the number of pounds of nuts. 25-x

25-10
15 pounds of nuts

Step 6. Check.

4.5(10) + 8(15) = 25(6.60)
454120 2 165
165 = 165
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Step 7. Answer the question. Henning mixed ten pounds of raisins with 15 pounds of
nuts.

TRYIT:: 283

Orlando is mixing nuts and cereal squares to make a party mix. Nuts sell for $7 a pound and cereal squares sell
for $4 a pound. Orlando wants to make 30 pounds of party mix at a cost of $6.50 a pound, how many pounds of
nuts and how many pounds of cereal squares should he use?

TRYIT:: 284

Becca wants to mix fruit juice and soda to make a punch. She can buy fruit juice for $3 a gallon and soda for $4
a gallon. If she wants to make 28 gallons of punch at a cost of $3.25 a gallon, how many gallons of fruit juice and
how many gallons of soda should she buy?

Solve Uniform Motion Applications

When you are driving down the interstate using your cruise control, the speed of your car stays the same—it is uniform.
We call a problem in which the speed of an object is constant a uniform motion application. We will use the distance, rate,
and time formula, D = rt, to compare two scenarios, such as two vehicles travelling at different rates or in opposite

directions.

Our problem solving strategies will still apply here, but we will add to the first step. The first step will include drawing a
diagram that shows what is happening in the example. Drawing the diagram helps us understand what is happening so
that we will write an appropriate equation. Then we will make a table to organize the information, like we did for the coin,
ticket, and stamp applications.

The steps are listed here for easy reference:

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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.@. HOW TO:: SOLVE A UNIFORM MOTION APPLICATION.

Step 1. Read the problem. Make sure all the words and ideas are understood.
- Draw a diagram to illustrate what is happening.
Create a table to organize the information.
= Label the columns rate, time, distance.
= List the two scenarios.

= Write in the information you know.

Rate +* Time = Distance

Step 2. Identify what you are looking for.
Step 3. Name what you are looking for. Choose a variable to represent that quantity.
Complete the chart.
- Use variable expressions to represent that quantity in each row.
- Multiply the rate times the time to get the distance.
Step 4. Translate into an equation.

- Restate the problem in one sentence with all the important information.

> Then, translate the sentence into an equation.
Step 5. Solve the equation using good algebra techniques.
Step 6. Check the answer in the problem and make sure it makes sense.

Step 7. Answer the question with a complete sentence.
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EXAMPLE 2.43

Wayne and Dennis like to ride the bike path from Riverside Park to the beach. Dennis’s speed is seven miles per hour
faster than Wayne's speed, so it takes Wayne two hours to ride to the beach while it takes Dennis 1.5 hours for the ride.

Find the speed of both bikers.
© solution
Step 1. Read the problem. Make sure all the words and ideas are understood.

+ Draw a diagram to illustrate what it happening. Shown below is a sketch of what is happening in the example.

Riverside Park Beach
Dennis | 7 mph faster 1.5 hours
Wayne 2 hours &l
distance

+ Create a table to organize the information.
o Label the columns “Rate,” “Time,"” and “Distance.”
o List the two scenarios.
o Write in the information you know.

Rate = Time _ Distance
(mph) (hrs) — (miles)
Dennis 1.5

Wayne 2
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Step 2. Identify what you are looking for.
You are asked to find the speed of both bikers.
Notice that the distance formula uses the word “rate,” but it is more common to use “speed”
when we talk about vehicles in everyday English.

Step 3. Name what we are looking for. Choose a variable to represent that quantity.

+ Complete the chart

+ Use variable expressions to represent that quantity in each row.
We are looking for the speed of the bikers. Let's let r represent Wayne's speed. Since Dennis’ speed is 7 mph
faster, we represent thatas r + 7

r+7 = Dennis’ speed
r = Wayne’s speed
Fill in the speeds into the chart.

Rate , Time _ Distance
(mph) (hrs) ~ (miles)
Dennis r+7 1.5
Wayne r 2

Multiply the rate times the time to get the distance.

Rate | Time _ Distance
(mph) (hrs) ~ (miles)
Dennis r+7 1.5 1.5(r+7)
Wayne r 2 2r

Step 4. Translate into an equation.

Restate the problem in one sentence with all the important information.
+ Then, translate the sentence into an equation.
The equation to model this situation will come from the relation between the distances. Look at the diagram we
drew above. How is the distance travelled by Dennis related to the distance travelled by Wayne?
Since both bikers leave from Riverside and travel to the beach, they travel the same distance. So we write:

distance traveled by Dennis = distance traveled by Wayne

Translate to an equation. 1.5(r+7) = 2r

Step 5. Solve the equation using algebra techniques.

Now solve this equation. 1.5r+7)=2r
1.5r+10.5=2r
10.5=0.5r
21=r

So Wayne's speed is 21 mph.

Find Dennis’ speed. Gl
21+7

28

Dennis’ speed 28 mph.

Step 6. Check the answer in the problem and make sure it makes sense.
Dennis 28 mph(1.5 hours) = 42 miles
Wayne 21 mph(2 hours) = 42 miles v/

Step 7. Answer the question with a complete sentence.
Wayne rode at 21 mph and Dennis rode at 28 mph.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT:: 285

An express train and a local train leave Pittsburgh to travel to Washington, D.C. The express train can make the
trip in four hours and the local train takes five hours for the trip. The speed of the express train is 12 miles per
hour faster than the speed of the local train. Find the speed of both trains.

TRYIT:: 286

Jeromy can drive from his house in Cleveland to his college in Chicago in 4.5 hours. It takes his mother six hours
to make the same drive. Jeromy drives 20 miles per hour faster than his mother. Find Jeromy’s speed and his
mother’s speed.

In Example 2.43, we had two bikers traveling the same distance. In the next example, two people drive toward each other
until they meet.

EXAMPLE 2.44

Carina is driving from her home in Anaheim to Berkeley on the same day her brother is driving from Berkeley to Anaheim,
so they decide to meet for lunch along the way in Buttonwillow. The distance from Anaheim to Berkeley is 395 miles. It
takes Carina three hours to get to Buttonwillow, while her brother drives four hours to get there. Carina’s average speed
is 15 miles per hour faster than her brother’s average speed. Find Carina’s and her brother’s average speeds.

) Solution

Step 1. Read the problem. Make sure all the words and ideas are understood.
+ Draw a diagram to illustrate what it happening. Below shows a sketch of what is happening in the example.

lunch
Brother 15 mph faster | Carina
4 hours 3 hours I
410 miles
Create a table to organize the information.
o Label the columns rate, time, distance.
o List the two scenarios.
o Write in the information you know.
Rate _, Time _ Distance
(mph) (hrs) — (miles)
Carina 3
Brother 4
395

Step 2. Identify what we are looking for.
We are asked to find the average speeds of Carina and her brother.
Step 3. Name what we are looking for. Choose a variable to represent that quantity.

+ Complete the chart.

+ Use variable expressions to represent that quantity in each row.
We are looking for their average speeds. Let's let r represent the average speed of Carina's brother. Since Carina’s
speed is 15 mph faster, we represent that as r + 15.

Fill in the speeds into the chart.
* Multiply the rate times the time to get the distance.

Rate Time _ Distance

(mph) (hrs) (miles)

Carina r+15 3 3r+15)
Brother 7 4 ar
395

Step 4. Translate into an equation.

+ Restate the problem in one sentence with all the important information.
Then, translate the sentence into an equation.
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Again, we need to identify a relationship between the distances in order to write an equation. Look at the diagram
we created above and notice the relationship between the distance Carina traveled and the distance her brother
traveled.

The distance Carina traveled plus the distance her brother travel must add up to 410 miles. So we write:

distance traveled by Carina + distance traveled by her brother = 395

Translate to an equation. 3(r+15) + 4r =395

Step 5. Solve the equation using algebra techniques.

Now solve this equation. ~ 3(r+15) +4r=395
3r+45+4r=395

7r + 45 =395
7r =350
r=>50

So Carina’s brother's speed was 50 mph.
Carina’s speed is r + 15. r+1s
50415
65

Carina’s speed was 65 mph.

Step 6. Check the answer in the problem and make sure it makes sense.

Carina drove 65 mph(3 hours) = 195 miles
Her brother drove 50 mph(4 hours) = _200 miles
395 miles v/

Step 7. Answer the question with a complete sentence.
Carina drove 65 mph and her brother 50 mph.

TRYIT:: 287

Christopher and his parents live 115 miles apart. They met at a restaurant between their homes to celebrate
his mother’s birthday. Christopher drove one and a half hours while his parents drove one hour to get to the
restaurant. Christopher’s average speed was ten miles per hour faster than his parents’ average speed. What
were the average speeds of Christopher and of his parents as they drove to the restaurant?

TRYIT::2.88

Ashley goes to college in Minneapolis, 234 miles from her home in Sioux Falls. She wants her parents to bring her
more winter clothes, so they decide to meet at a restaurant on the road between Minneapolis and Sioux Falls.
Ashley and her parents both drove two hours to the restaurant. Ashley’s average speed was seven miles per hour
faster than her parents’ average speed. Find Ashley’s and her parents’ average speed.

As you read the next example, think about the relationship of the distances traveled. Which of the previous two examples
is more similar to this situation?

EXAMPLE 2.45

Two truck drivers leave a rest area on the interstate at the same time. One truck travels east and the other one travels
west. The truck traveling west travels at 70 mph and the truck traveling east has an average speed of 60 mph. How long
will they travel before they are 325 miles apart?

) Solution

Step 1. Read the problem. Make all the words and ideas are understood.
+ Draw a diagram to illustrate what it happening.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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West 70 mph 60 mph East

Y

325 miles

+ Create a table to organize the information.
o Label the columns rate, time, distance.
o List the two scenarios.
o Write in the information you know.

Rate , Time _ Distance
(mph) (hrs) ~ (miles)
West 70
East 60
325

Step 2. Identify what we are looking for.
We are asked to find the amount of time the trucks will travel until they are 325 miles apart.
Step 3. Name what we are looking for. Choose a variable to represent that quantity.

+ Complete the chart.

+ Use variable expressions to represent that quantity in each row.
We are looking for the time travelled. Both trucks will travel the same amount of time.
Let's call the time t. Since their speeds are different, they will travel different distances.

Multiply the rate times the time to get the distance.

Rate , Time _ Distance
(mph) (hrs) ~ (miles)
West 70 t 70t
East 60 t 60t
325

Step 4. Translate into an equation.

Restate the problem in one sentence with all the important information.

+ Then, translate the sentence into an equation.
We need to find a relation between the distances in order to write an equation. Looking at the diagram, what is
the relationship between the distances each of the trucks will travel?
The distance travelled by the truck going west plus the distance travelled by the truck going east must add up to
325 miles. So we write:

distance traveled by westbound truck + distance traveled by eastbound truck =325

Translate to an equation. 70t + 60t =325
Step 5. Solve the equation using algebra techniques.
Now solve this equation ~ 70f + 60t = 325

130t = 325
t = 25

So it will take the trucks 2.5 hours to be 325 miles apart.

Step 6. Check the answer in the problem and make sure it makes sense.

Truck going West 70 mph(2.5 hours) = 175 miles
Truck going East 60 mph(2.5hours) = _150miles
325 miles v

Step 7. Answer the question with a complete sentence.
It will take the trucks 2.5 hours to be 325 miles apart.
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TRYIT::2.89

Pierre and Monique leave their home in Portland at the same time. Pierre drives north on the turnpike at a speed
of 75 miles per hour while Monique drives south at a speed of 68 miles per hour. How long will it take them to be
429 miles apart?

TRYIT:: 2.90

Thanh and Nhat leave their office in Sacramento at the same time. Thanh drives north on I-5 at a speed of 72
miles per hour. Nhat drives south on I-5 at a speed of 76 miles per hour. How long will it take them to be 330 miles
apart?

It is important to make sure that the units match when we use the distance rate and time formula. For instance, if the rate
is in miles per hour, then the time must be in hours.

EXAMPLE 2.46

When Naoko walks to school, it takes her 30 minutes. If she rides her bike, it takes her 15 minutes. Her speed is three
miles per hour faster when she rides her bike than when she walks. What is her speed walking and her speed riding her
bike?

) Solution
First, we draw a diagram that represents the situation to help us see what is happeninﬁ.

a

@ EEgE N
- HE B =
K 30 minutes
3 mph faster 15 minutes _
distance

We are asked to find her speed walking and riding her bike. Let's call her walking speed r. Since her biking speed is three
miles per hour faster, we will call that speed 7 + 3. We write the speeds in the chart.

The speed is in miles per hour, so we need to express the times in hours, too, in order for the units to be the same.
Remember, 1 hour is 60 minutes. So:

30 minutes is 30 or 1 hour

60 2

15 minutes is 15 or 1 hour

60 4

We write the times in the chart.
Next, we multiply rate times time to fill in the distance column.

Rate , Time _ Distance
(mph) (hrs) —  (miles)
1 1
Walk r 7 vl
ik 3 al Lre3
Bike r+ a Zr+3)

The equation will come from the fact that the distance from Naoko’s home to her school is the same whether she is
walking or riding her bike.
So we say:

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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distance walked = distance covered by bike

Translate to an equation. %r = %{r +3)
Solve this equation. %r:%(r+ 3)
Clear the fractions by multiplying by the LCD of all the 8. %,— =y % (r+3)
fractions in the equation.
Simplify. 4r=2r+3)
4r=2r+6
2r=6

r=3 mph walking speed

r+3 biking speed
343
6
Let’s check if this works.
Walk 3 mph (0.5 hour) = 1.5 miles
Bike 6 mph (0.25 hour) = 1.5 miles

Yes, either way Naoko travels 1.5 miles to school.
Naoko’s walking speed is 3 mph and her speed riding her bike is 6 mph.

TRYIT::2.01

Suzy takes 50 minutes to hike uphill from the parking lot to the lookout tower. It takes her 30 minutes to hike back
down to the parking lot. Her speed going downhill is 1.2 miles per hour faster than her speed going uphill. Find
Suzy’s uphill and downhill speeds.

TRYIT::2.92

Llewyn takes 45 minutes to drive his boat upstream from the dock to his favorite fishing spot. It takes him 30
minutes to drive the boat back downstream to the dock. The boat’s speed going downstream is four miles per
hour faster than its speed going upstream. Find the boat’s upstream and downstream speeds.

In the distance, rate and time formula, time represents the actual amount of elapsed time (in hours, minutes, etc.). If a
problem gives us starting and ending times as clock times, we must find the elapsed time in order to use the formula.

EXAMPLE 2.47

Cruz is training to compete in a triathlon. He left his house at 6:00 and ran until 7:30. Then he rode his bike until 9:45. He
covered a total distance of 51 miles. His speed when biking was 1.6 times his speed when running. Find Cruz’'s biking and
running speeds.

“) Solution

A diagram will help us model this trip.

1.6 times faster
ran rode

Y

6:00 am 7:30 am 9:45 am

51 miles

Next, we create a table to organize the information. We know the total distance is 51 miles. We are looking for the rate of
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speed for each part of the trip. The rate while biking is 1.6 times the rate of running. If we let r = the rate running, then
the rate biking is 1.6r.

The times here are given as clock times. Cruz started from home at 6:00 a.m. and started biking at 7:30 a.m. So he spent
1.5 hours running. Then he biked from 7:30 a.m until 9:45 a.m. So he spent 2.25 hours biking.

Now, we multiply the rates by the times.

Rate ., Time _ Distance
(mph) (hrs) (miles)
run r 1.5 1.5r
bike 1.6r 2.25 2.25(1.6r)
51

By looking at the diagram, we can see that the sum of the distance running and the distance biking is 255 miles.

distance running + distance biking = 51

Translate to an equation. 1.5r + 225(1.6n =51
Solve this equation. 1.5r +2.25(1.6r) = 51
1.5r + 3.6r =51

51r=51

r=10 mph running

1.6r biking speed

1.6(10)
16 mph
Check.
Run  10mph (1.5hours) = 15mi
Bike 16 mph (2.25 hours) = 36mi
51 mi

TRYIT:: 203

Hamilton loves to travel to Las Vegas, 255 miles from his home in Orange County. On his last trip, he left his house
at 2:00 p.m. The first part of his trip was on congested city freeways. At 4:00 pm, the traffic cleared and he was
able to drive through the desert at a speed 1.75 times as fast as when he drove in the congested area. He arrived
in Las Vegas at 6:30 p.m. How fast was he driving during each part of his trip?

TRYIT:: 204

Phuong left home on his bicycle at 10:00. He rode on the flat street until 11:15, then rode uphill until 11:45. He
rode a total of 31 miles. His speed riding uphill was 0.6 times his speed on the flat street. Find his speed biking
uphill and on the flat street.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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L 2.4 EXERCISES
Practice Makes Perfect

Solve Coin Word Problems
In the following exercises, solve each coin word problem.

243. Michaela has $2.05 in dimes and nickels in her
change purse. She has seven more dimes than nickels.
How many coins of each type does she have?

245. In a cash drawer there is $125 in $5 and $10 bills.
The number of $10 bills is twice the number of $5 bills.
How many of each type of bill is in the drawer?

247. Chi has $11.30 in dimes and quarters. The number
of dimes is three more than three times the number of
quarters. How many of each are there?

249. Mukul has $3.75 in quarters, dimes and nickels in
his pocket. He has five more dimes than quarters and
nine more nickels than quarters. How many of each
coin are in his pocket?

Solve Ticket and Stamp Word Problems

244. Liliana has $2.10 in nickels and quarters in her
backpack. She has 12 more nickels than quarters. How
many coins of each type does she have?

246. Sumanta has $175in $5 and $10 bills in his drawer.
The number of $5 bills is three times the number of $10
bills. How many of each are in the drawer?

248. Alison has $9.70 in dimes and quarters. The
number of quarters is eight more than four times the
number of dimes. How many of each coin does she
have?

250. Vina has $4.70 in quarters, dimes and nickels in her
purse. She has eight more dimes than quarters and six
more nickels than quarters. How many of each coin are
in her purse?

In the following exercises, solve each ticket or stamp word problem.

251. The first day of a water polo tournament the total
value of tickets sold was $17,610. One-day passes sold
for $20 and tournament passes sold for $30. The
number of tournament passes sold was 37 more than
the number of day passes sold. How many day passes
and how many tournament passes were sold?

253. Julie went to the post office and bought both $0.41
stamps and $0.26 postcards. She spent $51.40. The
number of stamps was 20 more than twice the number
of postcards. How many of each did she buy?

255. Hilda has $210 worth of $10 and $12 stock shares.
The number of $10 shares is five more than twice the
number of $12 shares. How many of each type of share
does she have?

257. The ice rink sold 95 tickets for the afternoon
skating session, for a total of $828. General admission
tickets cost $10 each and youth tickets cost $8 each.
How many general admission tickets and how many
youth tickets were sold?

259. The box office sold 360 tickets to a concert at
the college. The total receipts were $4,170. General
admission tickets cost $15 and student tickets cost $10.
How many of each kind of ticket was sold?

252. At the movie theater, the total value of tickets
sold was $2,612.50. Adult tickets sold for $10 each and
senior/child tickets sold for $7.50 each. The number
of senior/child tickets sold was 25 less than twice the
number of adult tickets sold. How many senior/child
tickets and how many adult tickets were sold?

254. Jason went to the post office and bought both
$0.41 stamps and $0.26 postcards and spent $10.28
The number of stamps was four more than twice the
number of postcards. How many of each did he buy?

256. Mario invested $475 in $45 and $25 stock shares.
The number of $25 shares was five less than three
times the number of $45 shares. How many of each
type of share did he buy?

258. For the 7:30 show time, 140 movie tickets were
sold. Receipts from the $13 adult tickets and the $10
senior tickets totaled $1,664. How many adult tickets
and how many senior tickets were sold?

260. Last Saturday, the museum box office sold 281
tickets for a total of $3,954. Adult tickets cost $15 and
student tickets cost $12. How many of each kind of
ticket was sold?
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Solve Mixture Word Problems
In the following exercises, solve each mixture word problem.

261. Macario is making 12 pounds of nut mixture with
macadamia nuts and almonds. Macadamia nuts cost
$9 per pound and almonds cost $5.25 per pound. How
many pounds of macadamia nuts and how many
pounds of almonds should Macario use for the mixture
to cost $6.50 per pound to make?

263. Riley is planning to plant a lawn in his yard. He
will need nine pounds of grass seed. He wants to mix
Bermuda seed that costs $4.80 per pound with Fescue
seed that costs $3.50 per pound. How much of each
seed should he buy so that the overall cost will be $4.02
per pound?

265. Vern sold his 1964 Ford Mustang for $55,000 and
wants to invest the money to earn him 5.8% interest
per year. He will put some of the money into Fund A
that earns 3% per year and the rest in Fund B that
earns 10% per year. How much should he invest into
each fund if he wants to earn 5.8% interest per year on
the total amount?

267. Liam borrowed a total of $35,000 to pay for
college. He pays his parents 3% interest on the $8,000
he borrowed from them and pays the bank 6.8% on
the rest. What average interest rate does he pay on the
total $35,000? (Round your answer to the nearest tenth
of a percent.)

Solve Uniform Motion Applications
In the following exercises, solve.

268. Lilah is moving from Portland to Seattle. It takes
her three hours to go by train. Mason leaves the train
station in Portland and drives to the train station in
Seattle with all Lilah’s boxes in his car. It takes him 2.4
hours to get to Seattle, driving at 15 miles per hour
faster than the speed of the train. Find Mason'’s speed
and the speed of the train.

270. Two busses go from Sacramento to San Diego.
The express bus makes the trip in 6.8 hours and the
local bus takes 10.2 hours for the trip. The speed of the
express bus is 25 mph faster than the speed of the local
bus. Find the speed of both busses.

272. Saul drove his truck three hours from Dallas
towards Kansas City and stopped at a truck stop to
get dinner. At the truck stop he met Erwin, who had
driven four hours from Kansas City towards Dallas. The
distance between Dallas and Kansas City is 542 miles,
and Erwin’s speed was eight miles per hour slower
than Saul’s speed. Find the speed of the two truckers.

Chapter 2 Solving Linear Equations

262. Carmen wants to tile the floor of his house. He will
need 1,000 square feet of tile. He will do most of the
floor with a tile that costs $1.50 per square foot, but
also wants to use an accent tile that costs $9.00 per
square foot. How many square feet of each tile should
he plan to use if he wants the overall cost to be $3 per
square foot?

264. Vartan was paid $25,000 for a cell phone app that
he wrote and wants to invest it to save for his son’s
education. He wants to put some of the money into
a bond that pays 4% annual interest and the rest into
stocks that pay 9% annual interest. If he wants to earn
7.4% annual interest on the total amount, how much
money should he invest in each account?

266. Dominic pays 7% interest on his $15,000 college
loan and 12% interest on his $11,000 car loan. What
average interest rate does he pay on the total $26,000
he owes? (Round your answer to the nearest tenth of a
percent.)

269. Kathy and Cheryl are walking in a fundraiser. Kathy
completes the course in 4.8 hours and Cheryl
completes the course in eight hours. Kathy walks two
miles per hour faster than Cheryl. Find Kathy’s speed
and Cheryl’s speed.

271. A commercial jet and a private airplane fly from
Denver to Phoenix. It takes the commercial jet 1.6
hours for the flight, and it takes the private airplane 2.6
hours. The speed of the commercial jet is 210 miles per
hour faster than the speed of the private airplane. Find
the speed of both airplanes to the nearest 10 mph.

273. Charlie and Violet met for lunch at a restaurant
between Memphis and New Orleans. Charlie had left
Memphis and drove 4.8 hours towards New Orleans.
Violet had left New Orleans and drove two hours
towards Memphis, at a speed 10 miles per hour faster
than Charlie’s speed. The distance between Memphis
and New Orleans is 394 miles. Find the speed of the
two drivers.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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274. Sisters Helen and Anne live 332 miles apart. For
Thanksgiving, they met at their other sister’s house
partway between their homes. Helen drove 3.2 hours
and Anne drove 2.8 hours. Helen’s average speed was
four miles per hour faster than Anne’s. Find Helen’s
average speed and Anne's average speed.

276. Elvira and Aletheia live 3.1 miles apart on the same
street. They are in a study group that meets at a coffee
shop between their houses. It took Elvira half an hour
and Aletheia two-thirds of an hour to walk to the coffee
shop. Aletheia’s speed is 0.6 miles per hour slower than
Elvira's speed. Find both women'’s walking speeds.

278. Cindy and Richard leave their dorm in Charleston
at the same time. Cindy rides her bicycle north at a
speed of 18 miles per hour. Richard rides his bicycle
south at a speed of 14 miles per hour. How long will it
take them to be 96 miles apart?

280. Two busses leave Billings at the same time. The
Seattle bus heads west on I-90 at a speed of 73 miles
per hour while the Chicago bus heads east at a speed
of 79 miles an hour. How many hours will it take them
to be 532 miles apart?

282. Lorena walks the path around the park in 30
minutes. If she jogs, it takes her 20 minutes. Her
jogging speed is 1.5 miles per hour faster than her
walking speed. Find Lorena’s walking speed and
jogging speed.

284. Cassius drives his boat upstream for 45 minutes. It
takes him 30 minutes to return downstream. His speed
going upstream is three miles per hour slower than
his speed going downstream. Find his upstream and
downstream speeds.

286. At 1:30, Marlon left his house to go to the beach,
a distance of 7.6 miles. He rode his skateboard until
2:15, and then walked the rest of the way. He arrived
at the beach at 3:00. Marlon’s speed on his skateboard
is 2.5 times his walking speed. Find his speed when
skateboarding and when walking.

288. Marisol left Los Angeles at 2:30 to drive to Santa
Barbara, a distance of 95 miles. The traffic was heavy
until 3:20. She drove the rest of the way in very light
traffic and arrived at 4:20. Her speed in heavy traffic
was 40 miles per hour slower than her speed in light
traffic. Find her speed in heavy traffic and in light
traffic.

275. Ethan and Leo start riding their bikes at the
opposite ends of a 65-mile bike path. After Ethan has
ridden 1.5 hours and Leo has ridden two hours, they
meet on the path. Ethan’s speed is six miles per hour
faster than Leo’s speed. Find the speed of the two
bikers.

277. DaMarcus and Fabian live 23 miles apart and play
soccer at a park between their homes. DaMarcus rode
his bike for three-quarters of an hour and Fabian rode
his bike for half an hour to get to the park. Fabian’s
speed was six miles per hour faster than DaMarcus’
speed. Find the speed of both soccer players.

279. Matt and Chris leave their uncle's house in
Phoenix at the same time. Matt drives west on I-60 at
a speed of 76 miles per hour. Chris drives east on I-60
at a speed of 82 miles per hour. How many hours will it
take them to be 632 miles apart?

281. Two boats leave the same dock in Cairo at the
same time. One heads north on the Mississippi River
while the other heads south. The northbound boat
travels four miles per hour. The southbound boat goes
eight miles per hour. How long will it take them to be
54 miles apart?

283. Julian rides his bike uphill for 45 minutes, then
turns around and rides back downhill. It takes him 15
minutes to get back to where he started. His uphill
speed is 3.2 miles per hour slower than his downhill
speed. Find Julian’s uphill and downhill speed.

285. It takes Darline 20 minutes to drive to work in light
traffic. To come home, when there is heavy traffic, it
takes her 36 minutes. Her speed in light traffic is 24
miles per hour faster than her speed in heavy traffic.
Find her speed in light traffic and in heavy traffic.

287. Aaron left at 9:15 to drive to his mountain cabin
108 miles away. He drove on the freeway until 10:45
and then drove on a mountain road. He arrived at
11:05. His speed on the freeway was three times his
speed on the mountain road. Find Aaron’s speed on
the freeway and on the mountain road.

289. Lizette is training for a marathon. At 7:00 she left
her house and ran until 8:15 then she walked until
11:15. She covered a total distance of 19 miles. Her
running speed was five miles per hour faster than her
walking speed. Find her running and walking speeds.

169
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Everyday Math

290. John left his house in Irvine at 8:35 a.m. to drive
to a meeting in Los Angeles, 45 miles away. He arrived
at the meeting at 9:50 a.m.. At 5:30 p.m. he left the
meeting and drove home. He arrived home at 7:18 p.m.

@ What was his average speed on the drive from Irvine
to Los Angeles?

® what was his average speed on the drive from Los
Angeles to Irvine?

(© What was the total time he spent driving to and from
this meeting?

Writing Exercises

292. Suppose you have six quarters, nine dimes, and
four pennies. Explain how you find the total value of all
the coins.

294. In the table used to solve coin problems, one
column is labeled “number” and another column is
labeled “value.” What is the difference between the
“number” and the “value”?

Self Check

Chapter 2 Solving Linear Equations

291. Sarah wants to arrive at her friend’'s wedding at
3:00. The distance from Sarah’s house to the wedding
is 95 miles. Based on usual traffic patterns, Sarah
predicts she can drive the first 15 miles at 60 miles per
hour, the next 10 miles at 30 miles per hour, and the
remainder of the drive at 70 miles per hour.

@ How long will it take Sarah to drive the first 15 miles?

® How long will it take Sarah to drive the next 10
miles?

(© How long will it take Sarah to drive the rest of the
trip?

(@ What time should Sarah leave her house?

293. Do you find it helpful to use a table when solving
coin problems? Why or why not?

295. When solving a uniform motion problem, how
does drawing a diagram of the situation help you?

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

With some No-I don't

Confidently help getit!

solve coin word problems.

solve ticket and stamp word problems.

solve mixture word problems.

solve uniform motion applications.

® 0on a scale of 1-10, how would you rate your mastery of this section in light of your responses on the checklist? How can you

improve this?
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25

Solve Linear Inequalities

Learning Objectives

By the end of this section, you will be able to:

Graph inequalities on the number line
Solve linear inequalities

Translate words to an inequality and solve
Solve applications with linear inequalities

BE PREPARED : : 2.13 Before you get started, take this readiness quiz.

Translate from algebra to English: 15 > x.
If you missed this problem, review Example 1.3.

BE PREPARED :: 2.14 Translate to an algebraic expression: 15 is less than x.
If you missed this problem, review Example 1.8.

Graph Inequalities on the Number Line

What number would make the inequality x > 3 true? Are you thinking, “x could be four”? That’s correct, but x could be
6, too, or 37, or even 3.001. Any number greater than three is a solution to the inequality x > 3.

We show all the solutions to the inequality x > 3 on the number line by shading in all the numbers to the right of three,
to show that all numbers greater than three are solutions. Because the number three itself is not a solution, we put an
open parenthesis at three.

We can also represent inequalities using interval notation. There is no upper end to the solution to this inequality. In
interval notation, we express x > 3 as (3, oo0). The symbol oo is read as “infinity.” It is not an actual number.

Figure 2.2 shows both the number line and the interval notation.
x>3

(3, )

Figure 2.2 The inequality x > 3 is graphed on this number line
and written in interval notation.

We use the left parenthesis symbol, (, to show that the endpoint of the inequality is not included. The left bracket symbol,
[, shows that the endpoint is included.

The inequality x < 1 means all numbers less than or equal to one. Here we need to show that one is a solution, too. We

do that by putting a bracket at x = 1. We then shade in all the numbers to the left of one, to show that all numbers less
than one are solutions. See Figure 2.3.

There is no lower end to those numbers. We write x < 1 in interval notation as (—oo, 1]. The symbol —oo is read as
“negative infinity.” Figure 2.3 shows both the number line and interval notation.

<
| ! ] ] | ! i | | ]
- I 1 1 I I L] I I I
5 4 -3 -2 4 0 1
o0

Figure 2.3 The inequality x < 1 is graphed on this number line
and written in interval notation.



172

Inequalities, Number Lines, and Interval Notation

xX>a Xza
— -—
a a
(a, eo) [a, oo)
Both have a left Both have a left
parenthesis. bracket.

Chapter 2 Solving Linear Equations

x<a x<a
i + =
a
(~c0, 0) (o0, d]
Both have a right Both have a right
parenthesis. bracket.

The notation for inequalities on a number line and in interval notation use the same symbols to express the endpoints of

intervals.

EXAMPLE 2.48

Graph each inequality on the number line and write in interval notation.

@x>-3®x<250©x< —%

“) Solution
©)

Shade to the right of —3, and put a bracket at —3.

Write in interval notation.

®

Shade to the left of 2.5 and put a parenthesis at 2.5.

Write in interval notation.

©

Shade to the left of —%, and put a bracket at —%

Write in interval notation.

[-3, )

Xx<25
-
0 1 225 3
(o0, 2.5)

3
X< z
-~
2 132 0 1

TRYIT::2.95

Graph each inequality on the number line and write in interval notation: @x>2®x<-150@ x>

TRYIT::2.96

Graph each inequality on the number line and write in interval notation: @ x < -4 ® x> 0.5 © x < —

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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What numbers are greater than two but less than five? Are you thinking say, 2.5, 3, 3;, 4, 4,997 We can represent

all the numbers between two and five with the inequality 2 < x < 5. We can show 2 < x < 5 on the number line by
shading all the numbers between two and five. Again, we use the parentheses to show the numbers two and five are not

included. See Figure 2.4.
= : [ 1 1

| I i
00 1.0 20 30 40 50 60 7.0
The interval notation would be (2, 5).

Figure 2.4

EXAMPLE 2.49

Graph each inequality on the number line and write in interval notation.

@ -3<x<4® -6<x<-1©0<x<25

) Solution
®
3<x<4
Shade between —3 and 4. -] . : : : : : : : —
Put a parentheses at —3 and 4. -4 3 -2 - 0 1 2 3 4 5
Write in interval notation. (-3.4)
®
H6<x<-1

Shade between —6 and -1. .
Put a bracket at —6, and il ! - !
a parenthesis at -1.

Write in interval notation. [-6, 1)
©
0<x<25
Shade between 0 and 2.5. -t l { '[ '[ : : } l >
Put a bracket at 0 and at 2.5. -1 -05 00 05 10 15 20 25 30 35
Write in interval notation. [0, 2.5]
TRYIT::297 Graph each inequality on the number line and write in interval notation:

@ 2<x<1®-55x<-40©@1<x<425

TRYIT::298 Graph each inequality on the number line and write in interval notation:
®@-6<x<2® -3<x<-1©25<x<6

Solve Linear Inequalities

A linear inequality is much like a linear equation—but the equal sign is replaced with an inequality sign. A linear
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inequality is an inequality in one variable that can be written in one of the forms, ax+b<c¢, ax+b <c,
ax+b>c, orax+b>c.

Linear Inequality

A linear inequality is an inequality in one variable that can be written in one of the following forms where a, b, and ¢
are real numbersand a # 0:

ax+b<c, ax+b<c, ax+b>c, ax+b>c.

When we solved linear equations, we were able to use the properties of equality to add, subtract, multiply, or divide both
sides and still keep the equality. Similar properties hold true for inequalities.

We can add or subtract the same quantity from both sides of an inequality and still keep the inequality. For example:

=<2 A2
4_5<«2_-5 A+T7<2+7
9 < 3True 3<9True

Notice that the inequality sign stayed the same.
This leads us to the Addition and Subtraction Properties of Inequality.

Addition and Subtraction Property of Inequality

For any numbers a, b, and ¢, if a < b, then

at+c<b+c a—-c<b-c
at+c>b+c a—-c>b-c

We can add or subtract the same quantity from both sides of an inequality and still keep the inequality.

What happens to an inequality when we divide or multiply both sides by a constant?
Let’s first multiply and divide both sides by a positive number.

10<15 10< 15
10(5) < 15(5) %<%

50 < 75True 2 < 3 True

The inequality signs stayed the same.

Does the inequality stay the same when we divide or multiply by a negative number?

10<15 10<15
10(-5) ? 15(-5) % ? %
-507 -75 -27-3
-50>-75 -2>-3

Notice that when we filled in the inequality signs, the inequality signs reversed their direction.

When we divide or multiply an inequality by a positive number, the inequality sign stays the same. When we divide or
multiply an inequality by a negative number, the inequality sign reverses.

This gives us the Multiplication and Division Property of Inequality.
Multiplication and Division Property of Inequality

For any numbers g, b, and ¢,

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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multiply or divide by a positive

ifa < bandc> 0, thenac < bcand & <

if a > band ¢ > 0, then ac > bcand 4 >

multiply or divide by a negative

ifa < bandc <0, thenac > bcand & >

ifa> bandc <0, thenac < bcand & <

When we divide or multiply an inequality by a:

+ positive number, the inequality stays the same.

* negative number, the inequality reverses.

b

c
b

c

b

c

b

C*

175

Sometimes when solving an inequality, as in the next example, the variable ends upon the right. We can rewrite the

inequality in reverse to get the variable to the left.

x > ahas the same meaning asa < x

Think about it as “If Xander is taller than Andy, then Andy is shorter than Xander.”

EXAMPLE 2.50

Solve each inequality. Graph the solution on the number line, and write the solution in interval notation.

_3:3 _ 3
@ x 8§4®9y<54© 15<SZ
) Solution
@

Add % to both sides of the inequality.

Simplify.
Graph the solution on the number line.

Write the solution in interval notation.

®

Divide both sides of the inequality by 9; since
9 is positive, the inequality stays the same.

Simplify.
Graph the solution on the number line.

Write the solution in interval notation.

x
1

5
1
1A

IA
Blw Bw

oo|w
+
w|lw  oolw

>
1A
oo|w

+
oolw

o 4

e L

- 4
M ——
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©
-15 <%z
Multiply both sides of the inequality by % %(—1 5) < %(%Z)
Since % is positive, the inequality stays the same.
Simplify. -25<z
Rewrite with the variable on the left. z>-25
-t

Graph the solution on the number line. 26 25 24 23

Write the solution in interval notation. (-25, )

TRYIT:: 299

Solve each inequality, graph the solution on the number line, and write the solution in interval notation:

_351 : 3
@ p 426®9c>72©24§8m

TRYIT::2.100

Solve each inequality, graph the solution on the number line, and write the solution in interval notation:

1.1 , _ 4,
OF 3512@12d§60© 24 <3n

Be careful when you multiply or divide by a negative number—remember to reverse the inequality sign.

EXAMPLE 2.51

Solve each inequality, graph the solution on the number line, and write the solution in interval notation.

® -13m>65 ® 15 >8

© Solution
®
-13m > 65
Divide both sides of the inequality by —13. —113_;:‘7 = %
Since —13 is a negative, the inequality reverses. - -
Simplify. m<-5
‘ | | | I -
H H | | J =
Graph the solution on the number line. 7 6 5 4
Write the solution in interval notation. (-0, -5]
®

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Multiply both sides of the inequality by —2. —2(_—3) <-2(8)

Since —2 is a negative, the inequality reverses.

Simplify. n<-16
-~

Graph the solution on the number line.

Write the solution in interval notation. (-0, ~16]

TRYIT:: 2101

Solve each inequality, graph the solution on the number line, and write the solution in interval notation:

® -89<32 ® £-<1s.

TRYIT:: 2102

Solve each inequality, graph the solution on the number line, and write the solution in interval notation:

® -7r< -70 ® 2> —16.

Most inequalities will take more than one step to solve. We follow the same steps we used in the general strategy for
solving linear equations, but make sure to pay close attention when we multiply or divide to isolate the variable.

EXAMPLE 2.52

Solve the inequality 6y < 11y + 17, graph the solution on the number line, and write the solution in interval notation.

© solution
6y <11y+17

Subtract 11y from both sides to collect 6y-1y<My-11y+17
the variables on the left.
Simplify. -5y <17
Divide both sides of the inequality by -5, % > %
and reverse the inequality. o

. . 17
Simplify. yz—g

Graph the solution on the number line.

Write the solution in interval notation. [—ﬂ )

TRYIT::2.103

Solve the inequality, graph the solution on the number line, and write the solution in interval notation:
3qg > T7q — 23.
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TRYIT:: 2104

Solve the inequality, graph the solution on the number line, and write the solution in interval notation:
6x < 10x + 19.

When solving inequalities, it is usually easiest to collect the variables on the side where the coefficient of the variable is
largest. This eliminates negative coefficients and so we don’t have to multiply or divide by a negative—which means we
don’t have to remember to reverse the inequality sign.

EXAMPLE 2.53

Solve the inequality 8p + 3(p — 12) > 7p — 28, graph the solution on the number line, and write the solution in interval

notation.
) Ssolution

8p+3(p—-12)>7p—28
Simplify each side as much as possible.
Distribute. 8p+3p—-36>7Tp—28
Combine like terms. 11p-36>7p—28

Subtract 7p from both sides to collect the 11p-36-Tp>Tp—-28—-"Tp
variables on the left, since 11 > 7.

Simplify. 4p—36> 28

Add 36 to both sides to collect the 4p —36+36 > —28+36
constants on the right.

Simplify. 4p > 8

Divide both sides of the inequality by 4p 58

4; the inequality stays the same. 4 7 4
Simplify. p>2

o | 1
Graph the solution on the number line. !

Write the solution in interval notation. (2, )

TRYIT:: 2105

Solve the inequality 9y + 2(y + 6) > 5y — 24, graph the solution on the number line, and write the solution in

interval notation.

TRYIT:: 2106

Solve the inequality 6u + 8(u — 1) > 10u + 32, graph the solution on the number line, and write the solution in

interval notation.

Just like some equations are identities and some are contradictions, inequalities may be identities or contradictions, too.
We recognize these forms when we are left with only constants as we solve the inequality. If the result is a true statement,
we have an identity. If the result is a false statement, we have a contradiction.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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EXAMPLE 2.54

Solve the inequality 8x —2(5 — x) < 4(x+9) + 6x, graph the solution on the number line, and write the solution in

interval notation.
) Solution

Simplify each side as much as possible.
Distribute.

Combine like terms.

Subtract 10x from both sides to collect
the variables on the left.

Simplify.

The x’s are gone, and we have a true
statement.

8x—2(5—x)<4(x+9)+ 6x
8x—10+2x < 4x+ 36+ 6x
10x — 10 < 10x + 36

10x — 10 — 10x < 10x 4+ 36 — 10x

-10< 36

The inequality is an identity.
The solution is all real numbers.

-t

Graph the solution on the number line. o 0 1 2

Write the solution in interval notation.

TRYIT:: 2107

Solve the inequality 4b —3(3 —b) > 5(b — 6) + 2b, graph the solution on the number line, and write the

solution in interval notation.

TRYIT::2.108

Solve the inequality 9% —7(2 —h) < 8(h+ 11) + 8h, graph the solution on the number line, and write the

solution in interval notation.

We can clear fractions in inequalities much as we did in equations. Again, be careful with the signs when multiplying or
dividing by a negative.

1 1 5 3

Solve the inequality ga - ga > ﬂa + T

graph the solution on the number line, and write the solution in interval

notation.
) Solution

1 1 5 3

§G‘ - EG‘ > ﬂa + Z
Multiply both sides by the LCD, 24, 24(10 _ 1g) 5 24(ia + é)
to clear the fractions. 3 8 24 4

Simplify. 8a-3a>5a+18

Combine like terms. S5a>5a+18

Subtract 5a from both sides to collect the 5a-5a>5a-5a+18

variables on the left.
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Simplify. 0>18

The inequality is a contradiction.

The statement is false. ) .
There is no solution.

Graph the solution on the number line.

Write the solution in interval notation. There is no solution.

TRYIT:: 2,100
1. 1..1.,7

Solve the inequality X~ 135 > g.x + 3 graph the solution on the number line, and write the solution in interval

notation.

TRYIT:: 2110
Solve the inequality %z — %z < %z — % graph the solution on the number line, and write the solution in interval
notation.

Translate to an Inequality and Solve

To translate English sentences into inequalities, we need to recognize the phrases that indicate the inequality. Some words
are easy, like “more than” and “less than.” But others are not as obvious. Table 2.2 shows some common phrases that
indicate inequalities.

is greater than  is greater than or equalto s less than is less than or equal to
is more than is at least is smaller than  is at most
is larger than is no less than has fewer than  is no more than
exceeds is the minimum is lower than is the maximum

Table 2.2

EXAMPLE 2.56

Translate and solve. Then graph the solution on the number line, and write the solution in interval notation.

Twenty-seven less than x is at least 48.
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) Solution
Twenty-seven less than x is at least 48.
Translate. x—-27>48
Solve—add 27 to both sides. Xx-27+27>48+27
Simplify. X=75

i e ' '
Graph on the number line. 73 74 7 76 77

Write in interval notation. [75, e0)

TRYIT:: 2111

Translate and solve. Then graph the solution on the number line, and write the solution in interval notation.

Nineteen less than p is no less than 47.

TRYIT:: 2112

Translate and solve. Then graph the solution on the number line, and write the solution in interval notation.

Four more than a is at most 15.

Solve Applications with Linear Inequalities

Many real-life situations require us to solve inequalities. The method we will use to solve applications with linear
inequalities is very much like the one we used when we solved applications with equations.

We will read the problem and make sure all the words are understood. Next, we will identify what we are looking for and
assign a variable to represent it. We will restate the problem in one sentence to make it easy to translate into an inequality.
Then, we will solve the inequality.

Sometimes an application requires the solution to be a whole number, but the algebraic solution to the inequality is not a
whole number. In that case, we must round the algebraic solution to a whole number. The context of the application will
determine whether we round up or down.

EXAMPLE 2.57

Dawn won a mini-grant of $4,000 to buy tablet computers for her classroom. The tablets she would like to buy cost $254.12
each, including tax and delivery. What is the maximum number of tablets Dawn can buy?
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©) solution

Step 1. Read the problem.

Step 2. Identify what you are looking for. the maximum number of
tablets Dawn can buy

Step 3. Name what you are looking for.

Choose a variable to represent that quantity. Let n = the number of tablets.

Step 4. Translate. Write a sentence that gives the information to find it. $254.12 times the number of
tablets is no more than
$4,000.

Translate into an inequality. 254.12n < 4000

Step 5. Solve the inequality. n<15.74

But n must be a whole number of tablets, so round to 15. n_< 15

Step 6. Check the answer in the problem and make sure it makes sense.

Rounding down the price to $250, 15 tablets would cost $3,750, while 16

tablets would be $4,000. So a maximum of 15 tablets at $254.12 seems

reasonable.

Step 7. Answer the question with a complete sentence. Dawn can buy a maximum of
15 tablets.

TRYIT:: 2113

Angie has $20 to spend on juice boxes for her son’s preschool picnic. Each pack of juice boxes costs $2.63. What is
the maximum number of packs she can buy?

TRYIT:: 2114

Daniel wants to surprise his girlfriend with a birthday party at her favorite restaurant. It will cost $42.75 per person
for dinner, including tip and tax. His budget for the party is $500. What is the maximum number of people Daniel
can have at the party?

EXAMPLE 2.58

Taleisha’s phone plan costs her $28.80 a month plus $0.20 per text message. How many text messages can she send/
receive and keep her monthly phone bill no more than $50?
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©) solution

Step 1. Read the problem.

Step 2. Identify what you are looking for. the number of text messages Taleisha can make

Step 3. Name what you are looking for.

Choose a variable to represent that quantity. Let ¢ = the number of text messages.

Step 4. Translate Write a sentence that $28.80 plus $0.20 times the number of text messages is
gives the information to find it. less than or equal to $50.

Translate into an inequality. 28.80 4+ 0.207 < 50

Step 5. Solve the inequality. 02:<212

t < 106 text messages

Step 6. Check the answer in the problem
and make sure it makes sense.
Yes, 28.80 + 0.20(106) = 50.

Step 7. Write a sentence that answers the Taleisha can send/receive no more than 106 text
question. messages to keep her bill no more than $50.

TRYIT:: 2115

Sergio and Lizeth have a very tight vacation budget. They plan to rent a car from a company that charges $75 a
week plus $0.25 a mile. How many miles can they travel during the week and still keep within their $200 budget?

TRYIT:: 2116

Rameen’s heating bill is $5.42 per month plus $1.08 per therm. How many therms can Rameen use if he wants his
heating bill to be a maximum of $87.50.

Profit is the money that remains when the costs have been subtracted from the revenue. In the next example, we will find
the number of jobs a small businesswoman needs to do every month in order to make a certain amount of profit.

EXAMPLE 2.59

Felicity has a calligraphy business. She charges $2.50 per wedding invitation. Her monthly expenses are $650. How many
invitations must she write to earn a profit of at least $2,800 per month?
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©) solution

Step 1. Read the problem.
Step 2. Identify what you are looking for.

Step 3. Name what you are looking for.
Choose a variable to represent it.

Step 4. Translate. Write a sentence that gives the
information to find it.

Translate into an inequality.

Step 5. Solve the inequality.

Step 6. Check the answer in the problem and make
sure it makes sense.

If Felicity wrote 1400 invitations, her profit would be
2.50(1400) - 650, or $2,850. This is more than $2800.

Step 7. Write a sentence that answers the question.

Chapter 2 Solving Linear Equations

the number of invitations Felicity needs to write

Let j = the number of invitations.

$2.50 times the number of invitations minus $650
is at least $2,800.

2.50j — 650 > 2,800

2.5j> 3,450
J = 1,380 invitations

Felicity must write at least 1,380 invitations.

TRYIT:: 2117

Caleb has a pet sitting business. He charges $32 per hour. His monthly expenses are $2,272. How many hours
must he work in order to earn a profit of at least $800 per month?

TRYIT:: 2118

Elliot has a landscape maintenance business. His monthly expenses are $1,100. If he charges $60 per job, how
many jobs must he do to earn a profit of at least $4,000 a month?

There are many situations in which several quantities contribute to the total expense. We must make sure to account for

all the individual expenses when we solve problems like this.

EXAMPLE 2.60

Malik is planning a six-day summer vacation trip. He has $840 in savings, and he earns $45 per hour for tutoring. The trip
will cost him $525 for airfare, $780 for food and sightseeing, and $95 per night for the hotel. How many hours must he

tutor to have enough money to pay for the trip?
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©) solution

Step 1. Read the problem.

Step 2. Identify what you the number of hours Malik must tutor
are looking for.

Step 3. Name what you
are looking for.

Choose a variable to Let 4 = the number of hours.
represent that quantity.

Step 4. Translate. Write a The expenses must be less than or equal to the income. The cost of airfare
sentence that gives the plus the cost of food and sightseeing and the hotel bill must be less than the
information to find it. savings plus the amount earned tutoring.
Translate into an 525 + 780 + 95(6) < 840 + 45h
inequality.
Step 5. Solve the 1,875 < 840 + 45h
inequality. 1,035 < 45h

23<h

h>23

Step 6. Check the answer
in the problem and make
sure it makes sense.
We substitute 23 into the
inequality.
1,875 < 840 + 45h
1,875 < 840 + 45(23)

1,875 < 1875

Step 7. Write a sentence Malik must tutor at least 23 hours.
that answers the question.

TRYIT:: 2119

Brenda'’s best friend is having a destination wedding and the event will last three days. Brenda has $500 in savings
and can earn $15 an hour babysitting. She expects to pay $350 airfare, $375 for food and entertainment and $60 a
night for her share of a hotel room. How many hours must she babysit to have enough money to pay for the trip?

TRYIT:: 2120

Josue wants to go on a 10-night road trip with friends next spring. It will cost him $180 for gas, $450 for food, and
$49 per night to share a motel room. He has $520 in savings and can earn $30 per driveway shoveling snow. How
many driveways must he shovel to have enough money to pay for the trip?
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L 2.5 EXERCISES
Practice Makes Perfect

Graph Inequalities on the Number Line

In the following exercises, graph each inequality on the number line and write in interval notation.

296. 297. 208.
@ x< =2 @ x>3 @ x> —4
® x>-35 ® x<-05 ®x<25

2 1 _3
@x§3 @x23 © x> 5
299. 300. 301.
@ x<5 @ -5<x<?2 @ -—2<x<0
® x>-15 ® -3<x<l1 ® -5<x<-3
@x<—% ©@0<x<15 ©0<x<35
302. 303.
@ -1<x<3 @ —4<x<?2
® -3<x<=2 ® -5<x<=2

© -125<x<0

Solve Linear Inequalities

© -375<x<0

In the following exercises, solve each inequality, graph the solution on the number line, and write the solution in interval notation.

304. 305. 306.

351 151 _13 . _35
@atyzq5 ©btg2g Of-%<-1
® 8x> 72 ® 6y < 48 ® 91> 27
@20>%h @40<%k @%j242
307. 308. 309.
@g—%<—15—8 @ —5u > 65 @ —8v < 96

a_ _b_
® 75 < —28 ®4<9 © =530
9
©4gs36
310. 311.
@ —9¢ < 126 ® -7d > 105
_ s _ 4
® 25<_5 ® 18> —¢

In the following exercises, solve each inequality, graph the solution on the number line, and write the solution in interval notation.

312. 4v > 9v —40

315. 9p > 14p — 18

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3

313. 5u < 8u—21

316. 12x+3(x+7) > 10x—24

314. 13g <79 —-29

317. 9y + 5(y+ 3) < 4y — 35
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318. 6h —4(h— 1) < Th— 11 319. 4k — (k—2) >

321.
6n—123-n)<9(n—-4)+95n

lb<5

3p—
322. 5b -3

12

324. %g - %(g —-14)< %(g +42) 325.

5

327.
12v+3@4v—-1)<19(v=2)+5v

In the following exercises, solve each inequality, graph the solution on the number line, and write the solution in interval notation.

328, 15k < —40 320. 35k > —77

331. 9 5
2. 9> -3

18¢ — 4(10 — 3¢) < 5(6q — 8) 32 —x¥2 13

334. ¢ +34 < -99 335. d +29 > —61

n o< _
337. 13S 6

Translate to an Inequality and Solve

In the following exercises, translate and solve. Then graph
notation.

338. Three more than h is no less
than 25.

341. Twelve less than x is no less
than 21.

342. Negative five
more than 95.

344. Nineteen less than b is at

most —22. -7.

Solve Applications with Linear Inequalities
In the following exercises, solve.

346. Alan is loading a pallet with boxes that each
weighs 45 pounds. The pallet can safely support no
more than 900 pounds. How many boxes can he safely
load onto the pallet?

348. Andre is looking at apartments with three of his
friends. They want the monthly rent to be no more than
$2,360. If the roommates split the rent evenly among
the four of them, what is the maximum rent each will

pay?

5,1
b2

4, 20, _ 1,
h—2(h = 9) 2 {=(2h +90)

339. Six more than k exceeds 25.

320.
8m—2(14—m)>T7m—4)+3m

Tk —26

323.
u+5Qu—-5>12uu—1)+7u

ia—la>la+;

326. Ya—ya> 1730 +3

330.
23p—2(6—5p)>3(11p—4)

21, _15
333 — 4y < —53
ms _

336. 1> —4

the solution on the number line and write the solution in interval

340. Ten less than w is at least 39.

times r is no  343. Negative two times s is lower

than 56.

345. Fifteen less than a is at least

347. The elevator in Yehire's apartment building has a
sign that says the maximum weight is 2100 pounds. If
the average weight of one person is 150 pounds, how
many people can safely ride the elevator?

349. Arleen got a $20 gift card for the coffee shop. Her
favorite iced drink costs $3.79. What is the maximum
number of drinks she can buy with the gift card?
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350. Teegan likes to play golf. He has budgeted $60
next month for the driving range. It costs him $10.55
for a bucket of balls each time he goes. What is the
maximum number of times he can go to the driving
range next month?

352. Keshad gets paid $2,400 per month plus 6% of his
sales. His brother earns $3,300 per month. For what
amount of total sales will Keshad’'s monthly pay be
higher than his brother’s monthly pay?

354. Andre has been offered an entry-level job. The
company offered him $48,000 per year plus 3.5% of his
total sales. Andre knows that the average pay for this
job is $62,000. What would Andre’s total sales need to
be for his pay to be at least as high as the average pay
for this job?

356. Jake’s water bill is $24.80 per month plus $2.20 per
ccf (hundred cubic feet) of water. What is the maximum
number of ccf Jake can use if he wants his bill to be no
more than $60?

358. Marlon’s TV plan costs $49.99 per month plus
$5.49 per first-run movie. How many first-run movies
can he watch if he wants to keep his monthly bill to be
a maximum of $100?

360. Moshde runs a hairstyling business from her
house. She charges $45 for a haircut and style. Her
monthly expenses are $960. She wants to be able to
put at least $1,200 per month into her savings account
order to open her own salon. How many “cut & styles”
must she do to save at least $1,200 per month?

362. Katherine is a personal chef. She charges $115 per
four-person meal. Her monthly expenses are $3,150.
How many four-person meals must she sell in order to
make a profit of at least $1,900?

364. Five student government officers want to go to the
state convention. It will cost them $110 for registration,
$375 for transportation and food, and $42 per person
for the hotel. There is $450 budgeted for the
convention in the student government savings
account. They can earn the rest of the money they need
by having a car wash. If they charge $5 per car, how
many cars must they wash in order to have enough
money to pay for the trip?

366. Alonzo works as a car detailer. He charges $175
per car. He is planning to move out of his parents’
house and rent his first apartment. He will need to pay
$120 for application fees, $950 for security deposit, and
first and last months’ rent at $1,140 per month. He has
$1,810 in savings. How many cars must he detail to
have enough money to rent the apartment?

Chapter 2 Solving Linear Equations

351. Ryan charges his neighbors $17.50 to wash their
car. How many cars must he wash next summer if his
goal is to earn at least $1,500?

353. Kimuyen needs to earn $4,150 per month in order
to pay all her expenses. Her job pays her $3,475 per
month plus 4% of her total sales. What is the minimum
Kimuyen's total sales must be in order for her to pay all
her expenses?

355. Nataly is considering two job offers. The first job
would pay her $83,000 per year. The second would pay
her $66,500 plus 15% of her total sales. What would her
total sales need to be for her salary on the second offer
be higher than the first?

357. Kiyoshi’s phone plan costs $17.50 per month plus
$0.15 per text message. What is the maximum number
of text messages Kiyoshi can use so the phone bill is no
more than $56.60?

359. Kellen wants to rent a banquet room in a
restaurant for her cousin’s baby shower. The
restaurant charges $350 for the banquet room plus
$32.50 per person for lunch. How many people can
Kellen have at the shower if she wants the maximum
cost to be $1,500?

361. Noe installs and configures software on home
computers. He charges $125 per job. His monthly
expenses are $1,600. How many jobs must he work in
order to make a profit of at least $2,400?

363. Melissa makes necklaces and sells them online.
She charges $88 per necklace. Her monthly expenses
are $3,745. How many necklaces must she sell if she
wants to make a profit of at least $1,650?

365. Cesar is planning a four-day trip to visit his friend
at a college in another state. It will cost him $198 for
airfare, $56 for local transportation, and $45 per day for
food. He has $189 in savings and can earn $35 for each
lawn he mows. How many lawns must he mow to have
enough money to pay for the trip?

367. Eun-Kyung works as a tutor and earns $60 per
hour. She has $792 in savings. She is planning an
anniversary party for her parents. She would like to
invite 40 guests. The party will cost her $1,520 for food
and drinks and $150 for the photographer. She will also
have a favor for each of the guests, and each favor will
cost $7.50. How many hours must she tutor to have
enough money for the party?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Everyday Math

368. Maximum load on a stage In 2014, a high school
stage collapsed in Fullerton, California, when 250
students got on stage for the finale of a musical
production. Two dozen students were injured. The
stage could support a maximum of 12,750 pounds. If
the average weight of a student is assumed to be 140
pounds, what is the maximum number of students who
could safely be on the stage?

370. Wedding budget Adele and Walter found the
perfect venue for their wedding reception. The cost is
$9850 for up to 100 guests, plus $38 for each additional
guest. How many guests can attend if Adele and Walter
want the total cost to be no more than $12,500?

Writing Exercises

372. Explain why it is necessary to reverse the
inequality when solving —5x > 10.

374. Find your last month’s phone bill and the hourly
salary you are paid at your job. Calculate the number of
hours of work it would take you to earn at least enough
money to pay your phone bill by writing an appropriate
inequality and then solving it. Do you feel this is an
appropriate number of hours? Is this the appropriate
phone plan for you?

Self Check

369. Maximum weight on a boat In 2004, a water taxi
sank in Baltimore harbor and five people drowned. The
water taxi had a maximum capacity of 3,500 pounds (25
people with average weight 140 pounds). The average
weight of the 25 people on the water taxi when it sank
was 168 pounds per person. What should the
maximum number of people of this weight have been?

371. Shower budget Penny is planning a baby shower
for her daughter-in-law. The restaurant charges $950
for up to 25 guests, plus $31.95 for each additional
guest. How many guests can attend if Penny wants the
total cost to be no more than $1,500?

373. Explain why it is necessary to reverse the

inequality when solving _L3 < 12.

375. Find out how many units you have left, after this
term, to achieve your college goal and estimate the
number of units you can take each term in college.
Calculate the number of terms it will take you to
achieve your college goal by writing an appropriate
inequality and then solving it. Is this an acceptable
number of terms until you meet your goal? What are
some ways you could accelerate this process?

(@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

With some No-I don't

Confidently help get it!

graph inequalities on the number line.

solve linear inequalities.

translate words to an inequality and solve.

solve applications with linear inequalities.

® After looking at the checklist, do you think you are well-prepared for the next section? Why or why not?
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2.6

Solve Compound Inequalities

Learning Objectives

By the end of this section, you will be able to:

Solve compound inequalities with “and”
Solve compound inequalities with “or”
Solve applications with compound inequalities

BE PREPARED : : 2.15 Before you get started, take this readiness quiz.
Simplify: %(x + 10).

If you missed this problem, review Example 1.51.

BE PREPARED : : 2.16 Simplify: —(x — 4).
If you missed this problem, review Example 1.54.

Solve Compound Inequalities with “and”

Now that we know how to solve linear inequalities, the next step is to look at compound inequalities. A compound
inequality is made up of two inequalities connected by the word “and” or the word “or.” For example, the following are
compound inequalities.

x+3>-4 and 4x-5<3
20+1)<0 or y—-5>-2

Compound Inequality

A compound inequality is made up of two inequalities connected by the word “and” or the word “or.”

To solve a compound inequality means to find all values of the variable that make the compound inequality a true
statement. We solve compound inequalities using the same techniques we used to solve linear inequalities. We solve each
inequality separately and then consider the two solutions.

To solve a compound inequality with the word “and,” we look for all numbers that make both inequalities true. To solve a
compound inequality with the word “or,” we look for all numbers that make either inequality true.

Let's start with the compound inequalities with “and.” Our solution will be the numbers that are solutions to both
inequalities known as the intersection of the two inequalities. Consider the intersection of two streets—the part where
the streets overlap—belongs to both streets.

To find the solution of the compound inequality, we look at the graphs of each inequality and then find the numbers that
belong to both graphs—where the graphs overlap.

For the compound inequality x > =3 and x <2, we graph each inequality. We then look for where the graphs

“overlap”. The numbers that are shaded on both graphs, will be shaded on the graph of the solution of the compound
inequality. See Figure 2.5.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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x>-3 and

Figure 2.5

| | | | | I | | |

x>-3 -——— [ [ [ — | | [
-5 -4 -3 -2 - 0 1 2 3 4 L

1 1 ; | | | 1 ‘; | | |

x<2 1 1 1 T T ! 1 7 T T T
-5 -4 -3 -2 - 0 1 2 3 4 b

N | | i | | | | i | | |

x£2 AT | 1 | — 1 1 |
b w4 oF =3 & 0 31 ¥ B % B
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We can see that the numbers between —3 and 2 are shaded on both of the first two graphs. They will then be shaded

on the solution graph.

The number —3 is not shaded on the first graph and so since it is not shaded on both graphs, it is not included on the

solution graph.

The number two is shaded on both the first and second graphs. Therefore, it is be shaded on the solution graph.

This is how we will show our so

lution in the next examples.

EXAMPLE 2.61

Solve 6x —3 <9 and 2x + 9 > 3. Graph the solution and write the solution in interval notation.

© solution

Step 1. Solve each
inequality.

Step 2. Graph each
solution. Then graph
the numbers that make
both inequalities true.
The final graph will
show all the numbers
that make both
inequalities true—the
numbers shaded on
both of the first two
graphs.

Step 3. Write the
solution in interval
notation.

6x—3<9 and 2x+9>3

6x—3<9 2x+9>3

6x <12 2x > —6

x<?2 and x>-3

X < 2 e |

5 4 3 2 A 0 1 2 3 4 5

x2 3 ——f————————>

5 4 _$ 2 A 0 1 ? 3 4 5

X< 2andx > -3 = f—t————, >
5 4 3 -2 4 0 1 2 3 4 5

[-3.2)

All the numbers that make both inequalities true are the solution to the compound inequality.

TRYIT:: 2121

Solve the compound inequality. Graph the solution and write the solution in interval notation: 4x —7 <9 and

Sx+8>3.
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TRYIT::2.122

Solve the compound inequality. Graph the solution and write the solution in interval notation: 3x —4 <5 and
4x+9 > 1.

™ HOW TO :: SOLVE A COMPOUND INEQUALITY WITH “AND.”

ab
Step 1. Solve each inequality.
Step 2. Graph each solution. Then graph the numbers that make both inequalities true.
This graph shows the solution to the compound inequality.
Step 3.  Write the solution in interval notation.

EXAMPLE 2.62

Solve 3(2x +5) < 18 and 2(x — 7) < —6. Graph the solution and write the solution in interval notation.

) Solution
32x+5) < 18 and 2x=7) < =6
Solve each 6x+15< 18 2x—14 < -6
inequality.
6x<3 2x < 8
x< 1 and x<4
2
Graph each ; | | | | | ;
solution. X< o ' ' 1 1 T ! >
5 4 3 2 1 2 4 5
X < 4 et — —t
5 4 3 -2 : 2 4 5
Graph the numbers ’ | | | | | ‘.
that make both X< andX <4 <= . - 1 ! — ! >
inequalities true. S 4 3 2 - v2 4 5
Write the solution (—oo l]
in interval notation. 72

TRYIT:: 2123

Solve the compound inequality. Graph the solution and write the solution in interval notation: 2(3x + 1) < 20

and 4(x—1) < 2.

TRYIT:: 2124

Solve the compound inequality. Graph the solution and write the solution in interval notation: 5(3x — 1) < 10

and 4(x+3) < 8.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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EXAMPLE 2.63

Solve %x —4 > -2 and —2(x — 3) > 4. Graph the solution and write the solution in interval notation.
) Solution
lx_4>_2 and —2(x-3)>14
3 >
Solve each inequality. 1 4> -2x+6>4
3 >
lx >2 —2x2-2
32
x>6 and x<1
Graph each solution. x> 6] l l | l | | | | |

Graph the numbers that x> 6 and x < 1 <— - - - : | | | | : —
make both inequalities -1 0 1
true.

M —
w —
-
w4
o
~J -
oo

o

There are no numbers that make both inequalities true.

This is a contradiction so there is no solution.

TRYIT:: 2125

Solve the compound inequality. Graph the solution and write the solution in interval notation: ix —-3>-1and

“3(x—2) > 2.

TRYIT:: 2126
1

Solve the compound inequality. Graph the solution and write the solution in interval notation: gx —5>-3 and

—4(x—-1) > -2.

Sometimes we have a compound inequality that can be written more concisely. For example, a < x and x < b can be
written simply as a < x < b and then we call it a double inequality. The two forms are equivalent.

Double Inequality

A double inequality is a compound inequality such as a < x < b. Itis equivalentto a < x and x < b.

a<x<b isequivalentto a<x and x<b
a<x<b isequivalentto a<x and x<b
Other forms: . .
a>x>b isequivalentto a>x and x>b
a>x>b isequivalentto a>x and x2>b

To solve a double inequality we perform the same operation on all three “parts” of the double inequality with the goal of
isolating the variable in the center.
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EXAMPLE 2.64

Solve —4 < 3x — 7 < 8. Graph the solution and write the solution in interval notation.

© solution
—4<3x-7<8
Add 7 to all three parts. 4+7<3x-7+7<8+7
Simplify. 3<3x<15
Divide each part by three. %3%4?
Simplify. 1<x<5
Graph the solution. -] } } . : : : - } ! —
-2 -1 0 1 2 3 4 5 6 7 8
Write the solution in interval notation. [1,5)

When written as a double inequality, 1 < x < 5, itis easy to see that the solutions are the numbers caught between one
and five, including one, but not five. We can then graph the solution immediately as we did above.

Another way to graph the solution of 1 < x < 5 is to graph both the solution of x > 1 and the solution of x < 5. We
would then find the numbers that make both inequalities true as we did in previous examples.

TRYIT:: 2127

Solve the compound inequality. Graph the solution and write the solution in interval notation: =5 <4x—1 < 7.

TRYIT:: 2128

Solve the compound inequality. Graph the solution and write the solution in interval notation: —3 < 2x—5 < I.

Solve Compound Inequalities with “or”

To solve a compound inequality with “or”, we start out just as we did with the compound inequalities with “and”"—we
solve the two inequalities. Then we find all the numbers that make either inequality true.

Just as the United States is the union of all of the 50 states, the solution will be the union of all the numbers that make
either inequality true. To find the solution of the compound inequality, we look at the graphs of each inequality, find the
numbers that belong to either graph and put all those numbers together.

To write the solution in interval notation, we will often use the union symbol, U to show the union of the solutions
shown in the graphs.

9‘. HOW TO:: SOLVE A COMPOUND INEQUALITY WITH “OR.”

Step 1.  Solve each inequality.
Step 2.  Graph each solution. Then graph the numbers that make either inequality true.

Step 3.  Write the solution in interval notation.

EXAMPLE 2.65

Solve 5 —3x < —1 or 8 4+ 2x < 5. Graph the solution and write the solution in interval notation.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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© solution
5-3x< -1 or 8+2x<5
Solve each 5-3x< -1 8+2x<5
inequality.
-3x< -6 2x< -3
x>2 or x < _%
Graph each solution. X>2 -t , I I I | I I

\

Graph numbers that x> 2 or x < -3 <=
make either 2
inequality

true.

[Ei.

TRYIT:: 2129

Solve the compound inequality. Graph the solution and write the solution in interval notation: 1 —2x <
7+3x<4.

TRYIT: : 2130

Solve the compound inequality. Graph the solution and write the solution in interval notation: 2 —5x < =3 or

A
|
w
o
hat

542x <3.
Solve %x —4<3or %(x + 8) > —1. Graph the solution and write the solution in interval notation.
) Solution
2, _ or 1 _
3 4<3 4(x+8)2 1
Solve each 2 1
3[2x — 4| <33 4-+(x+8)>4-(-1
inequality. (3x )— &) 4( ) =D
2x—=12<9 x+8>—-4
2x <21 x>-12
x < 21

2
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XS% or x>-12
Graph each x < 2] <
solution. -14 12 <10 -8 -6 -4 -2 0 2 4 6 & 10% 12
X 2 12 <ttt
-14 12 10 -8 -6 -4 -2 0 2 4 6 8 10 12
21
Graph numbers < 5 or x> 12 it
that make either 14 12 10 8 6 4 -2 0 2 4 6 8 10 12

inequality true.
The solution covers all real numbers.

(_007 OO)

TRYIT::2131

Solve the compound inequality. Graph the solution and write the solution in interval notation: =x —7 < —1 or

w|w

1 —
3(,\+6)2 2.

TRYIT:: 2132

Solve the compound inequality. Graph the solution and write the solution in interval notation: 3 x—3<3 or

Zz =
%(x +10) > 0.

Solve Applications with Compound Inequalities

Situations in the real world also involve compound inequalities. We will use the same problem solving strategy that we
used to solve linear equation and inequality applications.

Recall the problem solving strategies are to first read the problem and make sure all the words are understood. Then,
identify what we are looking for and assign a variable to represent it. Next, restate the problem in one sentence to make
it easy to translate into a compound inequality. Last, we will solve the compound inequality.

EXAMPLE 2.67

Due to the drought in California, many communities have tiered water rates. There are different rates for Conservation
Usage, Normal Usage and Excessive Usage. The usage is measured in the number of hundred cubic feet (hcf) the property
owner uses.

During the summer, a property owner will pay $24.72 plus $1.54 per hcf for Normal Usage. The bill for Normal Usage
would be between or equal to $57.06 and $171.02. How many hcf can the owner use if he wants his usage to stay in the
normal range?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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©) solution

Identify what we are The number of hcf he can use and stay in the “normal usage” billing range.
looking for.

Name what we are looking  Let x = the number of hcf he can use.

for.

Translate to an inequality. Bill is $24.72 plus $1.54 times the number of hcf he uses or 24.72 + 1.54x.

His bill will be between or equal to $57.06 and $171.02

"

57.06 <24.74 + 1.54x < 171.02

57.06-24.72 <2474 -24.72 + 1.54x < 171.02 - 24.72

3234<1.54x<146.3

32.34 _1.54x _146.3
1.54 — 154 ~ 154

21<x<95

Answer the question. The property owner can use 21-95 hcf and still fall within the “normal

usage” billing range.

]

TRYIT:: 2133

Due to the drought in California, many communities now have tiered water rates. There are different rates for
Conservation Usage, Normal Usage and Excessive Usage. The usage is measured in the number of hundred cubic
feet (hcf) the property owner uses.

During the summer, a property owner will pay $24.72 plus $1.32 per hcf for Conservation Usage. The bill for
Conservation Usage would be between or equal to $31.32 and $52.12. How many hcf can the owner use if she
wants her usage to stay in the conservation range?

TRYIT:: 2134

Due to the drought in California, many communities have tiered water rates. There are different rates for
Conservation Usage, Normal Usage and Excessive Usage. The usage is measured in the number of hundred cubic
feet (hcf) the property owner uses.

During the winter, a property owner will pay $24.72 plus $1.54 per hcf for Normal Usage. The bill for Normal Usage
would be between or equal to $49.36 and $86.32. How many hcf will he be allowed to use if he wants his usage to
stay in the normal range?

MEDIA : :

Access this online resource for additional instruction and practice with solving compound inequalities.

¢ Compound inequalities (https://openstax.org/l/37compinequalit)
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L 2.6 EXERCISES
Practice Makes Perfect

Solve Compound Inequalities with “and”

Chapter 2 Solving Linear Equations

In the following exercises, solve each inequality, graph the solution, and write the solution in interval notation.

376. x <3 and x> 1

379. x> —6 and x < -3

382. 4x+6 <2 and
2x+1>-5

385. 7x — 8 < 6 and
S5x+7>-3

388. 3(2x—3) > 3 and
4x+5)>4

301. %(x—S)SS and
1, _
lx-5<3

304, %x — 6> —4 and
—4(x+2)>0

397. -3<2x-5<1

400. -8 <5x+2<-3

377. x <4 and x> -2

380. Sx—2<8 and 6x+9>3

383. 4x—2 <4 and
Tx—1> -8

386. 42x—1) <12 and
2x+ 1)< 4

389. —3(x+4) <0 and

—1G3x-1)<7

392. 5x—2<3x+4 and
3x—4>2x+1

395. %(x —6)+2< -5 and

_2
4 3x<6

398. 5<4x+1<9

401. -6 <4x—-2< -2

Solve Compound Inequalities with “or”

378. x > —4 and x < —1

38lL.4x—1<7and 2x+8 >4

384. 2x— 11 <5 and
3x—8> -5

387. 53x—2) <5 and
3x+3)<3

390. %(3x —4)< 1 and

%(x+6)§4

393. %x —5> -2 and

Bx+1)26

396. -5<4x—-1<7

399, -1 <3x+2<8

In the following exercises, solve each inequality, graph the solution on the number line, and write the solution in interval notation.

402. x < -2 o0orx>3

405. x <O or x >4

408. 2(3x — 1) < 4 or
3x—5>1

411. %x—3>5 or 35-x)>6

403. x <-4 or x> -3

406. 2+ 3x <4 or
5-2x< -1

409. 32x—3) < =5 or
4x—1>3

412. 3x—2>4 or 5x—-3<7

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3

404. x <2 o0orx>5

407. 4 —3x < -2 or
2x—-1<-5

410. %x—2>4 or 42 -x)>0

413. 2(x+3) >0 or
3x+4)<6



Chapter 2 Solving Linear Equations

414, %x—3§4 or

1 _ _ 1 _
F(x=6)> -2 2 +8) 2 -3

Mixed practice

In the following exercises, solve each inequality, graph the solution on the number line, and write the solution in interval notation.
417. 6(2x— 1) > 6 and

416. 3x+7 <1 and

2x+3>-5 5x+2)>0
419.%x—5$3or 420. —-5<2x—1<7
1. _ _

La—8)> -3

422. 4x—2 > 6 or

3x-1<-2 5x—1> -6

425. -5<3x-2<4

Solve Applications with Compound Inequalities
In the following exercises, solve.

426. Penelope is playing a number game with her sister
June. Penelope is thinking of a number and wants June
to guess it. Five more than three times her number is
between 2 and 32. Write a compound inequality that
shows the range of numbers that Penelope might be
thinking of.

428. Andrew is creating a rectangular dog run in his
back yard. The length of the dog run is 18 feet. The
perimeter of the dog run must be at least 42 feet and
no more than 72 feet. Use a compound inequality to
find the range of values for the width of the dog run.

Everyday Math

430. Blood Pressure A person’s blood pressure is
measured with two numbers. The systolic blood
pressure measures the pressure of the blood on the
arteries as the heart beats. The diastolic blood
pressure measures the pressure while the heart is
resting.

@ Let x be your systolic blood pressure. Research and
then write the compound inequality that shows you
what a normal systolic blood pressure should be for
someone your age.

® Let y be your diastolic blood pressure. Research and
then write the compound inequality that shows you
what a normal diastolic blood pressure should be for
someone your age.

423. 6x—3 <1 and

415. %x+2 < -1 or

418. 4 —7x > -3 or
5x-3)+8>3

421, %(x— 5)+6 <4 and

_2
3 3)c<5

424. -2(3x—4) <2 and
—Adx-1)<2

427. Gregory is thinking of a number and he wants
his sister Lauren to guess the number. His first clue is
that six less than twice his number is between four and
forty-two. Write a compound inequality that shows the
range of numbers that Gregory might be thinking of.

429. Elouise is creating a rectangular garden in her
back yard. The length of the garden is 12 feet. The
perimeter of the garden must be at least 36 feet and no
more than 48 feet. Use a compound inequality to find
the range of values for the width of the garden.

431. Body Mass Index (BMI) is a measure of body fat is
determined using your height and weight.

@ Let x be your BMI Research and then write the

compound inequality to show the BMI range for you to
be considered normal weight.

® Research a BMI calculator and determine your BML
Is it a solution to the inequality in part (a)?
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Writing Exercises

432.In your own words, explain the difference between  433. Explain the steps for solving the compound
the properties of equality and the properties of inequality 2 —7x > —5 or 4(x—3)+7 > 3.
inequality.

Self Check

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

solve compound inequalities with “and"”.

solve compound inequalities with “or”.

solve applications with compound
inequalities.

® What does this checklist tell you about your mastery of this section? What steps will you take to improve?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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2.7

Solve Absolute Value Inequalities

Learning Objectives

By the end of this section, you will be able to:

Solve absolute value equations

Solve absolute value inequalities with “less than”
Solve absolute value inequalities with “greater than”
Solve applications with absolute value

BE PREPARED : : 2.17 Before you get started, take this readiness quiz.

Evaluate: —|7|.
If you missed this problem, review Example 1.12.

BE PREPARED : : 2.18 Fillin <, >, or = for each of the following pairs of numbers.
@-8___ —1-81®12__ —|-121© |-6_ -6 @ —(=15)__ —|-15]

If you missed this problem, review Example 1.12.

BE PREPARED : : 2.19 Simplify: 14 — 2|8 — 3(4 — 1)|.
If you missed this problem, review Example 1.13.

Solve Absolute Value Equations

As we prepare to solve absolute value equations, we review our definition of absolute value.
Absolute Value
The absolute value of a number is its distance from zero on the number line.
The absolute value of a number n is written as || and |n| > 0 for all numbers.
Absolute values are always greater than or equal to zero.

We learned that both a number and its opposite are the same distance from zero on the number line. Since they have the
same distance from zero, they have the same absolute value. For example:

—5 is 5 units away from 0, so |-5| = 5.
5 is 5 units away from 0, so |5| = 5.

Figure 2.6 illustrates this idea.

-5 is 5 units from 0, 5is 5 units from 0,
so|-5|=5. so|5|=5.
5 units 5 units
-l l |
-1 T -
-5 ] 5

Figure 2.6 The numbers5and —5 are both five
units away from zero.

For the equation |x| =5, we are looking for all numbers that make this a true statement. We are looking for the numbers

whose distance from zero is 5. We just saw that both 5 and —5 are five units from zero on the number line. They are the
solutions to the equation.
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If xI =5
then x=-5o0orx=5

The solution can be simplified to a single statement by writing x = +5. This is read, “x is equal to positive or negative 5".
We can generalize this to the following property for absolute value equations.

Absolute Value Equations

For any algebraic expression, u, and any positive real number, a,

if lul = a
then U=-—a or u=a

Remember that an absolute value cannot be a negative number.

EXAMPLE 2.68

Solve: @ x| =8 ® [yl=—6 © |71=0

© Ssolution
®

x| =8

Write the equivalent equations.  x = —8or x =38

x==+8

Iy = -6

No solution

Since an absolute value is always positive, there are no solutions to this equation.

©
lzl =0
Write the equivalent equations. z=—=0o0rz=0
Since -0 =0, z=0

Both equations tell us that z = 0 and so there is only one solution.

TRYIT::2135 Solve:® x| =2 ® yl=—4 © |71 =0

TRYIT::2.136 Solve:® x| =11 ® [yl=-5©@ 21=0

To solve an absolute value equation, we first isolate the absolute value expression using the same procedures we used to
solve linear equations. Once we isolate the absolute value expression we rewrite it as the two equivalent equations.

DCNILR X HOW TO SOLVE ABSOLUTE VALUE EQUATIONS

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Solve |5x —4| -3 =8.

© Solution
Add 3 to both sides. |5x-4| -3=8
|5x—4] =11
Sx-4=-11or5x-4=11
Add 4 to each side. Sx=-7 5x=15
Divide each side by 5. x=-% or x=3
Substitute 3 and -%— into the |4 _ifg
original equation. [5-3-4] _33 8
[15-4|-328
11]-328
11—3;8
8=8v
|Sx-4|-3=8
7
=3
7 ?
5(__)-4 -3£8
5
|-7-4]-3Z8
I-11]-328
11-328
8=8v

TRYIT::2137  Solve: [3x—5|— 1 = 6.

TRYIT:: 2138 Solve: [4x — 3] — 5 = 2.

The steps for solving an absolute value equation are summarized here.

.('5. HOW TO : : SOLVE ABSOLUTE VALUE EQUATIONS.

Step 1. Isolate the absolute value expression.
Step 2.  Write the equivalent equations.

Step 3.  Solve each equation.

Step 4. Check each solution.

Solve 2Ix =71+ 5=9.




204

©) solution

Isolate the absolute value expression.

Write the equivalent equations.

Solve each equation.

Check:
2lx-71+5=9 2lx-71+5=9
2l5-71+529 209-71+529
212l +529 21214529
2:2+529 2:24+529
44529 44529
9=9v 9=9v

Chapter 2 Solving Linear Equations

2x—=T71+5=9
k=71 =4
x=71=2

x=T==-2o0rx-7T=2

x=5 or x=9

Solve: 3lx — 4| —4 = 8.

TRYIT:: 2139
TRYIT:: 2140

Remember, an absolute value is always positive!

Solve: 2|x = 5|+ 3 =09.

EXAMPLE 2.71

Solve: |%x - 4| +11=3.

© Solution
2, _ | -
E a+11=3
Isolate the absolute value term. |% - 4| =-8
An absolute value cannot be negative. ~ No solution

TRYIT:: 2141

Solve: Ex - 5| +9 =4

TRYIT:: 2142

Solve: ‘%x + %‘ +8=6.

Some of our absolute value equations could be of the form |ul = |v| where u and v are algebraic expressions. For

example, |x — 3| =[2x+ 1].

How would we solve them? If two algebraic expressions are equal in absolute value, then they are either equal to each
other or negatives of each other. The property for absolute value equations says that for any algebraic expression, u, and

a positive real number, o, if lul =a, then u=—a or u=a.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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This tell us that

if lul = vl
then u=-v or u=v

This leads us to the following property for equations with two absolute values.
Equations with Two Absolute Values
For any algebraic expressions, u and v,

if lul = vl
then U=—v Or u=v

When we take the opposite of a quantity, we must be careful with the signs and to add parentheses where needed.

205

EXAMPLE 2.72

Solve: |5x — 1| = 2x + 3.

© solution
[5x — 1] = [2x + 3]
Write the equivalent equations. S5x—1 = —(2x+3) or 5x—-1 = 2x+3
Solve each equation. S5x—1 = —2x—3 or 3x—1 = 3
Tx—-1 = =3 3x = 4
Tx = —2 X = %
= _2 - 4
x = -5 or X 3
Check.

We leave the check to you.

TRYIT::2143  Solve: [7x — 3| = |3x +7I.
TRYIT:: 2144 Solve: [6x — 5| = |3x + 4|,

Solve Absolute Value Inequalities with “Less Than”

Let's look now at what happens when we have an absolute value inequality. Everything we’ve learned about solving

inequalities still holds, but we must consider how the absolute value impacts our work.

Again we will look at our definition of absolute value. The absolute value of a number is its distance from zero on the
number line. For the equation |x| =5, we saw that both 5and —5 are five units from zero on the number line. They are

the solutions to the equation.

xI=35
x=-5 or x=15

What about the inequality |x| < 5? Where are the numbers whose distance is less than or equal to 5? We know —5 and

5 are both five units from zero. All the numbers between —5 and 5 are less than five units from zero. See Figure 2.7.
5 units 5 units

L | |

T T 1

-5 0 5
if | x] <5

then-5<x<5

A

A

Figure 2.7
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In a more general way, we can see that if lul < a, then —a < u < a. See Figure 2.8.

a units a units

A

[z &l
[ 5

lul<a

—a<u<a

Figure 2.8

This result is summarized here.

Absolute Value Inequalities with < or <

For any algebraic expression, u, and any positive real number, a,
if lul < a, then —a<u<a
if lul < a, then —a<u<a
After solving an inequality, it is often helpful to check some points to see if the solution makes sense. The graph of

the solution divides the number line into three sections. Choose a value in each section and substitute it in the original
inequality to see if it makes the inequality true or not. While this is not a complete check, it often helps verify the solution.

EXAMPLE 2.73

Solve |x| < 7. Graph the solution and write the solution in interval notation.

© Solution
Ixl<7
Write the equivalent inequality. T<x<7
: - T T [ T | .
Graph the solution. -ttt
-109-8-76-54-3-2-1012345%6 7 8 910
Write the solution using interval 7.7
notation.
Check:
To verify, check a value in each section of the number line showing the solution. Choose numbers such as —8, 1, and 9.
|x|<7 |x|<7 |x|<7
|-8] < 7 False |1] <7 True |9] <7 False
_8 1 9
SN A S O (N S N N N U O K . 00 4 (L Lo
el N W JET) ) o ! ) T (o I P ) P B rom Pl e (N N <0 O oo
-10-9-8-7-6-5-4-3-2-1 0123456728910
TRYIT:: 2145 Graph the solution and write the solution in interval notation: x| < 9.
TRYIT::2146 Graph the solution and write the solution in interval notation: |x| < 1.

EXAMPLE 2.74

Solve |5x — 6] < 4. Graph the solution and write the solution in interval notation.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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© Solution

Step 1. Isolate the absolute value expression. [5x—6] <4

Itis isolated.

Step 2. Write the equivalent compound inequality. —4<5x-6<4

Step 3. Solve the compound inequality. 2<5x<10

% <x<2
Step 4. Graph the solution. -t [ '[ >
0o £ 1.0 2.0
Step 5. Write the solution using interval notation. [; 2]
5?

Check:

The check is left to you.
TRYIT::2.147 Solve [2x — 1] < 5. Graph the solution and write the solution in interval notation:
TRYIT::2148 Solve |[4x — 5| < 3. Graph the solution and write the solution in interval notation:

@ HOW TO:: SOLVE ABSOLUTE VALUE INEQUALITIES WITH < OR =.

Step 1. Isolate the absolute value expression.
Step 2. Write the equivalent compound inequality.
lul < a is equivalent to —a<u<a
lul < a is equivalent to —a<u<la
Step 3. Solve the compound inequality.
Step4. Graph the solution

Step 5. Write the solution using interval notation.

Solve Absolute Value Inequalities with “Greater Than”

What happens for absolute value inequalities that have “greater than”? Again we will look at our definition of absolute
value. The absolute value of a number is its distance from zero on the number line.

We started with the inequality 1x| < 5. We saw that the numbers whose distance is less than or equal to five from zero
on the number line were —5 and 5 and all the numbers between —5 and 5. See Figure 2.9.
5 units 5 units

Figure 2.9

Now we want to look at the inequality |x| > 5. Where are the numbers whose distance from zero is greater than or equal
to five?

Again both —5 and 5 are five units from zero and so are included in the solution. Numbers whose distance from zero is
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greater than five units would be less than —5 and greater than 5 on the number line. See Figure 2.10.

5 units 5 units
—-—] }
-5 0 5
|x]=5
x<-5orx=5
Figure 2.10

In a more general way, we can see that if lul > a, then u < —a or u < a. See Figure 2.11.

a units a units
-‘:} JI
-a 0 a
lulza
u<-a or uza
Figure 2.11

This result is summarized here.
Absolute Value Inequalities with > or =

For any algebraic expression, u, and any positive real number, a,
if lul > a, thenu < —a or u>a
if lul > a, thenu < —a or u>a

EXAMPLE 2.75

Solve |x| > 4. Graph the solution and write the solution in interval notation.

) Solution
x| > 4
Write the equivalent inequality. x<—4 orx>4
Graph the solution. e} —————— Pttt
-10-9-8-76-54-3-2-10123 4526 7 8 910
Write the solution using interval (=00, =4) U (4, )
notation.
Check:

To verify, check a value in each section of the number line showing the solution. Choose numbers such as —6, 0, and 7.
|x]>4 |x| >4 |x|>4
|-6] >-4True |0] > 4 False | 7] > 4True
-6

(=]
=~

il :

| ] I
| | |
-10-9 -8 7 -

1
1
-3-2-1

o -§-
_hh.i‘
o -

]
1
e

TRYIT::2149 Solve |x| > 2. Graph the solution and write the solution in interval notation.

TRYIT::2150 Solve |x| > 1. Graph the solution and write the solution in interval notation.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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EXAMPLE 2.76

Solve |2x — 3| > 5. Graph the solution and write the solution in interval notation.

© solution
2x—31>5

Step 1. Isolate the absolute value expression. It is

isolated.

Step 2. Write the equivalent compound inequality. 2x—-3<-5o0r 2x-3>5

Step 3. Solve the compound inequality. 2x< -2 or 2x>8

x<-1orx>4
. | L] | | | 1 | | | | | | | 1
Step 4. Graph the solution. B e e N E R e e R B B B
0 5 10

Step 5. Write the solution using interval notation. (=0, —1]1 U [4, )

Check:

The check is left to you.
TRYIT::2.151 Solve |4x — 3| > 5. Graph the solution and write the solution in interval notation.
TRYIT::2152 Solve |3x — 4| > 2. Graph the solution and write the solution in interval notation.

(&) HOW TO:: SOLVE ABSOLUTE VALUE INEQUALITIES WITH > OR =.

Step 1. Isolate the absolute value expression.
Step 2. Write the equivalent compound inequality.
lul > a is equivalent to u< —a or u>a
lul > a is equivalent to u<—aoru>a
Step 3.  Solve the compound inequality.
Step 4. Graph the solution
Step 5. Write the solution using interval notation.

Solve Applications with Absolute Value

Absolute value inequalities are often used in the manufacturing process. An item must be made with near perfect
specifications. Usually there is a certain tolerance of the difference from the specifications that is allowed. If the difference
from the specifications exceeds the tolerance, the item is rejected.

EXAMPLE 2.77

The ideal diameter of a rod needed for a machine is 60 mm. The actual diameter can vary from the ideal diameter by
0.075 mm. What range of diameters will be acceptable to the customer without causing the rod to be rejected?

|actual-ideal| < tolerance
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©) solution

Use an absolute value inequality to express
this situation.

Rewrite as a compound inequality.

Solve the inequality.

Answer the question.

Chapter 2 Solving Linear Equations

Let x = the actual measurement.

|actual-ideal| < tolerance

lx —60] < 0.075
—0.075 < x—-60 < 0.075
59.925 < x £60.075

The diameter of the rod can be between 59.925 mm and
60.075 mm.

TRYIT:: 2153

The ideal diameter of a rod needed for a machine is 80 mm. The actual diameter can vary from the ideal diameter
by 0.009 mm. What range of diameters will be acceptable to the customer without causing the rod to be rejected?

TRYIT:: 2154

The ideal diameter of a rod needed for a machine is 75 mm. The actual diameter can vary from the ideal diameter
by 0.05 mm. What range of diameters will be acceptable to the customer without causing the rod to be rejected?

|Z| MEDIA : :

Access this online resource for additional instruction and practice with solving linear absolute value equations and

inequalities.

* Solving Linear Absolute Value Equations and Inequalities (https://openstax.org/l/37solvlinabsol)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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L 2.7 EXERCISES
Practice Makes Perfect

Solve Absolute Value Equations
In the following exercises, solve.

434. @ =6 ® |y=-3 ©
lzl=0

437. @ =3 ® p=-1 ©
lz1=0

440. Bx—41+5=7
443. 3Ix—41+2 =11

446. =2|x—3|+8=—4

449, |%x—2|+5=2

452. [3x — 2| = |2x — 3|

455. |6 — x| = 13 — 2x|

435. @ |xl=4 ® [y=-5 ©
lzl=0

438. 2x—-3|—-4=1

a41. [4x+71+2=5
444, 3/4x — 5| —4 =11

447. 3Ix—-41+4=-5

450. |%x+5|+4=1

453. [4x + 3| = 2x + |

Solve Absolute Value Inequalities with “less than”

436. @ x1=7 ® y=-11 ©
lzl=0

439. 4x—-11-3=0

442. 4x-11+2=10

445. 3x +2| -5 =4

448. ’% —3|+7:2

451. |%x+3|+3=1

454. |6x — 5| = [2x + 3|

In the following exercises, solve each inequality. Graph the solution and write the solution in interval notation.

456. |x| <5

459. x| <3

462. 2x+3|+5<4

465. |6x — 5| < 7

457. Ixl < 1

460. 3x— 3| <6

463. 3x—-71+3 <1

466. |x — 4| < -1

Solve Absolute Value Inequalities with “greater than”

458. |x| < 8

461. 2x — 5| < 3

464. 4x -3 < 1

467. [5x+ 1] < =2

In the following exercises, solve each inequality. Graph the solution and write the solution in interval notation.

468. |x| > 3

471 |x| > 5

474. 3x -2| > 4

477. Ix =71 > 1

In the following exercises, solve. For each inequality, also graph the solution and write the solution in interval notation.

480. 2x + 6| +4 =8

469. |x| > 6
472. 3x — 8| > —1
475. 2x— 11> 5

478. 3lx1+4 > 1

481. |6x — 5| = [2x + 3|

470. |x| > 2

473, |x — 5| > =2

476. |x+3| > 5

479. S5Ix| +6 > 1

482. 3x—41>2

211
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483. 2x—5|+2=3 484. 4x-3|<5

486. |7x+2| +8 < 4

489. [x—7|> -3

Solve Applications with Absolute Value
In the following exercises, solve.

490. A chicken farm ideally produces 200,000 eggs per
day. But this total can vary by as much as 25,000 eggs.
What is the maximum and minimum expected
production at the farm?

492. In order to insure compliance with the law, Miguel
routinely overshoots the weight of his tortillas by 0.5
gram. He just received a report that told him that he
could be losing as much as $100,000 per year using
this practice. He now plans to buy new equipment that
guarantees the thickness of the tortilla within 0.005
inches. If the ideal thickness of the tortilla is 0.04
inches, what thickness of tortillas will be guaranteed?

Writing Exercises

494. Write a graphical description of the absolute value
of a number.

Self Check

487. 5S2x—11-3=7

Chapter 2 Solving Linear Equations

485. 3x+1|-3=7

488. |8 — x| = |4 — 3x|

491. An organic juice bottler ideally produces 215,000
bottle per day. But this total can vary by as much as
7,500 bottles. What is the maximum and minimum
expected production at the bottling company?

493. At Lilly’s Bakery, the ideal weight of a loaf of bread
is 24 ounces. By law, the actual weight can vary from
the ideal by 1.5 ounces. What range of weight will be
acceptable to the inspector without causing the bakery
being fined?

495. In your own words, explain how to solve the
absolute value inequality, 13x — 2| > 4.

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

With some No-I don't

Confidently help getit!

solve absolute value equations.

solve absolute value inequalities with
“less than".

solve absolute value inequalities with
“greater than".

solve applications with absolute value.

® What does this checklist tell you about your mastery of this section? What steps will you take to improve?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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CHAPTER 2 REVIEW

KEY TERMS

compound inequality A compound inequality is made up of two inequalities connected by the word “and” or the word
“or

conditional equation An equation that is true for one or more values of the variable and false for all other values of the
variable is a conditional equation.

contradiction An equation that is false for all values of the variable is called a contradiction. A contradiction has no
solution.

identity An equation that is true for any value of the variable is called an Identity. The solution of an identity is all real
numbers.

linear equation A linear equation is an equation in one variable that can be written, where a and b are real numbers and
a#0, asax+b=0.

solution of an equation A solution of an equation is a value of a variable that makes a true statement when substituted
into the equation.

KEY CONCEPTS

2.1 Use a General Strategy to Solve Linear Equations

+ How to determine whether a number is a solution to an equation
Step 1. Substitute the number in for the variable in the equation.
Step 2. Simplify the expressions on both sides of the equation.

Step 3. Determine whether the resulting equation is true.
If it is true, the number is a solution.
If it is not true, the number is not a solution.

+ How to Solve Linear Equations Using a General Strategy

Step 1. Simplify each side of the equation as much as possible.
Use the Distributive Property to remove any parentheses.
Combine like terms.

Step 2. Collect all the variable terms on one side of the equation.
Use the Addition or Subtraction Property of Equality.

Step 3. Collect all the constant terms on the other side of the equation.
Use the Addition or Subtraction Property of Equality.

Step 4. Make the coefficient of the variable term equal to 1.
Use the Multiplication or Division Property of Equality.
State the solution to the equation.

Step 5. Check the solution.
Substitute the solution into the original equation to make sure the result is a true statement.

* How to Solve Equations with Fraction or Decimal Coefficients

Step 1. Find the least common denominator (LCD) of all the fractions and decimals (in fraction form) in the
equation.

Step 2. Multiply both sides of the equation by that LCD. This clears the fractions and decimals.
Step 3. Solve using the General Strategy for Solving Linear Equations.

2.2 Use a Problem Solving Strategy

* How To Use a Problem Solving Strategy for Word Problems
Step 1. Read the problem. Make sure all the words and ideas are understood.
Step 2. Identify what you are looking for.
Step 3. Name what you are looking for. Choose a variable to represent that quantity.

Step 4. Translate into an equation. It may be helpful to restate the problem in one sentence with all the important
information. Then, translate the English sentence into an algebra equation.
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Step 5. Solve the equation using proper algebra techniques.

Step 6. Check the answer in the problem to make sure it makes sense.
Step 7. Answer the question with a complete sentence.
How To Find Percent Change
Step 1. Find the amount of change
change = new amount — original amount

Step 2. Find what percent the amount of change is of the original amount.
change is what percent of the original amount?

Discount
amount of discount

discount rate - original price
sale price = original amount — discount

Mark-up
amount of mark-up

mark-up rate - original cost

list price

original cost + mark up

Simple Interest
If an amount of money, P, called the principal, is invested or borrowed for a period of t years at an annual interest
rate r, the amount of interest, I, earned or paid is:

I = interest
I=Prt where P = principal

r = rate

t = time

2.3 Solve a Formula for a Specific Variable

How To Solve Geometry Applications
Step 1. Read the problem and make sure all the words and ideas are understood.
Step 2. Identify what you are looking for.

Step 3. Name what you are looking for by choosing a variable to represent it. Draw the figure and label it with the
given information.

Step 4. Translate into an equation by writing the appropriate formula or model for the situation. Substitute in the
given information.

Step 5. Solve the equation using good algebra techniques.

Step 6. Check the answer in the problem and make sure it makes sense.
Step 7. Answer the question with a complete sentence.

The Pythagorean Theorem

- Inany right triangle, where a and b are the lengths of the legs, and c is the length of the hypotenuse, the
sum of the squares of the lengths of the two legs equals the square of the length of the hypotenuse.

2 g+ b=¢c

2.4 Solve Mixture and Uniform Motion Applications

Total Value of Coins
For the same type of coin, the total value of a number of coins is found by using the model
number - value = total value

o number is the number of coins
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o value is the value of each coin
o total value is the total value of all the coins

* How to solve coin word problems.

Step 1. Read the problem. Make sure all the words and ideas are understood.
Determine the types of coins involved.
Create a table to organize the information.
Label the columns “type,” “number,”
List the types of coins.
Write in the value of each type of coin.
Write in the total value of all the coins.

"ou

value,” “total value.”

Type Number +* Value($) = Total Value (%)

Step 2. Identify what you are looking for.

Step 3. Name what you are looking for. Choose a variable to represent that quantity.
Use variable expressions to represent the number of each type of coin and write them in the table.
Multiply the number times the value to get the total value of each type of coin.

Step 4. Translate into an equation.
It may be helpful to restate the problem in one sentence with all the important information. Then,

translate the sentence into an equation.
Write the equation by adding the total values of all the types of coins.

Step 5. Solve the equation using good algebra techniques.
Step 6. Check the answer in the problem and make sure it makes sense.

Step 7. Answer the question with a complete sentence.
+ How To Solve a Uniform Motion Application

Step 1. Read the problem. Make sure all the words and ideas are understood.
Draw a diagram to illustrate what it happening.
Create a table to organize the information.
Label the columns rate, time, distance.
List the two scenarios.
Write in the information you know.

Rate +* Time = Distance

Step 2. Identify what you are looking for.

Step 3. Name what you are looking for. Choose a variable to represent that quantity.
Complete the chart.
Use variable expressions to represent that quantity in each row.
Multiply the rate times the time to get the distance.

Step 4. Translate into an equation.
Restate the problem in one sentence with all the important information.
Then, translate the sentence into an equation.

Step 5. Solve the equation using good algebra techniques.
Step 6. Check the answer in the problem and make sure it makes sense.
Step 7. Answer the question with a complete sentence.



216 Chapter 2 Solving Linear Equations

2.5 Solve Linear Inequalities

+ Inequalities, Number Lines, and Interval Notation

xX>a x2a x<a x<a
x>a xza x<a x<a
a a a a
(@, «) [a, =) (~c0, @) (~o0, @]
Both have a left Both have a left Both have a right Both have a right
parenthesis. bracket. parenthesis. bracket.

+ Linear Inequality

> Alinear inequality is an inequality in one variable that can be written in one of the following forms where
a, b, and c are real numbersand a # 0 :

ax+b<ec, ax+b <c, ax+b>c, ax+b >c.
+ Addition and Subtraction Property of Inequality

o Foranynumbersa, b, and ¢, if a < b, then

a+c<b+c a—-c<b-c
a+c>b+c a—-c>b-c
> We can add or subtract the same quantity from both sides of an inequality and still keep the inequality.
+ Multiplication and Division Property of Inequality

o For any numbers a, b, and c,
multiply or divide by a positive

ifa <bandc >0, thenac < bcand % < L.
b

ifa>bandc >0, thenac>bcand%>g.

multiply or divide by a negative

ifa <bande <0, thenac > beand4 > L.

ifa>bandc <0, thenac<bcand%<%.

+ Phrases that indicate inequalities

> > < <
is greater than  is greater than or equal to s less than is less than or equal to
is more than is at least is smaller than is at most
is larger than is no less than has fewer than  is no more than
exceeds is the minimum is lower than is the maximum

2.6 Solve Compound Inequalities

+ How to solve a compound inequality with “and”
Step 1. Solve each inequality.

Step 2. Graph each solution. Then graph the numbers that make both inequalities true. This graph shows the
solution to the compound inequality.

Step 3. Write the solution in interval notation.
+ Double Inequality
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- A double inequality is a compound inequality such as @ < x < b.Itis equivalentto @ < x and x < b.

a<x<b isequivalentto a<x and x<b
a<x<b isequivalentto a<x and x<b
Other forms: . .

a>x>b isequivalentto a>x and x>b

a>x>b isequivalentto a>x and x2>b

How to solve a compound inequality with “or”
Step 1. Solve each inequality.

Step 2. Graph each solution. Then graph the numbers that make either inequality true.

Step 3. Write the solution in interval notation.

2.7 Solve Absolute Value Inequalities

Absolute Value
The absolute value of a number is its distance from 0 on the number line.
The absolute value of a number n is written as |nl and |n|l > 0 for all numbers.

Absolute values are always greater than or equal to zero.
Absolute Value Equations

For any algebraic expression, u, and any positive real number, a,
if lul = a

then U=—a or u=a

Remember that an absolute value cannot be a negative number.
How to Solve Absolute Value Equations

Step 1. Isolate the absolute value expression.

Step 2. Write the equivalent equations.

Step 3. Solve each equation.

Step 4. Check each solution.

Equations with Two Absolute Values

For any algebraic expressions, u and v,

if lul = vl

then U=—v or u=v

Absolute Value Inequalities with < or <

For any algebraic expression, u, and any positive real number, a,
if lul < a, then —a<u<a

if lul < a, then —a<u<a
How To Solve Absolute Value Inequalities with < or <

Step 1. Isolate the absolute value expression.

Step 2. Write the equivalent compound inequality.
lul < a is equivalent to —a<u<a

ul <a is equivalent to —a<u<la

Step 3. Solve the compound inequality.

Step 4. Graph the solution

Step 5. Write the solution using interval notation
Absolute Value Inequalities with > or >

For any algebraic expression, u, and any positive real number, a,
if lul > a, thenu < —a or u>a

if lul > a, thenu < —a or u>a
How To Solve Absolute Value Inequalities with > or >

Step 1. Isolate the absolute value expression.



218 Chapter 2 Solving Linear Equations

Step 2. Write the equivalent compound inequality.
lul > a is equivalent to u<-—aoru>a

lul > a is equivalent to u<—aoru>a
Step 3. Solve the compound inequality.
Step 4. Graph the solution
Step 5. Write the solution using interval notation

REVIEW EXERCISES

2.1 Use a General Strategy to Solve Linear Equations
Solve Equations Using the General Strategy for Solving Linear Equations
In the following exercises, determine whether each number is a solution to the equation.

4%. 10x—1=5xx=1 497, —12n+5=8nn= -2

In the following exercises, solve each linear equation.

498. 6(x+6)=24 499. —(s+4)=18

500. 23 -3(y-7)=8 501. %(6m+21)=m—7

502. 4(3.5y +0.25) =365 503. 0.25(g—8)=0.l(g+7)

504. 8(r—2)=6(r+10) 505. 5+7(2—-5x)=20x+1)—-(13x-57)
506. On+5)—-Cn-7)=20—-(4n-2) 507. 2[—16+ 5(8k — 6)] = 8(3 — 4k) — 32

Classify Equations

In the following exercises, classify each equation as a conditional equation, an identity, or a contradiction and then state the
solution.

508. 17y —3(4 —2y)=11(y— 1)+ 12y — 1 509. Ou+32 = 15(u—4) — 3Qu +21)
510. —8(7m +4) = —6(8m +9)

Solve Equations with Fraction or Decimal Coefficients
In the following exercises, solve each equation.

2,1 _17 3, _1_1 .3
511. 5n 10 =10 512. 461 3—2a+6
513. %(k+3)=%(k+16) 514, 5y3—1+4=—8y6+4
515. 0.8x— 0.3 = 0.7x+0.2 516. 0.10d + 0.05(d — 4) = 2.05
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2.2 Use a Problem-Solving Strategy

Use a Problem Solving Strategy for Word Problems

In the following exercises, solve using the problem solving strategy for word problems.

517. Three-fourths of the people
at a concert are children. If there
are 87 children, what is the total
number of people at the concert?

Solve Number Word Problems

518. There are nine saxophone
players in the band. The number of
saxophone players is one less than
twice the number of tuba players.
Find the number of tuba players.

In the following exercises, solve each number word problem.

519. The sum of a number and
three is forty-one. Find the
number.

522. The sum of two consecutive
integers is —135. Find the
numbers.

525. Koji has $5,502 in his savings
account. This is $30 less than six
times the amount in his checking
account. How much money does
Koji have in his checking account?

Solve Percent Applications

520. One number is nine less than
another. Their sum is negative
twenty-seven. Find the numbers.

523. Find three consecutive even
integers whose sum is 234.

In the following exercises, translate and solve.

526. What number is 67% of 250?

In the following exercises, solve.

529. The bill for Dino’s lunch was
$19.45. He wanted to leave 20% of
the total bill as a tip. How much
should the tip be?

532. Angel received a raise in his
annual salary from $55,400 to
$56,785. Find the percent change.

535. Lacey bought a pair of boots
on sale for $95. The original price

of the boots was $200. Find @ the

amount of discount and ® the
discount rate. (Round to the
nearest tenth of a percent, if
needed.)

527. 12.5% of what number is 20?

530. Dolores bought a crib on sale
for $350. The sale price was 40%
of the original price. What was the
original price of the crib?

533. Rowena’s monthly gasoline
bill dropped from $83.75 last
month to $56.95 this month. Find
the percent change.

536. Nga and Lauren bought a
chest at a flea market for $50. They
re-finished it and then added a

350% mark-up. Find ® the amount

of the mark-up and ® the list
price.

521. One number is two more
than four times another. Their sum
is negative thirteen. Find the
numbers.

524. Find three consecutive odd
integers whose sum is 51.

528. What percent of 125 is 150?

531. Jaden earns $2,680 per
month. He pays $938 a month for
rent. What percent of his monthly
pay goes to rent?

534. Emmett bought a pair of
shoes on sale at 40% off from an

original price of $138. Find @® the

amount of discount and ® the sale
price.

219
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Solve Simple Interest Applications
In the following exercises, solve.

537. Winston deposited $3,294 in
a bank account with interest rate
2.6% How much interest was
earned in five years?

538. Moira borrowed $4,500 from
her grandfather to pay for her first
year of college. Three years later,
she repaid the $4,500 plus $243
interest. What was the rate of
interest?

2.3 Solve a formula for a Specific Variable

Solve a Formula for a Specific Variable

In the following exercises, solve the formula for the specified variable.

540. Solve the formula
V =LWH forL.

543. Solve the formula
4x — 3y =12 fory.

541. Solve the formula

A= %dldl for d2.

Use Formulas to Solve Geometry Applications

In the following exercises, solve using a geometry formula.

544. What is the height of a
triangle with area 67.5 square
meters and base 9 meters?

547. Find the
hypotenuse.

length of the

24

10

550. Seong is building shelving in
his garage. The shelves are 36
inches wide and 15 inches tall. He
wants to put a diagonal brace
across the back to stabilize the
shelves, as shown. How long
should the brace t;%'?

15"

545. The measure of the smallest
angle in a right triangle is 45° less
than the measure of the next
larger angle. Find the measures of
all three angles.

548. Find the length of the missing
side. Round to the nearest tenth, if

necessary.
15

L™

551. The length of a rectangle is
12 cm more than the width. The
perimeter is 74 cm. Find the length
and the width.
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539. Jaime’'s refrigerator loan
statement said he would pay
$1,026 in interest for a four-year
loan at 13.5%. How much did Jaime
borrow to buy the refrigerator?

542. Solve the formula

h =48t + %azt2 for a.

546. The perimeter of a triangle is
97 feet. One side of the triangle is
eleven feet more than the smallest
side. The third side is six feet more
than twice the smallest side. Find
the lengths of all sides.

549. Sergio needs to attach a wire
to hold the antenna to the roof of
his house, as shown in the figure.
The antenna is eight feet tall and
Sergio has 10 feet of wire. How far
from the base of the antenna can
he attach the wire? Approximate to
the nearest tenth, if necessary.

g 10

552. The width of a rectangle is
three more than twice the length.
The perimeter is 96 inches. Find the
length and the width.
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553. The perimeter of a triangle
is 35 feet. One side of the triangle
is five feet longer than the second
side. The third side is three feet
longer than the second side. Find
the length of each side.

2.4 Solve Mixture and Uniform Motion Applications

Solve Coin Word Problems
In the following exercises, solve.

554. Paulette has $140 in $5 and
$10 bills. The number of $10 bills
is one less than twice the number
of $5 bills. How many of each does
she have?

555. Lenny has $3.69 in pennies,
dimes, and quarters. The number
of pennies is three more than the
number of dimes. The number of
quarters is twice the number of
dimes. How many of each coin
does he have?

Solve Ticket and Stamp Word Problems

In the following exercises, solve each ticket or stamp word problem.

556. Tickets for a basketball game
cost $2 for students and $5 for
adults. The number of students
was three less than 10 times the
number of adults. The total
amount of money from ticket sales
was $619. How many of each ticket
were sold?

Solve Mixture Word Problems
In the following exercises, solve.

559. Marquese is making 10
pounds of trail mix from raisins
and nuts. Raisins cost $3.45 per
pound and nuts cost $7.95 per
pound. How many pounds of
raisins and how many pounds of
nuts should Marquese use for the
trail mix to cost him $6.96 per
pound?

Solve Uniform Motion Applications
In the following exercises, solve.

562. When Gabe drives from
Sacramento to Redding it takes
him 2.2 hours. It takes Elsa two
hours to drive the same distance.
Elsa's speed is seven miles per
hour faster than Gabe’'s speed.
Find Gabe’s speed and Elsa’s
speed.

557. 125 tickets were sold for the
jazz band concert for a total of
$1,022. Student tickets cost $6 each
and general admission tickets cost
$10 each. How many of each kind
of ticket were sold?

560. Amber wants to put tiles on
the backsplash of her kitchen
counters. She will need 36 square
feet of tile. She will use basic tiles
that cost $8 per square foot and
decorator tiles that cost $20 per
square foot. How many square feet
of each tile should she use so that
the overall cost of the backsplash
will be $10 per square foot?

563. Louellen and Tracy met at a
restaurant on the road between
Chicago and Nashville. Louellen
had left Chicago and drove 3.2
hours towards Nashville. Tracy had
left Nashville and drove 4 hours
towards Chicago, at a speed one
mile per hour faster than
Louellen’s speed. The distance
between Chicago and Nashville is
472 miles. Find Louellen’s speed
and Tracy's speed.

558. Yumi spent $34.15 buying
stamps. The number of $0.56
stamps she bought was 10 less
than four times the number of
$0.41 stamps. How many of each
did she buy?

561. Enrique borrowed $23,500 to
buy a car. He pays his uncle 2%
interest on the $4,500 he borrowed
from him, and he pays the bank
11.5% interest on the rest. What
average interest rate does he pay
on the total $23,500? (Round your
answer to the nearest tenth of a
percent.)

564. Two busses leave Amarillo at
the same time. The Albuquerque
bus heads west on the I-40 at a
speed of 72 miles per hour, and the
Oklahoma City bus heads east on
the I-40 at a speed of 78 miles per
hour. How many hours will it take
them to be 375 miles apart?
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565. Kyle rowed his boat upstream
for 50 minutes. It took him 30
minutes to row back downstream.
His speed going upstream is two
miles per hour slower than his
speed going downstream. Find
Kyle's upstream and downstream
speeds.

566. At 6:30, Devon left her house
and rode her bike on the flat road
until 7:30. Then she started riding
uphill and rode until 8:00. She rode
a total of 15 miles. Her speed on
the flat road was three miles per
hour faster than her speed going
uphill. Find Devon’s speed on the
flat road and riding uphill.

2.5 Solve Linear Inequalities

Graph Inequalities on the Number Line

Chapter 2 Solving Linear Equations

567. Anthony drove from New
York City to Baltimore, which is a
distance of 192 miles. He left at
3:45 and had heavy traffic until
5:30. Traffic was light for the rest
of the drive, and he arrived at 7:30.
His speed in light traffic was four
miles per hour more than twice his
speed in heavy traffic. Find
Anthony’s driving speed in heavy
traffic and light traffic.

In the following exercises, graph the inequality on the number line and write in interval notation.

568. x < —1

571. x> 2

574. 0<x <35

Solve Linear Inequalities

In the following exercises, solve each inequality, graph the solution on the number line, and write the solution in interval notation.

575. n—12<23

4 > _
s18. 5> 24

581.
5n—15(4 —n) < 10(n — 6) + 10n

569. x> -2.5

572. -2<x<0

251
576. a+3 Z13
579. 6p > 15p —30
3,_1,5-5,.3
582. 8a 12a> 12a+4

Translate Words to an Inequality and Solve

570. x s%
573. —5<x< -3

577. 9x > 54

580. 9h—7(h—1) < 4h—23

In the following exercises, translate and solve. Then write the solution in interval notation and graph on the number line.

583. Five more than z is at most
19.

586. Negative two times g is no
more than eight.

584. Three less than c is at least
360.

Solve Applications with Linear Inequalities

In the following exercises, solve.

587. Julianne has a weekly food
budget of $231 for her family. If
she plans to budget the same
amount for each of the seven days
of the week, what is the maximum
amount she can spend on food
each day?

588. Rogelio paints watercolors.
He got a $100 gift card to the art
supply store and wants to use it
to buy 12" x 16" canvases. Each
canvas costs $10.99. What is the
maximum number of canvases he
can buy with his gift card?
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585. Nine times n exceeds 42.

589. Briana has been offered a
sales job in another city. The offer
was for $42,500 plus 8% of her total
sales. In order to make it worth the
move, Briana needs to have an
annual salary of at least $66,500.
What would her total sales need to
be for her to move?



Chapter 2 Solving Linear Equations

590. Renee’s car costs her $195
per month plus $0.09 per mile.
How many miles can Renee drive
so that her monthly car expenses
are no more than $250?

591. Costa is an accountant.
During tax season, he charges
$125 to do a simple tax return. His
expenses for buying software,
renting an office, and advertising
are $6,000. How many tax returns
must he do if he wants to make a
profit of at least $8,000?

2.6 Solve Compound Inequalities

Solve Compound Inequalities with “and”

592. Jenna is planning a five-day
resort vacation with three of her
friends. It will cost her $279 for
airfare, $300 for food and
entertainment, and $65 per day for
her share of the hotel. She has
$550 saved towards her vacation
and can earn $25 per hour as an
assistant in her uncle’s
photography studio. How many
hours must she work in order to
have enough money for her
vacation?

In each of the following exercises, solve each inequality, graph the solution, and write the solution in interval notation.

593. x<5and x> -3

596. %(x —8) <3 and

Lo -
sx=35 =<3

594. 4x—2<4 and
Tx—1> -8

597. %x —-5>-2 and

-3x+1)>6

Solve Compound Inequalities with “or”

595. 5(3x—2) <5 and
4x+2)<3

598. -5<4x-1<7
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In the following exercises, solve each inequality, graph the solution on the number line, and write the solution in interval notation.

599. 5—-2x< -1 or
6+3x<4

602. 2(x+3)>0 or
3x+4)<6

600. 3(2x—3) <=5 or
4x—-1>3

603. %x—3$4 or

lx-62-2

Solve Applications with Compound Inequalities

In the following exercises, solve.

604. Liam is playing a number
game with his sister Audry. Liam
is thinking of a number and wants
Audry to guess it. Five more than
three times her number is between
2 and 32. Write a compound
inequality that shows the range of
numbers that Liam might be
thinking of.

605. Elouise is creating a
rectangular garden in her back
yard. The length of the gardenis 12
feet. The perimeter of the garden
must be at least 36 feet and no
more than 48 feet. Use a
compound inequality to find the
range of values for the width of the
garden.

2.7 Solve Absolute Value Inequalities

Solve Absolute Value Equations
In the following exercises, solve.
606. |x| =8

609. 3x—41+5=7

607. |yl = —14

610. 4lx—1/+2=10

601. %x—2>4 or 42 -x)>0

608. [z21=0

611l. —2|x—3|+8=-4
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612. |%x+5|+4=1

613. |6x — 5| =[2x + 3|

Solve Absolute Value Inequalities with “less than”

In the following exercises, solve each inequality. Graph the solution and write the solution in interval notation.

614. |x| <8

617. [Sx+1]< -2

615. [2x—5| <3

Solve Absolute Value Inequalities with “greater than”

In the following exercises, solve. Graph the solution and write the solution in interval notation.
lx=5]>-2

618. |x| > 6

621. [x—71>1

619. |x| >2

622. 3lx|+4>1

Solve Applications with Absolute Value

In the following exercises, solve.

623. A craft beer brewer needs
215,000 bottle per day. But this
total can vary by as much as 5,000
bottles. What is the maximum and
minimum expected usage at the
bottling company?

624. At Fancy Grocery, the ideal
weight of a loaf of bread is 16
ounces. By law, the actual weight
can vary from the ideal by 1.5
ounces. What range of weight will
be acceptable to the inspector
without causing the bakery being
fined?
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PRACTICE TEST

In the following exercises, solve each equation.

625. —52x+ 1) =45

628. 0.1d +0.25(d +8) = 4.1

3,-2_1,.5
631. X 3 x+6

634. Solve the formula
x+2y=>5 fory.

626.
%(lZm +28)=6+2Cm+1)

629.
14n —-3(@4n+5)=-9+2(n-2_8)

632. 3x—4/=8

627.
8Ba+5)—7(4a—-3)=20-3a

630.

3Bu+2)+46—8u—-1)]=3u-2)

633. [2x— 1| = |4x + 3|

In the following exercises, graph the inequality on the number line and write in interval notation.

635. x > —3.5

636. x < %

637. —2<x<5
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In the following exercises, solve each inequality, graph the solution on the number line, and write the solution in interval notation.

638. 8k > 5k—120

641. 3(2x—3) < =5 or
4x—-1>3

639. 3c—10(c—2) <5c+16

642. %x—3§4 or

L= -
3(x—6)=>-2

In the following exercises, translate to an equation or inequality and solve.

644. Four less than twice x is 16.

647. The sum of two consecutive
odd integers is —112. Find the
numbers.

650. Kim is making eight gallons
of punch from fruit juice and soda.
The fruit juice costs $6.04 per
gallon and the soda costs $4.28 per
gallon. How much fruit juice and
how much soda should she use so
that the punch costs $5.71 per
gallon?

645. Find the length of the missing

side.
6

648. Marcus bought a television
on sale for $626.50 The original
price of the television was $895.

Find @ the amount of discount and

® the discount rate.

651. The measure of one angle of
a triangle is twice the measure of
the smallest angle. The measure of
the third angle is three times the
measure of the smallest angle.
Find the measures of all three
angles.

640. %x —5>-2 and

Bx+1)>6

643. |4x—3|1>5

646. One number is four more
than twice another. Their sum is
—47. Find the numbers.

649. Bonita has $2.95 in dimes and
quarters in her pocket. If she has
five more dimes than quarters,
how many of each coin does she
have?

652. The length of a rectangle is
five feet more than four times the
width. The perimeter is 60 feet.
Find the dimensions of the
rectangle.
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653. Two planes leave Dallas at
the same time. One heads east at
a speed of 428 miles per hour. The
other plane heads west at a speed
of 382 miles per hour. How many
hours will it take them to be 2,025
miles apart?

654. Leon drove from his house in
Cincinnati to his sister’s house in
Cleveland, a distance of 252 miles.

It took him 4% hours. For the first

half hour, he had heavy traffic, and
the rest of the time his speed was
five miles per hour less than twice
his speed in heavy traffic. What was
his speed in heavy traffic?
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655. Sara has a budget of $1,000
for costumes for the 18 members
of her musical theater group. What
is the maximum she can spend for
each costume?



GRAPHS AND FUNCTIONS

Figure 3.1 This odd-looking headgear provides the user with a virtual world. (credit: fill/Pixabay)

Chapter Outline
3.1 Graph Linear Equations in Two Variables
3.2 Slope of a Line
3.3 Find the Equation of a Line
3.4 Graph Linear Inequalities in Two Variables
3.5 Relations and Functions
3.6 Graphs of Functions

Introduction

Imagine visiting a faraway city or even outer space from the comfort of your living room. It could be possible using virtual
reality. This technology creates realistic images that make you feel as if you are truly immersed in the scene and even
enable you to interact with them. It is being developed for fun applications, such as video games, but also for architects
to plan buildings, car companies to design prototypes, the military to train, and medical students to learn.

Developing virtual reality devices requires modeling the environment using graphs and mathematical relationships. In
this chapter, you will graph different relationships and learn ways to describe and analyze graphs.

31

Graph Linear Equations in Two Variables

Learning Objectives

BE PREPARED : : 3.1 Before you get started, take this readiness quiz.

Evaluate 5x —4 when x = —1.
If you missed this problem, review Example 1.6.

BE PREPARED : : 3.2 Evaluate 3x — 2y when x = 4, y = —3.
If you missed this problem, review Example 1.21.

BE PREPARED : : 3.3 Solve fory: 8 — 3y = 20.
If you missed this problem, review Example 2.2.



228 Chapter 3 Graphs and Functions

Plot Points on a Rectangular Coordinate System

Just like maps use a grid system to identify locations, a grid system is used in algebra to show a relationship between
two variables in a rectangular coordinate system. The rectangular coordinate system is also called the xy-plane or the
“coordinate plane.”

The rectangular coordinate system is formed by two intersecting number lines, one horizontal and one vertical. The
horizontal number line is called the x-axis. The vertical number line is called the y-axis. These axes divide a plane into four
regions, called quadrants. The quadrants are identified by Roman numerals, beginning on the upper right and proceeding
counterclockwise. See

y

?——
6+
5__
44
3l

Figure 3.2

In the rectangular coordinate system, every point is represented by an ordered pair. The first number in the ordered pair
is the x-coordinate of the point, and the second number is the y-coordinate of the point. The phrase “ordered pair” means
that the order is important.

Ordered Pair

An ordered pair, (x, y) gives the coordinates of a point in a rectangular coordinate system. The first number is the
x-coordinate. The second number is the y-coordinate.

(x.y)

x-coordinate y-coordinate

What is the ordered pair of the point where the axes cross? At that point both coordinates are zero, so its ordered pair is
(0, 0). The point (0, 0) has a special name. It is called the origin.

The Origin
The point (0, 0) is called the origin. It is the point where the x-axis and y-axis intersect.

We use the coordinates to locate a point on the xy-plane. Let's plot the point (1, 3) as an example. First, locate 1 on the

x-axis and lightly sketch a vertical line through x = 1. Then, locate 3 on the y-axis and sketch a horizontal line through
y = 3. Now, find the point where these two lines meet—that is the point with coordinates (1, 3). See
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Figure 3.3

Notice that the vertical line through x = 1 and the horizontal line through y = 3 are not part of the graph. We just used
them to help us locate the point (1, 3).

When one of the coordinate is zero, the point lies on one of the axes. In the point (0, 4) is on the y-axis and

the point (=2, 0) is on the x-axis.

Figure 3.4

Points on the Axes

Points with a y-coordinate equal to 0 are on the x-axis, and have coordinates (a, 0).

Points with an x-coordinate equal to 0 are on the y-axis, and have coordinates (0, b).

EXAMPLE 3.1

Plot each point in the rectangular coordinate system and identify the quadrant in which the point is located:

@ (=5,4) ® (=3, —4) © 2, =3) @ (0, 1) ® (3, %)

Solution

The first number of the coordinate pair is the x-coordinate, and the second number is the y-coordinate. To plot each
point, sketch a vertical line through the x-coordinate and a horizontal line through the y-coordinate. Their intersection
is the point.

® Since x = -5, the point is to the left of the y-axis. Also, since y =4, the point is above the x-axis. The point
(-5, 4) isin Quadrant IL

® since x = —3, the point is to the left of the y-axis. Also, since y = —4, the point is below the x-axis. The point
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(=3, —4) is in Quadrant IIL

(©Since x =2, the point is to the right of the y-axis. Since y = =3, the point is below the x-axis. The point (2, —3)
is in Quadrant IV.

@since x =0, the point whose coordinates are (0, —1) is on the y-axis.

(®sSince x =3, the point is to the right of the y-axis. Since y = S the point is above the x-axis. (It may be helpful to

27
write % as a mixed number or decimal.) The point (3, %) is in Quadrant I.
y
6+
(-5,4) T
21
rAFIEIIEEEREN i

2T 3
=4 7
6+

TRYIT::31

Plot each point in a rectangular coordinate system and identify the quadrant in which the point is located:

@ (=2, 1) ® (=3, -1) © (4, —4) @ (-4, 4) ® (—4, %)

llmnnnz

Plot each point in a rectangular coordinate system and identify the quadrant in which the point is located:

@ (4.1)®(-2.3)©® 2. -5 @ (2.5 ® (—% %)

The signs of the x-coordinate and y-coordinate affect the location of the points. You may have noticed some patterns as
you graphed the points in the previous example. We can summarize sign patterns of the quadrants in this way:

Quadrants

Quadrant I Quadrant IT Quadrant ITI Quadrant IV
(x, y) (x, y) (x, y) (x, y)
(+3 +) (_9 +) (_’ _) (+3 _)
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Up to now, all the equations you have solved were equations with just one variable. In almost every case, when you solved
the equation you got exactly one solution. But equations can have more than one variable. Equations with two variables
may be of the form Ax + By = C. An equation of this form is called a linear equation in two variables.

Linear Equation

An equation of the form Ax 4+ By = C, where A and B are not both zero, is called a linear equation in two variables.

Here is an example of a linear equation in two variables, x and y.
Ax + By =
X+ dy=

A=1, s

The equation y = —3x + 5 is also a linear equation. But it does not appear to be in the form Ax + By = C. We can use

the Addition Property of Equality and rewrite itin Ax + By = C form.

y = —3x+5
Add to both sides. y+3x = -3x+5+3x
Simplify. y+3x =5
Use the Commutative Property to put it in
Ax + By = C form. 3x+y =5
By rewriting y = =3x+5 as 3x+y =15, we can easily see that it is a linear equation in two variables because it is

of the form Ax + By = C. When an equation is in the form Ax+ By = C, we say it is in standard form of a linear
equation.

Standard Form of Linear Equation

Alinear equation is in standard form when it is written Ax + By = C.

Most people prefer to have A, B, and C be integers and A > 0 when writing a linear equation in standard form, although
it is not strictly necessary.

Linear equations have infinitely many solutions. For every number that is substituted for x there is a corresponding y
value. This pair of values is a solution to the linear equation and is represented by the ordered pair (x, y). When we

substitute these values of x and y into the equation, the result is a true statement, because the value on the left side is
equal to the value on the right side.

Solution of a Linear Equation in Two Variables

An ordered pair (x, y) is a solution of the linear equation Ax + By = C, if the equation is a true statement when
the x- and y-values of the ordered pair are substituted into the equation.
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Linear equations have infinitely many solutions. We can plot these solutions in the rectangular coordinate system. The
points will line up perfectly in a straight line. We connect the points with a straight line to get the graph of the equation.
We put arrows on the ends of each side of the line to indicate that the line continues in both directions.

A graph is a visual representation of all the solutions of the equation. It is an example of the saying, “A picture is worth
a thousand words.” The line shows you all the solutions to that equation. Every point on the line is a solution of the
equation. And, every solution of this equation is on this line. This line is called the graph of the equation. Points not on the
line are not solutions!

Graph of a Linear Equation

The graph of a linear equation Ax + By = C is a straight line.

+ Every point on the line is a solution of the equation.
*+ Every solution of this equation is a point on this line.

EXAMPLE 3.2

The graph of y = 2x — 3 is shown.

For each ordered pair, decide:

@ 1s the ordered pair a solution to the equation?
® Is the point on the line?

A: (0, =3) B: (3,3) C: (2, =3) D: (-1, =5)

) Solution
Substitute the x- and y-values into the equation to check if the ordered pair is a solution to the equation.

®
A (0,-3) B: (5, 3) C:(2,-3) D:(1,-5)
y=2x-3 y=2x-3 y=2x-3 y=2x-3
322(0)-3 322(3)-3 34 22)=3 BRI =3
e T 3£1 BB

(0, -3) is a solution.

(3, 3) is a solution.

(2, -3) is not a solution.

® Plot the points (0, —3), (3, 3), (2, =3), and (-1, =5).

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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The points (0, 3), (3, —3), and (-1, —5) are on theline y = 2x — 3, and the point (2, —3) is not on the line.

The points that are solutions to y = 2x — 3 are on the line, but the point that is not a solution is not on the line.

233

TRYIT::33 Use graph of y = 3x — 1. For each ordered pair, decide:

®1s the ordered pair a solution to the equation?
® Is the point on the line?

A0, -1) B (2,5)

-
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TRYIT::34 Use graph of y = 3x — 1. For each ordered pair, decide:

® Is the ordered pair a solution to the equation?
® 1s the point on the line?

A3, =1) B(-1, —4)

Graph a Linear Equation by Plotting Points

There are several methods that can be used to graph a linear equation. The first method we will use is called plotting
points, or the Point-Plotting Method. We find three points whose coordinates are solutions to the equation and then plot
them in a rectangular coordinate system. By connecting these points in a line, we have the graph of the linear equation.

DCNIJRIR N HOW TO GRAPH A LINEAR EQUATION BY PLOTTING POINTS

Graph the equation y = 2x + 1 by plotting points.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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© Solution
You can choose any y=2x+1
values for x or y.
In this case, since y is x=0
isolated on the left side y=2x+1
oft.he equation, itis y=2.041
easier to choose
values for x. y=0+1
y:
x=1
y=2x+1
y=2+1+1
y=2+1
y=3
x=-2
y=2x+1
y=2(2)+1
y=-4+1
y=-3
Put the three solutions _
in a table.
X y (¥
0 1 0, 1)
1 3 (1,3)
2 -3 (-2,-3)
Plot: y
(0, 1), (1. 3), =2, -3). 6 o
. 44
Do the points line up? ]
Yes, the points line up. | (1,3)
. : 1
©Mn =
]
6 -4 |2 0 ) 4 6
2 il .
2,-3)_
o =
L lg
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This line is the graph ¥
ofy=2x+1.

TRYIT::35 Graph the equation by plotting points: y = 2x — 3.

TRYIT::36 Graph the equation by plotting points: y = —2x + 4.

The steps to take when graphing a linear equation by plotting points are summarized here.

._- HOW TO :: GRAPH A LINEAR EQUATION BY PLOTTING POINTS.
Step 1. Find three points whose coordinates are solutions to the equation. Organize them in a table.

Step 2.  Plot the points in a rectangular coordinate system. Check that the points line up. If they do not,
carefully check your work.

Step 3. Draw the line through the three points. Extend the line to fill the grid and put arrows on both
ends of the line.

It is true that it only takes two points to determine a line, but it is a good habit to use three points. If you only plot two
points and one of them is incorrect, you can still draw a line but it will not represent the solutions to the equation. It will
be the wrong line.

If you use three points, and one is incorrect, the points will not line up. This tells you something is wrong and you need to
check your work. Look at the difference between these illustrations.

(a) (b)

When an equation includes a fraction as the coefficient of x, we can still substitute any numbers for x. But the arithmetic

is easier if we make “good” choices for the values of x. This way we will avoid fractional answers, which are hard to graph
precisely.

EXAMPLE 3.4

Graph the equation: y = %x +3.

© solution

Find three points that are solutions to the equation. Since this equation has the fraction 1 as a coefficient of x, we will

2
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choose values of x carefully. We will use zero as one choice and multiples of 2 for the other choices. Why are multiples
1

of two a good choice for values of x? By choosing multiples of 2 the multiplication by > simplifies to a whole number

X= X= X=

1 1
=— 3 =— 3 == 3
¥y X+ ¥ 2X+ Y 2X+

- i i
y=30+3  y=3(+3 y=3()+3

y=0+3 y=1+3 y=2+3
y=3 y=4 y=5
The points are shown in Table 3.1.
=1
y—2x+3
X y (x’)’)
o 3 3
2 4 24
4 5 &)
Table 3.1

Plot the points, check that they line up, and draw the line.

TRYIT::37 Graph the equation: y = %\ — 1.

TRYIT::3.8 Graph the equation: y = %x + 2.
Graph Vertical and Horizontal Lines

Some linear equations have only one variable. They may have just x and no y, or just y without an x. This changes how we
make a table of values to get the points to plot.

Let's consider the equation x = —3. This equation has only one variable, x. The equation says that x is always equal to
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—3, soits value does not depend on y. No matter what is the value of y, the value of x is always —3.

So to make a table of values, write —3 in for all the x-values. Then choose any values for y. Since x does not depend

on y, you can choose any numbers you like. But to fit the points on our coordinate graph, we'll use 1, 2, and 3 for the
y-coordinates. See

Table 3.2

Plot the points from the table and connect them with a straight line. Notice that we have graphed a vertical line.

y

. A

x=-34 ol
54

44

(=3,3) 3+
-3-2) 21

=31 1+

What if the equation has y but no x? Let's graph the equation y = 4. This time the y-value is a constant, so in this

equation, y does not depend on x. Fill in 4 for all the y's in and then choose any values for x. We'll use 0, 2, and 4
for the x-coordinates.

y=4
x y Yy
o 4 04
2 4 24
4 4 A4
Table 3.3

In this figure, we have graphed a horizontal line passing through the y-axis at 4.
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©.4;] (24 @49

Vertical and Horizontal Lines
A vertical line is the graph of an equation of the form x = a.

The line passes through the x-axis at (a, 0).
A horizontal line is the graph of an equation of the form y = b.

The line passes through the y-axis at (0, b).

EXAMPLE 3.5

Graph:® x=2 ® y=—1.
© solution

(@ The equation has only one variable, x, and x is always equal to 2. We create a table where x is always 2 and then put in
any values for y. The graph is a vertical line passing through the x-axis at 2.

x=2
x y Yy
2 1 @D
2 2 @22
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y
/
? -
x=2
el | &
5 4
4__
3+ I 2,3
24 I 2,2
14 21
~ b e X
1-6-54-32-19 1334567
Lot
3+
__4__
5+
-6+
|
L7+ \
1
® similarly, the equation y = —1 has only one variable, y. The value of y is constant. All the ordered pairs in the next

table have the same y-coordinate. The graph is a horizontal line passing through the y-axis at —1.

y=-1
x y (x, y)
0 -1 0, -1
3 -1 (3, =D

-3 -1 (=3, -1

0, =1) (3,-1)

TRYIT::39 Graph the equations: @ x =5 ® y = —4.

TRYIT::3.10 Graph the equations: @ x = -2 ® y = 3.

What is the difference between the equations y = 4x and y =47?

The equation y = 4x has both x and y. The value of y depends on the value of x, so the y -coordinate changes according
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to the value of x. The equation y =4 has only one variable. The value of y is constant, it does not depend on the value of

X, so the y-coordinate is always 4.

y=4x y=4
x ¥ (x, ) X Yy (e y)
0 0 (0, 0) 0 4 (0, 4)
1 4 (1,4) 1 4 (1,4)
2 8 (2, 8) 2 4 (2,4)
y
L
7+
6+ y=4x
i sl "
34+
2__

44
54
6

F4+
L

Notice, in the graph, the equation y = 4x gives a slanted line, while y = 4 gives a horizontal line.

EXAMPLE 3.6

Graph y = —3x and y = —3 in the same rectangular coordinate system.

“ Solution

We notice that the first equation has the variable x, while the second does not. We make a table of points for each equation
and then graph the lines. The two graphs are shown.

¥= —3x y= 3
x ¥ (x, ) X Yy (e y)
0 0 (0, 0) 0 -3 (0,-3)
1 -3 (1,=-3) 1 -3 (1,=-3)
2 -6 | (2,-6) 2 -3 (2,-3)
y
L
7+
6+
=-3
y=-3\ /]
44
34

—t+—+—+—+—+— —t——+—F+—+—+=Xx
7-6-5-4-32-10\1 234567
44
5+
64
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TRYIT::311 Graph the equations in the same rectangular coordinate system: y = —4x and y = —4.

TRYIT:: 312 Graph the equations in the same rectangular coordinate system: y =3 and y = 3x.

Find x- and y-intercepts

Every linear equation can be represented by a unique line that shows all the solutions of the equation. We have seen that
when graphing a line by plotting points, you can use any three solutions to graph. This means that two people graphing
the line might use different sets of three points.

At first glance, their two lines might not appear to be the same, since they would have different points labeled. But if all
the work was done correctly, the lines should be exactly the same. One way to recognize that they are indeed the same
line is to look at where the line crosses the x-axis and the y-axis. These points are called the intercepts of a line.

Intercepts of a Line

The points where a line crosses the x-axis and the y-axis are called the intercepts of the line.

Let's look at the graphs of the lines.

3.0 T w0
——=x NESEEELRER 1%

6l

@ 2x+y=6 (b) 3x-4y=12

j&(o. -5)

(c) x-y=5 (d) y=-2x

First, notice where each of these lines crosses the x-axis. See Table 3.4.
Now, let’s look at the points where these lines cross the y-axis.
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The line crosses  Ordered pair The line crosses = Ordered pair

the x-axis at: for this point the y-axis at: for this point
Figure (a) 3 (3,0 6 (0, 6)
Figure (b) 4 4, 0) -3 0, =3)
Figure (c) 5 (5,0) -5 ©,5)
Figure (d) 0 0, 0) 0 0, 0)
General Figure a (a, 0) b 0, b)
Table 3.4

Do you see a pattern?

For each line, the y-coordinate of the point where the line crosses the x-axis is zero. The point where the line crosses the
x-axis has the form (a, 0) and is called the x-intercept of the line. The x-intercept occurs when y is zero.

In each line, the x-coordinate of the point where the line crosses the y-axis is zero. The point where the line crosses the
y-axis has the form (0, b) and is called the y-intercept of the line. The y-intercept occurs when x is zero.

x-intercept and y-intercept of a Line

The x-intercept is the point (a, 0) where the line crosses the x-axis.

The y-intercept is the point (0, b) where the line crosses the y-axis.

u ¥y
+ The x-intercept occurs when y is zero. a 0
+ The y-intercept occurs when x is zero. 0 b

EXAMPLE 3.7

Find the x- and y-intercepts on each graph shown.
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f——t— \ b e X
8765432141 1 2 3 w
121

13l
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(a) (b)

©) solution

(@ The graph crosses the x-axis at the point (4, 0). The x-intercept is (4, 0).
The graph crosses the y-axis at the point (0, 2). The y-interceptis (0, 2).

® The graph crosses the x-axis at the point (2, 0). The x-intercept is (2, 0).
The graph crosses the y-axis at the point (0, —6). The y-interceptis (0, —6).

(© The graph crosses the x-axis at the point (-5, 0). The x-interceptis (=5, 0).
The graph crosses the y-axis at the point (0, —5). The y-interceptis (0, —5).
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TRYIT::313 Find the x- and y-intercepts on the graph.

y
A
6+

51

TRYIT::314 Find the x- and y-intercepts on the graph.

Recognizing that the x-intercept occurs when y is zero and that the y-intercept occurs when x is zero, gives us a method to
find the intercepts of a line from its equation. To find the x-intercept, let y = 0 and solve for x. To find the y-intercept, let

x =0 and solve for y.
Find the x- and y-intercepts from the Equation of a Line

Use the equation of the line. To find:

¢ the x-intercept of the line, let y = 0 and solve for x.

¢ the y-intercept of the line, let x = 0 and solve for y.

EXAMPLE 3.8

Find the intercepts of 2x +y = 8.

) Solution
We will let y = 0 to find the x-intercept, and let x = 0 to find the y-intercept. We will fill in a table, which reminds us

of what we need to find.

2x+y=8

0 x-intercept

0 y-intercept
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To find the x-intercept, let y = 0.

2x+y=28

Let y=0. 2x+0=8

Simplify. 2x=8

x=4

The x-intercept is: 4, 0)
To find the y-intercept, let x = 0.

2x+y=8

Let x=0. 2:0+y=8

Simplify. O+y=8

y=28

The y-intercept is: ©, 8)

The intercepts are the points (4, 0) and (0, 8) as shown in the table.

2x+y =8
X y
4 0
0 8

TRYIT::315 Find the intercepts: 3x +y = 12.
TRYIT::316 Find the intercepts: x + 4y = 8.

Graph a Line Using the Intercepts

To graph a linear equation by plotting points, you need to find three points whose coordinates are solutions to the
equation. You can use the x- and y- intercepts as two of your three points. Find the intercepts, and then find a third point
to ensure accuracy. Make sure the points line up—then draw the line. This method is often the quickest way to graph a
line.

DGR R-I HOW TO GRAPH A LINE USING THE INTERCEPTS

Graph — x4+ 2y = 6 using the intercepts.
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©) solution

Find the x-intercept. Lety=0
X+2y=6
Xx+2(0)=6
x=6
xX=-6
The x-intercept is (-6, 0).
Find the y-intercept. Let x=0.
X+2y=6
0+2y=6
2y=6
y=3
The y-intercept is (0, 3).

We'll use x = 2. Letx=2.
X+2y=6
2+2y=6

2y=8
y=4
A third pointis (2, 4).

x |y [ wp y
-6 0 | (-6,0) T s
o |3 ]@©3 INEEEAEPEEE
21 2 | 2a EEENNERCL)
T *Of:‘”
CLENEEEEEEEE
T — 10 T T t X
6 -4 |2 |9 > ]| 416
K __;_2._-' - L
B [T ]]
[ 1]
See the graph. y

| k\ _'_

TRYIT::317 Graph using the intercepts: x — 2y = 4.
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TRYIT:: 318 Graph using the intercepts: — x + 3y = 6.

The steps to graph a linear equation using the intercepts are summarized here.

-@. HOW TO :: GRAPH A LINEAR EQUATION USING THE INTERCEPTS.

Step 1.  Find the x- and y-intercepts of the line.
> Let y =0 and solve for x.
> Let x =0 and solve fory.

Step 2.  Find a third solution to the equation.
Step 3. Plot the three points and check that they line up.
Step4. Draw the line.

EXAMPLE 3.10

Graph 4x — 3y = 12 using the intercepts.

© solution
Find the intercepts and a third point.
x-intercept, lety=0 y-intercept, letx=0 third point, lety=4
4x-3y=12 4x-3y=12 4x-3y=12
4x-3(0)=12 40)-3y=12 4x-3(4)=12
4x=12 -By=12 4x-12=12
x=3 y=-4 Ax =24
x=6

We list the points in the table and show the graph.
4x -3y =12
x y (x, y)
3 0 (3,0
o -4 0, —4)

6 4 (6, 4)
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TRYIT::319 Graph using the intercepts: 5x — 2y = 10.

TRYIT::320 Graph using the intercepts: 3x — 4y = 12.

When the line passes through the origin, the x-intercept and the y-intercept are the same point.
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EXAMPLE 3.11

Graph y = 5x using the intercepts.

© solution
Xx-intercept y-intercept
Lety=0. Letx=0.
y=5x y="5x
0=>5x y=5-0
O=x y=0
(0, 0) (0, 0)

This line has only one intercept. It is the point (0, 0).

To ensure accuracy, we need to plot three points. Since the x- and y-intercepts are the same point, we need two more
points to graph the line.

Letx=1. Letx=-1.
y="5x y="5x
y=5+1 y="561)
y=5 y=-5

The resulting three points are summarized in the table.

y =5x
x y (x, y)
0 0 (0, 0)
1 5 1, 5)
-1 =5 (=1,-5)

Plot the three points, check that they line up, and draw the line.

y
[
8

7l
64
54
4 4
3
2
1

TRYIT::321 Graph using the intercepts: y = 4x.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT::322 Graph the intercepts: y = —x.

251
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L 3.1 EXERCISES
Practice Makes Perfect

Plot Points in a Rectangular Coordinate System

In the following exercises, plot each point in a rectangular coordinate system and identify the quadrant in which the point is
located.

1.® (-4, 2) ® (-1, =2) © @3, -5) @ (-3,0) ©® 2@ (-2, =3) ® 3, -3) © (-4,1) @ 4, -1 ®
5 3
(3-2) (3.1)

3G, -1)® (3,100 (2,0 @ (+4-3)© 4® (-1,1) ® (-2,-1) © 2,00 @ (1, -4) ©

(14 -3

In the following exercises, for each ordered pair, decide

@ is the ordered pair a solution to the equation? ® is the point on the line?

5. y=x+2; 6. y=x—4;

A: (0, 2); B: (1, 2); C: (=1, 1); D: (=3, —1). A: (0, —4); B: (3, —1); C: (2, 2); D: (1, =5).

]

= N W hR U@
T e

y
[
8
7
6
54
41
34
2
I / } } l-x —

2-10 12345678 S EENEENELE

P EENEE
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1 _a. -1 .
7.y—2x 3; 8.y 3x+2,
A: (0, =3); B: (2,-2); C: (-2,-4); D: 4, 1) A: (0, 2); B: (3, 3); C: (-3, 2); D: (-6, 0).

¥ ¥
A A

1+
“.:.“.:I‘..‘:I‘..‘I‘/."‘.--x “.:%:I‘..‘I:.“.—x
8-7-6-5-4-3-2-10 1 2 3 6 7 8 847 6543210 12345678
1 12!
134

= MW s~ ®
T e
W b o~

gl
54
ira
izl
8l
1
Graph a Linear Equation by Plotting Points
In the following exercises, graph by plotting points.
9. y=x+2 10. y=x-3 1. y=3x—-1
12. y=—-2x+2 13.y=—x-3 4. y=—x—-2
15. y = 2x 16. y = —2x 17.y=%x+2
=1, _ =4, _ =3x—
18.y—3x 1 19. y 3X 5 20. y 5x 3
- _2 = 4, =_-3
2l y= 5x+1 22. y X 1 23. y 2x+2
24 y= — Sy+4
3
Graph Vertical and Horizontal lines
In the following exercises, graph each equation.
250 x=4® y=3 26.@ x=3® y=1 27.@ x=-2® y=-5

28.@ x=-5® y=-2

In the following exercises, graph each pair of equations in the same rectangular coordinate system.

29. y=2xand y=2 30. y=5xand y=5 31.y=—%xandy:—

=

32.y= —%x and y= —

W=

253
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Find x- and y-Intercepts
In the following exercises, find the x- and y-intercepts on each graph.

Chapter 3 Graphs and Functions

33. 34.
y y
6+ 6+
5+ 5+
44 44
31
21
14
| —t—— x ' (— | X
K EEEREL ki A _z\giz 5 6
35. 36.
y y
6+ 6+
5+ 5+
44 44
3+ 3l
2+ 2+
14
x | —t—— Pt b X
6-5-4-32-19 123 456
131
4.1
51
sl
In the following exercises, find the intercepts for each equation.
37.x—y=5 38.x—y=-4 39.3x+y=6
40. x—2y =238 4. 4x -y =28 42. 5x—y=>5
43. 2x+5y =10 44. 3x -2y =12
Graph a Line Using the Intercepts
In the following exercises, graph using the intercepts.
45. —x+4y =38 46. x+2y =4 47. x+y=-3
48. x—y=—-4 49. 4x+y=4 50. 3x+y=3
5. 3x—y=—-6 52. 2x—y=-8 53. 2x+4y =12
54. 3x -2y =6 55. 2x — S5y = -20 56. 3x —4y =—12
57. y = —2x 58. y = 5x 59. y=x

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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60. y = —x

Mixed Practice
In the following exercises, graph each equation.

61.y=%x 62.y=—%x
64.y=%x_2 65. 4x+y =2
67. y=-1 68. x =3

Writing Exercises

69. Explain how you would choose three x-values to
1

make a table to graph the line y = gx - 2.

71. Do you prefer to use the method of plotting points
or the method using the intercepts to graph the
equation 4x +y = —4? Why?

Self Check

63. y = —%x+3

66. Sx+2y =10

70. What is the difference between the equations of a
vertical and a horizontal line?

72. Do you prefer to use the method of plotting points
or the method using the intercepts to graph the

equation y = %x —27? Why?

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

With some

Confidently help S

getit!

plot points on a rectangular coordinate
system.

graph a linear equation by plotting
points.

graph vertical and horizontal lines.

find x- and y-intercepts.

graph a line using the intercepts.

® If most of your checks were:

255

Confidently. Congratulations! You have achieved the objectives in this section. Reflect on the study skills you used so that you can
continue to use them. What did you do to become confident of your ability to do these things? Be specific.

With some help. This must be addressed quickly because topics you do not master become potholes in your road to success. In
math every topic builds upon previous work. It is important to make sure you have a strong foundation before you move on.
Whom can you ask for help?Your fellow classmates and instructor are good resources. Is there a place on campus where math

tutors are available? Can your study skills be improved?

No, I don't get it. This is a warning sign and you must address it. You should get help right away or you will quickly be
overwhelmed. See your instructor as soon as you can to discuss your situation. Together you can come up with a plan to get you

the help you need.



256

3.2

Learning Objectives

Slope of a Line

By the end of this section, you will be able to:

Find the slope of a line

Graph a line given a point and the slope

Graph a line using its slope and intercept

Choose the most convenient method to graph a line
Graph and interpret applications of slope-intercept
Use slopes to identify parallel and perpendicular lines

BE PREPARED : : 3.4

BE PREPARED : : 35

BE PREPARED : : 3.6

Find the Slope of a Line

Before you get started, take this readiness quiz.

d-4)
8-2)

Simplify:

If you missed this problem, review Example 1.30.

vide: 0 4
Divide: 0

If you missed this problem, review Example 1.49.

Simplify: % —Tli __—1,?

If you missed this problem, review Example 1.30.

Chapter 3 Graphs and Functions

When you graph linear equations, you may notice that some lines tilt up as they go from left to right and some lines tilt
down. Some lines are very steep and some lines are flatter.

In mathematics, the measure of the steepness of a line is called the slope of the line.

The concept of slope has many applications in the real world. In construction the pitch of a roof, the slant of the plumbing
pipes, and the steepness of the stairs are all applications of slope. and as you ski or jog down a hill, you definitely

experience slope.

We can assign a numerical value to the slope of a line by finding the ratio of the rise and run. The rise is the amount the
vertical distance changes while the run measures the horizontal change, as shown in this illustration. Slope is a rate of

change. See Figure 3.5.

Slope of a Line

The slope of a lineiis m =

The rise measures the vertical change and the run measures the horizontal change.

run

rise

Figure 3.5

rise
run-

To find the slope of a line, we locate two points on the line whose coordinates are integers. Then we sketch a right triangle

where the two points are vertices and one side is horizontal and one side is vertical.

To find the slope of the line, we measure the distance along the vertical and horizontal sides of the triangle. The vertical

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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distance is called the rise and the horizontal distance is called the run,

-'-‘. HOW TO:: FIND THE SLOPE OF A LINE FROM ITS GRAPH USING m = %.
Step 1.  Locate two points on the line whose coordinates are integers.
Step 2.  Starting with one point, sketch a right triangle, going from the first point to the second point.
Step 3. Count the rise and the run on the legs of the triangle.

SR Take the ratio of rise to run to find the slope: m = %
Find the slope of the line shown.
—+= X
B9

© solution

Locate two points on the graph whose (0, 5) and (3, 3)

coordinates are integers.

Starting at (0, 5), sketch a right triangle to -:'

(3, 3) as shown in this graph. 8T

5] run
- X
20 "2 4’6 }\\10
24
|
Count the rise— since it goes down, it is negative. ~ Theriseis —2.
Count the run. The run is 3.
Use the slope formula. m = Lise
run
Substitute the values of the rise and run. m==2
3
Simplify. m= —2
3

The slope of the line is —%.
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So y decreases by 2 units as x increases by 3 units.

TRYIT::323 Find the slope of the line shown.
y
/
NI
N f—t—i—i - x
-a_3 _2)%_ 12 3 4
)
-
Jegid
51
-6+
1
TRYIT::324 Find the slope of the line shown.
y
\
3l
\;_

‘;..\..;::_

_3'_5_1'10 1 45

Lal

How do we find the slope of horizontal and vertical lines? To find the slope of the horizontal line, y = 4, we could graph

the line, find two points on it, and count the rise and the run. Let’s see what happens when we do this, as shown in the
graph below.

What is the rise? The rise is 0.
What is the run? The runis 3.

i _ rise
What is the slope? ~ m = 35

3
I

w|o

I
o

m

The slope of the horizontal line y = 4is 0.

Let's also consider a vertical line, the line x =3, as shown in the graph.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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What is the rise? Therise is 2.
What is the run? The runis 0.

. _ rise
What is the slope? = Tun

3
Il
oo

259

The slope is undefined since division by zero is undefined. So we say that the slope of the vertical line x = 3 is undefined.

All horizontal lines have slope 0. When the y-coordinates are the same, the rise is 0.
The slope of any vertical line is undefined. When the x-coordinates of a line are all the same, the run is 0.

Slope of a Horizontal and Vertical Line

The slope of a horizontal line, y = b, isO0.

The slope of a vertical line, x = a, is undefined.

EXAMPLE 3.13

Find the slope of each line: ® x =8 ® y = —5.

©) Ssolution
@ x=8

This is a vertical line. Its slope is undefined.
®y=-5

This is a horizontal line. It has slope 0.

TRYIT::325 Find the slope of the line:

TRYIT::3.26 Find the slope of the line:

Quick Guide to the Slopes of Lines

/ N\ — ]

positive  negative

X =

y=

ZEero

undefined

Sometimes we'll need to find the slope of a line between two points when we don’t have a graph to count out the rise and
the run. We could plot the points on grid paper, then count out the rise and the run, but as we'll see, there is a way to find

the slope without graphing. Before we get to it, we need to introduce some algebraic notation.

We have seen that an ordered pair (x, y) gives the coordinates of a point. But when we work with slopes, we use two
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points. How can the same symbol (x, y) be used to represent two different points? Mathematicians use subscripts to
distinguish the points.

(xq, yp) read “xsub 1, ysub 1”

(x5, yo) read “xsub 2, ysub?2”
We will use (xy, y;) to identify the first point and (x,, y,) to identify the second point.

If we had more than two points, we could use (x3, y3), (x4, y4), andsoon.

Let's see how the rise and run relate to the coordinates of the two points by taking another look at the slope of the line
between the points (2, 3) and (7, 6), asshown in this graph.

¥
J
81 X,— X,
74 7-2
6 . rd
545, Gl
6.3 g
41+—3
T At
24 e
‘1,_ ey}
NEEEEREREEN
|
YY1 (X2 2
Since we have two points, we will use subscript notation. 2, 3){7.6
_ rise
run
On the graph, we counted the rise of 3 and the run of 5. m= %
Notice that the rise of 3 can be found by subtracting the
y-coordinates, 6 and 3, and the run of 5 can be found by
subtracting the x-coordinates 7 and 2.
We rewrite the rise and run by putting in the coordinates. m = %

But6is y,, the y-coordinate of the second pointand 3is y;, the y-coordinate m=22=01

of the first point. So we can rewrite the slope using subscript notation. 7-2
Also 7 is the x-coordinate of the second point and 2 is the x-coordinate m=22"21
of the first point. So again we rewrite the slope using subscript notation. X2 =X

We've shown that m = % is really another version of m =

rise

run- We can use this formula to find the slope of a line

when we have two points on the line.

Slope of aline between two points

The slope of the line between two points (xy, y{) and (x,, y,) is:

_Y2=N
The slope is:
y of the second point minus y of the first point
over

x of the second point minus x of the first point.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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EXAMPLE 3.14

Use the slope formula to find the slope of the line through the points (=2, —3) and (=7, 4).

©) solution

X ’ X )
We'll call (=2, —=3) point #1 and (=7, 4) point #2. ( Y1 )( 2 YZ)

-2, =3)\-7, 4
Y2y
Use the slope formula. m= xi—xi
Substitute the values.
y of the second point minus y of the first point
. , . _4-(3
x of the second point minus x of the first point m = i gy )y
m="1
Simplify. 7
m= ——=
5
Let’s verify this slope on the graph shown.
y
.
6+
Y |
. ol
34
24

TRYIT::327

Use the slope formula to find the slope of the line through the pair of points: (=3, 4) and (2, —1).

TRYIT::328

Use the slope formula to find the slope of the line through the pair of points: (=2, 6) and (=3, —4).

Graph a Line Given a Point and the Slope

Up to now, in this chapter, we have graphed lines by plotting points, by using intercepts, and by recognizing horizontal
and vertical lines.



262

Chapter 3 Graphs and Functions

We can also graph a line when we know one point and the slope of the line. We will start by plotting the point and then
use the definition of slope to draw the graph of the line.

_ HOW TO GRAPH A LINE GIVEN A POINT AND THE SLOPE

Graph the line passing through the point (1, —1) whose slope is m =

©) Ssolution

You can check your work by finding a third point. Since the slope is m = =

3

Plot (1, =1).

Identify the rise and

the run.

Start at (1, -1) and count
the rise and the run.
Up 3 units, right 4 units.

Connect the two points

with a line.

3
4’

y
[y
_J'
lal
—t b x
210 421416
51 (1,=1)
v
me3
T4
rise _ 3
run 4
rise=3
run=4
44
Ll 1
21—
— L 3 i i L -
2 19 L 2 4 6
24 L1
y
[
a4l
> " 4
- / -
k] .”.7/_5 4 6
oy
it can also be written as m = _—2 (negative

divided by negative is positive!). Go back to (1, —1) and count out the rise, —3, and the run, —4.

TRYIT::329
TRYIT:: 330
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Graph the line passing through the point (=2, 3) with the slope m =

Graph the line passing through the point (2, —2) with the slope m = %

1
T
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HOW TO:: GRAPH A LINE GIVEN A POINT AND THE SLOPE.

Step 1. Plot the given point.

Step 2. rise

Tun toidentify the rise and the run.

Use the slope formula m =

Step 3. Starting at the given point, count out the rise and run to mark the second point.

Step 4. Connect the points with a line.

Graph a Line Using its Slope and Intercept

We have graphed linear equations by plotting points, using intercepts, recognizing horizontal and vertical lines, and using
one point and the slope of the line. Once we see how an equation in slope-intercept form and its graph are related, we’'ll
have one more method we can use to graph lines.

1

See Figure 3.6. Let's look at the graph of the equation y = X + 3 and find its slope and y-intercept.
y
A
10 +
[+ B
8+
74
_H
ol y—§x+3

Run=2

5_
Rlse_1| ; 4,5)
4_

Figure 3.6

The red lines in the graph show us the rise is 1 and the run is 2. Substituting into the slope formula:

nei
The y-interceptis (0, 3).
Look at the equation of this line.

y= %x +

Look at the slope and y-intercept.

slope m= 15 and y-intercept (0, 2).

When a linear equation is solved for y, the coefficient of the x term is the slope and the constant term is the y-coordinate
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of the y-intercept. We say that the equation y = lx + 3 is in slope-intercept form. Sometimes the slope-intercept form

2
is called the “y-form.”

m= %;y—intercept is (0, 3)

Slope Intercept Form of an Equation of a Line

The slope-intercept form of an equation of a line with slope m and y-intercept, (0, b) is y = mx + b.

Let's practice finding the values of the slope and y-intercept from the equation of a line.
EXAMPLE 3.16
Identify the slope and y-intercept of the line from the equation:

@y= —%x—Z@x+3y=9

©) solution

@ wWe compare our equation to the slope—intercept form of the equation.

Write the slope-intercept form of the equation of the line. y=mx+
4

Write the equation of the line. y=-x
Identify the slope. m=—%
Identify the y-intercept. y-interceptis (0, -2)

(® When an equation of a line is not given in slope—intercept form, our first step will be to solve the equation for y.

Solve for y. x+3y=9
Subtract x from each side. Jy=-x+9
Divide both sides by 3. 3?5’ _ —x;r 9
Simplify. y=—%x+3
Write the slope-intercept form of the equation of the line. y=mx+

Write the equation of the line. y=—%x+
Identify the slope. m= %

Identify the y-intercept. y-interceptis (0, =)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT::331 Identify the slope and y-intercept from the equation of the line.
@ _y:%x— 1 ® x+4y=8
TRYIT::3.32 Identify the slope and y-intercept from the equation of the line.

@y= —%Hl ® 3x+2y=12

We have graphed a line using the slope and a point. Now that we know how to find the slope and y-intercept of a line from
its equation, we can use the y-intercept as the point, and then count out the slope from there.

EXAMPLE 3.17

Graph the line of the equation y = —x + 4 using its slope and y-intercept.

© solution
y=mx+b
The equation is in slope-intercept form. y=—x+4
Identify the slope and y-intercept. m=-1
y-interceptis (0, 4)
Plot the y-intercept. See the graph.
Identify the rise over the run. m= —Tl
Count out the rise and run to mark the second point. rise —1,run1
y
N
N

3__
2-.
1__
- N X
6-5-4-3-2-10 12 3 ‘w
-2

-3+
a4
-5+
-6+
Draw the line as shown in the graph.
TRYIT::3.33 Graph the line of the equation y = —x — 3 using its slope and y-intercept.
TRYIT::334 Graph the line of the equation y = —x — 1 using its slope and y-intercept.

Now that we have graphed lines by using the slope and y-intercept, let's summarize all the methods we have used to
graph lines.
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Methods to Graph Lines

Point Plotting

XY

Find three points.
Plot the points,
make sure th

line up, then §¥aw
the line.

Slope-Intercept

y=mx+b

Find the slope and
y-intercept.

Start at the
y-intercept, then
count the slope to
get a second point.

Intercepts

&2

0

Find the intercepts
and a third point.
Plot the points,
make sure they line
up, then draw

the line.

Recognize Vertical
and Horizontal
Lines

The equation has
only one variable.
x = g vertical

¥ = b horizontal

Choose the Most Convenient Method to Graph a Line

Now that we have seen several methods we can use to graph lines, how do we know which method to use for a given
equation?

While we could plot points, use the slope-intercept form, or find the intercepts for any equation, if we recognize the most
convenient way to graph a certain type of equation, our work will be easier.

Generally, plotting points is not the most efficient way to graph a line. Let’s look for some patterns to help determine the
most convenient method to graph a line.

Here are five equations we graphed in this chapter, and the method we used to graph each of them.

Equation Method
#l x=12 Vertical line
#2 y=-1 Horizontal line
#3 —x+2y=6 Intercepts
#4 4x -3y =12 Intercepts
#5 y=—x+4 Slope—intercept

Equations #1 and #2 each have just one variable. Remember, in equations of this form the value of that one variable is
constant; it does not depend on the value of the other variable. Equations of this form have graphs that are vertical or
horizontal lines.

In equations #3 and #4, both x and y are on the same side of the equation. These two equations are of the form
Ax + By = C. We substituted y = 0 to find the x- intercept and x = 0 to find the y-intercept, and then found a third

point by choosing another value for x or y.

Equation #5 is written in slope-intercept form. After identifying the slope and y-intercept from the equation we used them
to graph the line.

This leads to the following strategy.
Strategy for Choosing the Most Convenient Method to Graph a Line

Consider the form of the equation.
« Ifitonly has one variable, it is a vertical or horizontal line.
o X = a is avertical line passing through the x-axis at a.

oy =b is ahorizontal line passing through the y-axis at b.
+ Ifyisisolated on one side of the equation, in the form y = mx + b, graph by using the slope and y-intercept.

o Identify the slope and y-intercept and then graph.
+ Ifthe equation is of the form Ax + By = C, find the intercepts.

> Find the x- and y-intercepts, a third point, and then graph.

EXAMPLE 3.18

Determine the most convenient method to graph each line:
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@y=5®4x-5y=20© x=-3@ y= —%x+8

Solution
@y=5
This equation has only one variable, y. Its graph is a horizontal line crossing the y-axisat 5.
® 4x-5y=20
This equation is of the form Ax + By = C. The easiest way to graph it will be to find the intercepts and one more point.

©x=-3

There is only one variable, x. The graph is a vertical line crossing the x-axis at —3.

- _3
@y= 9x+8

Since this equation is in y = mx + b form, it will be easiest to graph this line by using the slope and y-intercepts.

TRYIT::335 Determine the most convenient method to graph each line:
@3x+2y=120® y=40© _\'=%x—4 @ x=-7.
TRYIT::336 Determine the most convenient method to graph each line:

@x=6®y= —%x+l ©y=-8@ 4x-3y=-1.

Graph and Interpret Applications of Slope-Intercept

Many real-world applications are modeled by linear equations. We will take a look at a few applications here so you can
see how equations written in slope-intercept form relate to real world situations.

Usually, when a linear equation models uses real-world data, different letters are used for the variables, instead of using
only x and y. The variable names remind us of what quantities are being measured.

Also, we often will need to extend the axes in our rectangular coordinate system to bigger positive and negative numbers
to accommodate the data in the application.

EXAMPLE 3.19

The equation F = %C + 32 is used to convert temperatures, C, on the Celsius scale to temperatures, F, on the Fahrenheit

scale.

@ Find the Fahrenheit temperature for a Celsius temperature of 0.
® Find the Fahrenheit temperature for a Celsius temperature of 20.
(© Interpret the slope and F-intercept of the equation.

@ Graph the equation.
Solution
®

Find the Fahrenheit temperature for a Celsius temperature of 0. ¥ = %C +32

Find F when C = 0. F=%(O)+32

Simplify. F=32
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®

Find the Fahrenheit temperature for a Celsius temperature of 20.  F = %C +32

Find F when C = 20. F= %(20) +32
Simplify. F=36+32
Simplify. F =68

©

Interpret the slope and F-intercept of the equation.
Even though this equation uses Fand (, it is still in slope-intercept form.

y=mx+b

F=mC+b
Ty

F= 5C+32

The slope, means that the temperature Fahrenheit (F) increases 9 degrees when the temperature Celsius (C)

9
5
increases 5 degrees.

The F-intercept means that when the temperature is 0° on the Celsius scale, itis 32° on the Fahrenheit scale.

@ Graph the equation.

We'll need to use a larger scale than our usual. Start at the F-intercept (0, 32), and then count out the rise of 9 and the

run of 5 to get a second point as shown in the graph.

TRYIT::337

The equation & = 2s 4+ 50 is used to estimate a woman'’s height in inches, h, based on her shoe size, s.
® Estimate the height of a child who wears women's shoe size 0.

® Estimate the height of a woman with shoe size 8.

© Interpret the slope and h-intercept of the equation.

@ Graph the equation.
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TRYIT::338
1

The equation 7' = le + 40 is used to estimate the temperature in degrees Fahrenheit, T, based on the number

of cricket chirps, n, in one minute.

® Estimate the temperature when there are no chirps.

® Estimate the temperature when the number of chirps in one minute is 100.
© Interpret the slope and T-intercept of the equation.

@ Graph the equation.

The cost of running some types business have two components—a fixed cost and a variable cost. The fixed cost is always
the same regardless of how many units are produced. This is the cost of rent, insurance, equipment, advertising, and
other items that must be paid regularly. The variable cost depends on the number of units produced. It is for the material
and labor needed to produce each item.

EXAMPLE 3.20

Sam drives a delivery van. The equation C = 0.5m + 60 models the relation between his weekly cost, C, in dollars and
the number of miles, m, that he drives.

@ Find Sam'’s cost for a week when he drives 0 miles.
® Find the cost for a week when he drives 250 miles.

© Interpret the slope and C-intercept of the equation.

@ Graph the equation.
©) solution
®

Find Sam's cost for a week when he drives 0 miles.  C = 0.5m + 60

Find C when m = 0. C =0.5(0) + 60

Simplify. C =60

Sam'’s costs are $60 when he drives 0 miles.

®

Find the cost for a week when he drives 250 miles.

Find C when m = 250.

Simplify.

(© Interpret the slope and C-intercept of the equation.

C = 0.5m + 60
C = 0.5(250) + 60
C =185

Sam'’s costs are $185 when he drives 250 miles.

y=m:+bh

C=0.5p+60

The slope, 0.5, means that the weekly cost, C, increases by $0.50 when the number of miles driven, n, increases by 1.
The C-intercept means that when the number of miles driven is 0, the weekly cost is $60.
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@ Graph the equation.
We'll need to use a larger scale than our usual. Start at the C-intercept (0, 60) .

To count out the slope m = 0.5, we rewrite it as an equivalent fraction that will make our graphing easier.

m=0.5
Rewrite as a fraction. m = %
) ) _— 0.5(100)
Multiply numerator and denominator by 100. = 71(100)
R — 50
Simplify. m=700

So to graph the next point go up 50 from the intercept of 60 and then to the right 100. The second point will be (100, 110).
Y

350+
3251
300+
275+
250+
225+
200+
1754

=ttt x
-9 " 50 [ 100 150 | 200 ' 250 ' 300 | 350

TRYIT::3.39

Stella has a home business selling gourmet pizzas. The equation C = 4p + 25 models the relation between her

weekly cost, C, in dollars and the number of pizzas, p, that she sells.
® Find Stella’s cost for a week when she sells no pizzas.

® Find the cost for a week when she sells 15 pizzas.

© Interpret the slope and C-intercept of the equation.

@ Graph the equation.

TRYIT::3.40

Loreen has a calligraphy business. The equation C = 1.8n + 35 models the relation between her weekly cost, C,

in dollars and the number of wedding invitations, n, that she writes.
® Find Loreen’s cost for a week when she writes no invitations.

® Find the cost for a week when she writes 75 invitations.

© Interpret the slope and C-intercept of the equation.

@ Graph the equation.
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Use Slopes to Identify Parallel and Perpendicular Lines
Two lines that have the same slope are called parallel lines. Parallel lines have the same steepness and never intersect.

We say this more formally in terms of the rectangular coordinate system. Two lines that have the same slope and different
y-intercepts are called parallel lines. See Figure 3.7.

12 56 7 8

Figure 3.7

Verify that both lines have the same slope, m = %, and different y-intercepts.
What about vertical lines? The slope of a vertical line is undefined, so vertical lines don’t fit in the definition above. We say
that vertical lines that have different x-intercepts are parallel, like the lines shown in this graph.

y

[
g1

?__
6__
54
44
34

Figure 3.8

Parallel Lines

Parallel lines are lines in the same plane that do not intersect.
+ Parallel lines have the same slope and different y-intercepts.
+ If my and m, are the slopes of two parallel lines then m| = m,.

« Parallel vertical lines have different x-intercepts.

Since parallel lines have the same slope and different y-intercepts, we can now just look at the slope-intercept form of the
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equations of lines and decide if the lines are parallel.

EXAMPLE 3.21

Use slopes and y-intercepts to determine if the lines are parallel:

® 3x—2y=6 and y=%x+1 ® y=2x-3 and —6x + 3y = —9.

© Solution
®
3x-2y =6 and y =%X+1
-2y = —=3x+6
Solve the first equation for y. -2y _—3x+6
-2 -2
The equation is now in slope-intercept form. y = %x -3
The equation of the second line is already in y = 341
slope-intercept form. 2
y = %x -3 y = %x +1
Identify the slope and y -intercept of both y =—mx+b y =mx+b
lines.
=3 =3
) )
y-intercept is (0, —3) y-intercept is (0, 1)

The lines have the same slope and different y-intercepts and so they are parallel.

You may want to graph the lines to confirm whether they are parallel.

®
y =2x-3 and —6x+3y = -9
The fir;t equation is already in y =2x-3
slope-intercept form.
—6x+3y = -9
3y =6x—-9
Solve the second equation for y. 3y _6x-09
3 3
y =2x-3
The sef:ond equation is now in y =2x-3
slope-intercept form.
Identify the slope and y -intercept of both y =2-3 yo=med
.enly e slope and y -intercept of bo y =mx+b v =mx+b
lines. m =2 m =2
y-intercept is (0, —3) y-intercept is (0, —3)

The lines have the same slope, but they also have the same y-intercepts. Their equations represent the same line and we

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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say the lines are coincident. They are not parallel; they are the same line.
TRYIT::3.41 Use slopes and y-intercepts to determine if the lines are parallel:
® 2x+5y=5and y= —%x—4 ®y= —%r— 1 and x +2y = -2.
TRYIT::3.42 Use slopes and y-intercepts to determine if the lines are parallel:
@ 4x—3y=6and y =%x— 1 ®y =%x— 3 and 3x— 4y = 12.
EXAMPLE 3.22
Use slopes and y-intercepts to determine if the lines are parallel:
@y=—4and y=3® x=-2 and x = -5.
) Solution
@y=-4and y=3
We recognize right away from the equations that these are horizontal lines, and so we know their slopes are both 0.
Since the horizontal lines cross the y-axisat y = —4 and at y =3, we know the y-intercepts are (0, —4) and (0, 3).
The lines have the same slope and different y-intercepts and so they are parallel.
® x=-2and x=-5
We recognize right away from the equations that these are vertical lines, and so we know their slopes are undefined.
Since the vertical lines cross the x-axis at x = —2 and x = —5, we know the y-intercepts are (-2, 0) and (-5, 0).

The lines are vertical and have different x-intercepts and so they are parallel.

TRYIT:: 3.43

TRYIT::3.44

Use slopes and y-intercepts to determine if the lines are parallel:

@y=8and y=—6 ® x=1 and x = -5.

Use slopes and y-intercepts to determine if the lines are parallel:

@y=1and y=-5® x=8 and x = —6.

1

Let's look at the lines whose equationsare y = —-x — 1 and y = —4x+ 2, shown in Figure 3.9.

4
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Figure 3.9
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These lines lie in the same plane and intersect in right angles. We call these lines perpendicular.

If we look at the slope of the first line, m| = %,
negative reciprocals of each other. If we multiply them, their productis —1.
ml . m2
1_
i)
-1
This is always true for perpendicular lines and leads us to this definition.

Perpendicular Lines

Perpendicular lines are lines in the same plane that form a right angle.
« If m; and m, are the slopes of two perpendicular lines, then:

o their slopes are negative reciprocals of each other, m| = — mLz

o the product of their slopesis —1, m-m, = —1.

+ Avertical line and a horizontal line are always perpendicular to each other.

and the slope of the second line, m, = —4, we can see that they are

We were able to look at the slope-intercept form of linear equations and determine whether or not the lines were parallel.

We can do the same thing for perpendicular lines.

We find the slope-intercept form of the equation, and then see if the slopes are opposite reciprocals. If the product of the

slopesis —1, the lines are perpendicular.

EXAMPLE 3.23

Use slopes to determine if the lines are perpendicular:

@ y=-5x—4and x—5y=5® 7x+2y=3and 2x+7y=5
© solution

®
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Chapter 3 Graphs and Functions 275

The first equation is in slope-intercept form. y=—5x-4
x—5y =5
-5y = —x+5
Solve the second equation for y. -5y _—x+5
-5 -5
y = %x -1
=1lr—1
y = - S5x—4 y = 5
Identify the slope of each line. y =mx+b y =mx+b
myp = - 5 my =%

The slopes are negative reciprocals of each other, so the lines are perpendicular. We check by multiplying the slopes, Since
—5(l) = —1, itchecks.

5
®
Tx+2y =3 2x+7y =5
2y = =Tx+3 Ty = —=2x+5
Solve the equations for y. 2y _-7x+3 Ty _=2x+5
2 2 7 7
— 143 = 2,43
y = 2x+ 5 y 7x+ 7
y =mx+Db y =mx+Db
Identify the slope of each line. m, = _% my = _%

The slopes are reciprocals of each other, but they have the same sign. Since they are not negative reciprocals, the lines
are not perpendicular.

TRYIT::3.45 Use slopes to determine if the lines are perpendicular:
@y=-3x+2and x—3y=4 ® 5x+4y=1 and 4x+ 5y =3.

TRYIT::3.46 Use slopes to determine if the lines are perpendicular:
®@y=2x—5and x+2y=-6 ® 2x—9y=3 and 9x—2y=1.
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3.2 EXERCISES

Practice Makes Perfect

Find the Slope of a Line

In the following exercises, find the slope of each line shown.

73.
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T7. 78.

In the following exercises, find the slope of each line.
8l y=3 82. y=-2 83. x=-5

84. x=4

In the following exercises, use the slope formula to find the slope of the line between each pair of points.

85. (2,5), (4, 0) 86. (3, 6), (8, 0) 87. (-3, 3), 4, -5)
88. (-2, 4), (3, -1 89. (-1, -2), (2,5 90. (-2, —1), (6, 5)

91. (4, -5), (1, =2) 92. (3, —6), (2, -2)
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Graph a Line Given a Point and the Slope
In the following exercises, graph each line with the given point and slope.

93. (2, 5); m = —% 04. (1,4); m= —% 95. (=1, —4): m =

W[

96. (-3, =5); m = 97. y-intercept3; m = — 98. x-intercept —2; m =

[\S][88)
[9,]\®)
IN[OV)

99. (-4,2); m=4 100. (1, 5); m= -3

Graph a Line Using Its Slope and Intercept
In the following exercises, identify the slope and y-intercept of each line.

101 y=—-7x+3 102. y =4x - 10 103. 3x+y=>5
104. 4x+y =28 105. 6x + 4y =12 106. 8x +3y =12
107. 5x -2y =6 108. 7x -3y =9

In the following exercises, graph the line of each equation using its slope and y-intercept.

109. y=3x—1 110. y=2x—-3 m. y=—-x+3
2. y=-x—4 113.y=—%x—3 114.y=—%x+2
115. 3x -2y =4 116. 3x —4y =8

Choose the Most Convenient Method to Graph a Line
In the following exercises, determine the most convenient method to graph each line.

7. x=2 118. y =5 119. y=-3x+4
120. x—y =35 121 x—y=1 122.y=%x—1
123. 3x -2y =—12 124. 2x — 5y =-10

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Graph and Interpret Applications of Slope-Intercept

125. The equation
P=314+175w models the

relation between the amount of
Tuyet’'s monthly water bill
payment, P, in dollars, and the
number of units of water, w, used.

® Find Tuyet's payment for a

month when 0 units of water are
used.

® Find Tuyet's payment for a

month when 12 units of water are
used.

© Interpret the slope and

P-intercept of the equation.

@ Graph the equation.

128. Janelle is planning to rent a
car while on vacation. The
equation C=032m+15

models the relation between the
cost in dollars, C, per day and the
number of miles, m, she drives in
one day.

® Find the cost if Janelle drives
the car 0 miles one day.

® Find the cost on a day when
Janelle drives the car 400 miles.

© Interpret the slope and

C-intercept of the equation.

@ Graph the equation.

131. Costa is planning a lunch
banquet. The equation
C=450+28g models the

relation between the cost in
dollars, C, of the banquet and the
number of guests, g.

® Find the cost if the number of
guests is 40.

® Find the cost if the number of
guests is 80.

© Interpret the slope and

C-intercept of the equation.

@ Graph the equation.

126. The equation
P=28+2.54w models the

relation between the amount of R
and y's monthly water bill
payment, P, in dollars, and the
number of units of water, w, used.

@ Find the payment for a month

when R and y used 0 units of
water.

® Find the payment for a month

when R and y used 15 units of
water.

© Interpret the slope and

P-intercept of the equation.

@ Graph the equation.

129. Cherie works in retail and her

weekly salary includes
commission for the amount she
sells. The equation
S =400+ 0.15¢ models the
relation between her weekly
salary, S, in dollars and the

amount of her sales, ¢, in dollars.

® Find Cherie’s salary for a week
when her sales were $0.

® Find Cherie’s salary for a week
when her sales were $3,600.

© Interpret the slope and

S-intercept of the equation.

@ Graph the equation.

132. Margie is planning a dinner
banquet. The equation
C=750+42¢g models the

relation between the cost in
dollars, C of the banquet and the
number of guests, g.

® Find the cost if the number of
guests is 50.

® Find the cost if the number of
guests is 100.

© Interpret the slope and

C-intercept of the equation.

@ Graph the equation.

127. Bruce drives his car for his
job. The equation
R=0575m+42 models the

relation between the amount in
dollars, R, that he is reimbursed
and the number of miles, m, he
drives in one day.

@ Find the amount Bruce is

reimbursed on a day when he
drives 0 miles.

® Find the amount Bruce is

reimbursed on a day when he
drives 220 miles.

© Interpret the slope and

R-intercept of the equation.

@ Graph the equation.

130. Patel’s weekly salary includes
a base pay plus commission on his

sales. The equation
S =750+0.09c models the
relation between his weekly
salary, S, in dollars and the

amount of his sales, ¢, in dollars.

@ Find Patel’s salary for a week
when his sales were 0.

® Find Patel's salary for a week
when his sales were 18,540.

© Interpret the slope and

S-intercept of the equation.

@ Graph the equation.
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Use Slopes to Identify Parallel and Perpendicular Lines

Chapter 3 Graphs and Functions

In the following exercises, use slopes and y-intercepts to determine if the lines are parallel, perpendicular, or neither.

133. 134. 135. 2x —4y=6; x—2y=3
y=%x—3; 3x—4y=-2 x+4y= -2 y=%x—3
136. 137. x=5;, x=-6 138. x= —-3; x= -2
8x+6y=6; 12x+9y=12
139. 4x -2y =35; 3x+6y=8 140 141.

8x—-2y=7; 3x+12y=9 3x—6y=12; 6x-3y=3
142. 143. 144. 5x=2y=11; 5x—y=7
9x—-5y=4; 5x+9= -1 Tx—4y=38; 4x+T7y=14
145. 3x —2y=8; 2x+3y=6 146.2x+3y=5; 3x—-2y=7 147.3x-2y=1; 2x-3y=2
148. 2x+4y=3; 6x+3y=2 149.y=2; y=6 150. y=—-1; y=2

Writing Exercises

151. How does the graph of a line with slope m = 1 152. Why is the slope of a vertical line “undefined”?
' 2

differ from the graph of a line with slope m = 27?

153. Explain how you can graph a line given a point and
its slope.

154. Explain in your own words how to decide which
method to use to graph a line.

Self Check

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

No-I don't
get it!

With some

Ican... help

Confidently

find the slope of a line.

graph a line given a point and
the slope.

graph a line using its slope and
intercept.

choose the most convenient
method to graph a line.

graph and interpret applications
of slope-intercept.

use slopes to identify parallel and
perpendicular lines.

® After reviewing this checklist, what will you do to become confident for all objectives?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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33

Find the Equation of a Line

Learning Objectives

By the end of this section, you will be able to:
Find an equation of the line given the slope and y-intercept
Find an equation of the line given the slope and a point
Find an equation of the line given two points

Find an equation of a line parallel to a given line
Find an equation of a line perpendicular to a given line

BE PREPARED : : 3.7 Before you get started, take this readiness quiz.

Solve: ;(x—i— 15).

5
If you missed this problem, review

BE PREPARED :: 3.8 Simplify: —=3(x — (=2)).
If you missed this problem, review

BE PREPARED : : 3.9 Solve fory: y —3 = —2(x + 1).

If you missed this problem, review

How do online companies know that “you may also like” a particular item based on something you just ordered? How
can economists know how a rise in the minimum wage will affect the unemployment rate? How do medical researchers
create drugs to target cancer cells? How can traffic engineers predict the effect on your commuting time of an increase
or decrease in gas prices? It's all mathematics.

The physical sciences, social sciences, and the business world are full of situations that can be modeled with linear
equations relating two variables. To create a mathematical model of a linear relation between two variables, we must be
able to find the equation of the line. In this section, we will look at several ways to write the equation of a line. The specific
method we use will be determined by what information we are given.

Find an Equation of the Line Given the Slope and y-Intercept

We can easily determine the slope and intercept of a line if the equation is written in slope-intercept form, y = mx + b.
Now we will do the reverse—we will start with the slope and y-intercept and use them to find the equation of the line.

EXAMPLE 3.24

Find the equation of a line with slope —9 and y-intercept (0, —4).

Solution

Since we are given the slope and y-intercept of the line, we can substitute the needed values into the slope-intercept form,
y=mx+b.
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Name the slope. m=-9
Name the y-intercept. y-intercept (0, 4)
Substitute the values into y = mx + b. y=mx+
y=-9x+
y=-9x-4
TRYIT::3.47 Find the equation of a line with slope % and y-intercept (0, 4).
TRYIT::3.48 Find the equation of a line with slope —1 and y-intercept (0, —3).

Sometimes, the slope and intercept need to be determined from the graph.

EXAMPLE 3.25

Find the equation of the line shown in the graph.

© solution

We need to find the slope and y-intercept of the line from the graph so we can substitute the needed values into the
slope-intercept form, y = mx + b.

To find the slope, we choose two points on the graph.

The y-interceptis (0, —4) and the graph passes through (3, —2).

Find the slope, by counting the rise and run. m:ﬂ_‘iﬁ

2
=3

Find the y-intercept. y-intercept (0, - 4)

Substitute the values into y = mx + b. y=mx+

=2
y_3x
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TRYIT::3.49 Find the equation of the line shown in the graph.

TRYIT::350 Find the equation of the line shown in the graph.

Find an Equation of the Line Given the Slope and a Point

Finding an equation of a line using the slope-intercept form of the equation works well when you are given the slope and
y-intercept or when you read them off a graph. But what happens when you have another point instead of the y-intercept?

We are going to use the slope formula to derive another form of an equation of the line.
Suppose we have a line that has slope m and that contains some specific point (x1, y;) and some other point, which we

will just call (x, y). We can write the slope of this line and then change it to a different form.



284 Chapter 3 Graphs and Functions

_Y=N
m=%=x
Multiply both si i - —xp = (=22 -
ply both sides of the equation by x — x. mx—xp) = X=x (x —xq)
Simplify. mx—xp) =y—y
Rewrite the equation with the y terms on the left. y—y; =mx—xy)

This format is called the point-slope form of an equation of a line.
Point-slope Form of an Equation of a Line
The point-slope form of an equation of a line with slope m and containing the point (x{, y) is:
y =y =mx—xy)
We can use the point-slope form of an equation to find an equation of a line when we know the slope and at least one

point. Then, we will rewrite the equation in slope-intercept form. Most applications of linear equations use the the slope-
intercept form.

_ HOW TO FIND AN EQUATION OF A LINE GIVEN A POINT AND THE SLOPE
1

Find an equation of a line with slope m = — 3 that contains the point (6, —4). Write the equation in slope-intercept
form.
© Solution
The slope is given. 1
m=—
3
The point is given. (X, y,)
6,
Y=y,=mx-x)
Simplify. y—(-4)=- 3 (x-6)
gras Ao lopsy 5
3
y= —;X— 2
TRYIT:: 351 Find the equation of a line with slope m = —% and containing the point (10, —5).
TRYIT::352 Find the equation of a line with slope m = — %, and containing the point (4, —=7).

We list the steps for easy reference.
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@ HOW TO:: TO FIND AN EQUATION OF A LINE GIVEN THE SLOPE AND A POINT.

Step 1. Identify the slope.
Step 2. Identify the point.

Step 3. Substitute the values into the point-slope form, y —y; = m(x — x ).

Step 4. Write the equation in slope-intercept form.

EXAMPLE 3.27

Find an equation of a horizontal line that contains the point (—2, —6). Write the equation in slope-intercept form.

© Solution

Every horizontal line has slope 0. We can substitute the slope and points into the point-slope form, y — y; = m(x — x).

Identify the slope. m=
Identify the point. X ¥

y the p [_2’ _6]
Substitute the values into y — y; = m(x — x;). Y-y =mx-x)

y=(-6)=0(x~(-2))

Simplify. y+6=0
y=-6
Write in slope-intercept form. Itis in y-form, but could be written y = Ox — 6.

Did we end up with the form of a horizontal line, y = a?

TRYIT::353 Find the equation of a horizontal line containing the point (=3, 8).

TRYIT::354 Find the equation of a horizontal line containing the point (=1, 4).

Find an Equation of the Line Given Two Points

When real-world data is collected, a linear model can be created from two data points. In the next example we'll see how
to find an equation of a line when just two points are given.

So far, we have two options for finding an equation of a line: slope-intercept or point-slope. When we start with two points,
it makes more sense to use the point-slope form.

But then we need the slope. Can we find the slope with just two points? Yes. Then, once we have the slope, we can use it
and one of the given points to find the equation.

GV Nwia HOW TO FIND THE EQUATION OF A LINE GIVEN TWO POINTS

Find an equation of a line that contains the points (=3, —1) and (2, —2) Write the equation in slope-intercept form.
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© Solution
Find the slope of the line me Y2V
through (-3, -1) and (2, -2). X, — X,
_ -1
=23
i
m=
s
5
Choose either point. (2’ ;)
Y=y,=mlx-x)
Simplify. ¥-(2) =_%{x_z)
1.2
y+ 2= —EX +§
1. 8
y==%"g

TRYIT::355 Find the equation of a line containing the points (-2, —4) and (1, —=3).

TRYIT::356 Find the equation of a line containing the points (=4, —3) and (1, =5).

The steps are summarized here.

.@- HOW TO:: TO FIND AN EQUATION OF A LINE GIVEN TWO POINTS.

Step 1. Yo—= N1

Find the slope using the given points. m = ]

Step 2. Choose one point.

Step 3. Substitute the values into the point-slope form: y — y; = m(x — x).

Step 4. Write the equation in slope-intercept form.

Find an equation of a line that contains the points (=3, 5) and (=3, 4). Write the equation in slope-intercept form.

© solution
Again, the first step will be to find the slope.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Find the slope of the line through (-3, 5) and (-3, 4). m= Y2701

X
__4-5
"=3-0-3)

m=3

The slope is undefined.

This tells us it is a vertical line. Both of our points have an x-coordinate of —2. So our equation of the line is x = —2.
Since there is no y, we cannot write it in slope-intercept form.

You may want to sketch a graph using the two given points. Does your graph agree with our conclusion that this is a
vertical line?

TRYIT:: 357 Find the equation of a line containing the points (5, 1) and (5, —4).

TRYIT::358 Find the equaion of a line containing the points (—4, 4) and (-4, 3).

We have seen that we can use either the slope-intercept form or the point-slope form to find an equation of a line. Which
form we use will depend on the information we are given.

To Write an Equation of a Line

If given: Use: Form:

Slope and y-intercept ~ slope-intercept =~ Y =mx+b
Slope and a point point-slope y =y =mx—xy)

Two points point-slope y—yp=mx—xp)

Find an Equation of a Line Parallel to a Given Line

Suppose we need to find an equation of a line that passes through a specific point and is parallel to a given line. We can
use the fact that parallel lines have the same slope. So we will have a point and the slope—just what we need to use the
point-slope equation.

First, let’s look at this graphically.
This graph shows y = 2x — 3. We want to graph a line parallel to this line and passing through the point (-2, 1).
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We know that parallel lines have the same slope. So the second line will have the same slope as y = 2x — 3. That slope
is my = 2. We'll use the notation m  to represent the slope of a line parallel to a line with slope m. (Notice that the
subscript | | looks like two parallel lines.)

The second line will pass through (=2, 1) and have m = 2.

To graph the line, we start at (—2, 1) and count out the rise and run.

With m =2 (or m = %), we count out the rise 2 and the run 1. We draw the line, as shown in the graph.

Do the lines appear parallel? Does the second line pass through (=2, 1)?

We were asked to graph the line, now let’s see how to do this algebraically.

We can use either the slope-intercept form or the point-slope form to find an equation of a line. Here we know one point
and can find the slope. So we will use the point-slope form.

_ HOW TO FIND THE EQUATION OF A LINE PARALLEL TO A GIVEN LINE AND A POINT

Find an equation of a line parallel to y = 2x — 3 that contains the point (-2, 1). Write the equation in slope-intercept
form.

© Solution
The line is in slope-intercept -2
form, y=2x-3. -
Parallel lines have the same m,=2
slope.
The given pointis (-2, 1). ( x, )ﬁ)
-2,1
Y=y, =mlx-x)
Simplify. y-1=2(x-(-2)
y-1=2(x+2)
y-1=2x+4
y=2x+5

Look at graph with the parallel lines shown previously. Does this equation make sense? What is the y-intercept of the line?
What is the slope?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT : : 359

289

Find an equation of a line parallel to the line y = 3x + 1 that contains the point (4, 2). Write the equation in

slope-intercept form.

TRYIT::3.60 Find an equation of a line parallel to the line y = Ly — 3 that contains the point (6, 4).

2

Write the equation in slope-intercept form.

@ HOW TO:: FIND AN EQUATION OF A LINE PARALLEL TO A GIVEN LINE.

Step 1. Find the slope of the given line.
Step 2.  Find the slope of the parallel line.
Step 3. Identify the point.

Step 4. Substitute the values into the point-slope form: y — y; = m(x — xy).

Step 5. Write the equation in slope-intercept form.

Find an Equation of a Line Perpendicular to a Given Line

Now, let's consider perpendicular lines. Suppose we need to find a line passing through a specific point and which is
perpendicular to a given line. We can use the fact that perpendicular lines have slopes that are negative reciprocals. We

will again use the point-slope equation, like we did with parallel lines.

This graph shows y = 2x — 3. Now, we want to graph a line perpendicular to this line and passing through (=2, 1).

y

[RER VSR S Uy ]

We know that perpendicular lines have slopes that are negative reciprocals.

We'll use the notation m  to represent the slope of a line perpendicular to a line with slope m. (Notice that the subscript

1 looks like the right angles made by two perpendicular lines.)

y=2x—-3  perpendicular line

1
m=2 mo= -5
We now know the perpendicular line will pass through (=2, 1) with m; = -1

>

To graph the line, we will start at (=2, 1) and count out the rise —1 and the run 2. Then we draw the line.
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6-5-4-3-2-

L24
-3

Do the lines appear perpendicular? Does the second line pass through (=2, 1)?

We were asked to graph the line, now, let’s see how to do this algebraically.

We can use either the slope-intercept form or the point-slope form to find an equation of a line. In this example we know
one point, and can find the slope, so we will use the point-slope form.

_ HOW TO FIND THE EQUATION OF A LINE PERPENDICULAR TO A GIVEN LINE AND A POINT

Find an equation of a line perpendicular to y = 2x — 3 that contains the point (=2, 1). Write the equation in slope-

intercept form.
) Solution
The line is in slope- m=2
intercept form,
y=2x-3.
The slopes of m=_1
perpendicular lines T2
are negative
reciprocals.
The given point is (X, y.)
£2:1); =2:1
Y-y, =mlx-x)
Simplify. yel= —%(x —(=2)

y-1=-2(x+2)

TRYIT:: 361

Find an equation of a line perpendicular to the line y = 3x + 1 that contains the point (4, 2). Write the equation

in slope-intercept form.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT::362

Find an equation of a line perpendicular to the line y = %x — 3 that contains the point (6, 4). Write the equation

in slope-intercept form.

.@. HOW TO:: FIND AN EQUATION OF A LINE PERPENDICULAR TO A GIVEN LINE.

Step 1. Find the slope of the given line.
Step 2.  Find the slope of the perpendicular line.
Step 3. Identify the point.

Step 4.  Substitute the values into the point-slope form, y — y; = m(x — x).

Step 5. Write the equation in slope-intercept form.

EXAMPLE 3.32

Find an equation of a line perpendicular to x = 5 that contains the point (3, —2). Write the equation in slope-intercept

form.
© Ssolution

Again, since we know one point, the point-slope option seems more promising than the slope-intercept option. We
need the slope to use this form, and we know the new line will be perpendicular to x = 5. This line is vertical, so its

perpendicular will be horizontal. This tells us the m; =0.

Identify the point. (3,-2)
Identify the slope of the perpendicular line. m; =0
Substitute the values into y — y; = m(x — xy). y—y;=m(x—xy)

y—(=2)=0(x-3)
Simplify. y+2=0

y=-2

Sketch the graph of both lines. On your graph, do the lines appear to be perpendicular?

TRYIT::3.63

Find an equation of a line that is perpendicular to the line x =4 that contains the point (4, —5).. Write the

equation in slope-intercept form.

TRYIT:: 364

Find an equation of a line that is perpendicular to the line x =2 that contains the point (2, —1). Write the

equation in slope-intercept form.

In Example 3.32, we used the point-slope form to find the equation. We could have looked at this in a different way.
We want to find a line that is perpendicular to x = 5 that contains the point (3, —2). This graph shows us the line x =5
and the point (3, —2).
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We know every line perpendicular to a vertical line is horizontal, so we will sketch the horizontal line through (3, —2).

y
[
81

Do the lines appear perpendicular?
If we look at a few points on this horizontal line, we notice they all have y-coordinates of —2. So, the equation of the line
perpendicular to the vertical line x =5 is y = —2.

EXAMPLE 3.33

Find an equation of a line that is perpendicular to y = —3 that contains the point (=3, 5). Write the equation in slope-

intercept form.

) solution

The line y = =3 is a horizontal line. Any line perpendicular to it must be vertical, in the form x =a. Since the
perpendicular line is vertical and passes through (=3, 5), every point on it has an x-coordinate of —3. The equation of
the perpendicular lineis x = =3

You may want to sketch the lines. Do they appear perpendicular?

TRYIT:: 365

Find an equation of a line that is perpendicular to the line y =1 that contains the point (-5, 1). Write the

equation in slope-intercept form.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT::366

Find an equation of a line that is perpendicular to the line y = —5 that contains the point (—4, —5). Write the
equation in slope-intercept form.

|Z| MEDIA : :

Access these online resources for additional instruction and practice with finding the equation of a line.
* Write an Equation of Line Given its slope and Y-Intercept (https://openstax.org/l/37slopeycept)

Using Point Slope Form to Write the Equation of a Line, Find the equation given slope and point
(https://openstax.org/l/37slopepoint)

Find the equation given two points (https://openstax.org/l/37twoptspline)
Find the equation of perpendicular and parallel lines (https://openstax.org/l/37perpenpara)


https://openstax.org/l/37slopeycept
https://openstax.org/l/37slopepoint
https://openstax.org/l/37slopepoint
https://openstax.org/l/37twoptspline
https://openstax.org/l/37perpenpara
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L 3.3 EXERCISES
Practice Makes Perfect

Find an Equation of the Line Given the Slope and y-Intercept
In the following exercises, find the equation of a line with given slope and y-intercept. Write the equation in slope-intercept form.

155. slope 3 and 156. slope 8 and 157. slope —3 and
y -intercept (0, 5) y-intercept (0, —6) y -intercept (0, —1)
158.slope —1 and 159. slope % and 160. slope —% and
y -intercept (0, 3)

y-intercept (0, —5) y -intercept (0, —2)
161. slope 0 and 162. slope —4 and
y-intercept (0, —1) y -intercept (0, 0)

In the following exercises, find the equation of the line shown in each graph. Write the equation in slope-intercept form.
163. 164.

21

7L

165. 166.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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167. 168.
y
|
g4
74+
64
51
a1
et
24
14
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Bf o 12N 45678 8-7-6-54-3-2-1N 12345678
2L
34
.
51
el
iy
8L
1
169. 170.
y y
| |
gt gt
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6+ - 6 >
51 51
41 41
34 34
21 21
11 11
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8-7-6-5-4-3-2-10 12345678 8-7-6-5-4-3-2-10 12345678
it = o 24
34 34
4l 4l
51 51
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iy iy
8l 8l
1 1

Find an Equation of the Line Given the Slope and a Point

295

In the following exercises, find the equation of a line with given slope and containing the given point. Write the equation in slope-

intercept form.
171. m = %, point (8, 3)
174. m = —%, point (8, —5)

177. m = =7, point (-1, =3)

180. Horizontal
(=2, -3)

line containing

172. m = %, point (6, 7) 173. m = —%, point (10, —5)
175. m = —%, point (=4, —=3)  176. m = —%, point (=8, —2)

179. Horizontal
(=2,5)

178. m = —4, point (=2, =3) line containing

182. Horizontal
(4, _8)

181. Horizontal
(=1, =7)

line containing line containing
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Find an Equation of the Line Given Two Points

In the following exercises, find the equation of a line containing the given points. Write the equation in slope-intercept form.

183. (2, 6) and (5, 3) 184. (4, 3) and (8, 1) 185. (=3, —4) and (5 —2).
186. (=5, —=3) and (4, —6). 187. (1, 3) and (=6, 7). 188. (=2, 8) and (—4, —6).
189. (0, 4) and (2, =3). 190. (0, —2) and (=5, —=3). 191. (7, 2) and (7, =2).
192. (=2, 1) and (=2, —4). 193. (3, —4) and (5, —4). 194. (=6, —3) and (-1, —=3)

Find an Equation of a Line Parallel to a Given Line

In the following exercises, find an equation of a line parallel to the given line and contains the given point. Write the equation in
slope-intercept form.

195.line y = 4x + 2, 196. line y = —3x — 1, 197.line 2x — y = 6,
point (1, 2) point (2, —=3). point (3, 0).

198. line 2x+ 3y = 6, 199. line x = —4, 200.line x—2=0,
point (0, 5). point (=3, =5). point (1, —=2)

201 line y =5, 202.line y+2 =0,

point (2, =2) point (3, =3)

Find an Equation of a Line Perpendicular to a Given Line

In the following exercises, find an equation of a line perpendicular to the given line and contains the given point. Write the
equation in slope-intercept form.

203.line y = —2x+ 3, 204.line y=—x+5, 205. line y = %x —2,
oint (2, 2 oint (3, 3

point (2, 2) point G, 3) point (=3, 4)

206. line y = %x —4, 207.line 2x — 3y =8, 208. line 4x — 3y =5,
oint (4, —1 int (=3, 2

point (2, —4) point (3, =1) point (=3, 2)

209. line 2x+ 5y =6, 210.line 4x 4+ 5y = -3, 211. line x = 3,

point (0, 0) point (0, 0) point (3, 4)

212. line x = =5, 213. line x =7, 214. line x = —1,

point (1, —=2) point (=3, —4) point (—4, 0)

215.line y—3 =0, 216. line y —6 =0, 217. line y-axis,

point (=2, —4) point (=5, =3) point (3, 4)

218. line y-axis,

point (2, 1)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Mixed Practice

In the following exercises, find the equation of each line. Write the equation in slope-intercept form.

219. Containing the points (4, 3)
and (8, 1)

222. m:%, containing point
6,7

225 m= —3

e containing point
(8, -5)

228. Perpendicular to the line
y-axis, point (=6, 2)

231. Containing the
(-3, —4) and (2, -5)

points

234. Perpendicular to the line
4x+3y =1, point (0, 0)

Writing Exercises

235. Why are all horizontal lines parallel?

Self Check

220. Containing the points
(=2, 0) and (-3, -2)

223. Parallel to the line
4x+3y=6, containing point
©, -3)

226. m = —%, containing point
(10, -5)

229. Parallel to the line x = =3,
containing point (=2, —1)

232. Containing the
(=5, =3) and (4, —6)

points

221. m=%, containing point
6, 1)
224. Parallel to the line
2x+ 3y =6, containing point
©, 5)

227. Perpendicular to the line
y—1=0, point (=2, 6)

230. Parallel to the line x = —4,
containing point (=3, —5)

233. Perpendicular to the line
x—2y =135, point (=2, 2)

236. Explain in your own words why the slopes of two

perpendicular lines must have opposite signs.

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

Confidently

With some No-I don't
help get it!

find the equation of the line given the
slope and y-intercept.

find an equation of the line given the
slope and a point.

two points.

find an equation of the line given

a given line.

find an equation of a line parallel to

find an equation of a line
perpendicular to a given line.

® What does this checklist tell you about your mastery of this section? What steps will you take to improve?
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3.4

Graph Linear Inequalities in Two Variables

Learning Objectives

By the end of this section, you will be able to:

Verify solutions to an inequality in two variables.

Recognize the relation between the solutions of an inequality and its graph.
Graph linear inequalities in two variables

Solve applications using linear inequalities in two variables

BE PREPARED : : 3.10 Before you get started, take this readiness quiz.

Graph x > 2 on a number line.
If you missed this problem, review Example 2.48.

BE PREPARED ::311  Solve: 4x+ 3 > 23 .
If you missed this problem, review Example 2.52.

BEPREPARED::312  Translate: 8 < x> 3.
If you missed this problem, review Example 2.56.

Verify Solutions to an Inequality in Two Variables

Previously we learned to solve inequalities with only one variable. We will now learn about inequalities containing two
variables. In particular we will look at linear inequalities in two variables which are very similar to linear equations in two
variables.

Linear inequalities in two variables have many applications. If you ran a business, for example, you would want your
revenue to be greater than your costs—so that your business made a profit.

Linear Inequality

A linear inequality is an inequality that can be written in one of the following forms:
Ax+By>C Ax+By>C Ax+By<C Ax+By<C

Where A and B are not both zero.

Recall that an inequality with one variable had many solutions. For example, the solution to the inequality x > 3 is any

number greater than 3. We showed this on the number line by shading in the number line to the right of 3, and putting
an open parenthesis at 3. See Figure 3.10.

Figure 3.10

Similarly, linear inequalities in two variables have many solutions. Any ordered pair (x, y) that makes an inequality true
when we substitute in the values is a solution to a linear inequality.

Solution to a Linear Inequality

An ordered pair (x, y) is a solution to a linear inequality if the inequality is true when we substitute the values of x
and y.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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EXAMPLE 3.34

Determine whether each ordered pair is a solution to the inequality y > x + 4 :

® (0,00 ® (1, 6) © (2, 6) D (=5, =15) © (=8, 12)

© solution
®
(0, 0) y>x+4
?
Substitute 0 for x and C for y. >0+4
Simplify. 0#4
So, (0, 0) is not a solutionto y > x+4.
®
(1, 6) y>x+4
?
Substitute 1 for x and © for y. >1+4
Simplify. 6>5
So, (1, 6) is asolutionto y > x + 4.
©
2, 6) y>x+4
?
Substitute 2 for x and © for y. >2+4
Simplify. 6#6
So, (2, 6) isnotasolutionto y> x +4.
@
(-5, —15) y>x+4
?
Substitute -5 for x and fory. >-5+4
Simplify. -15% -1

So, (=5, —15) is not a solutionto y > x + 4.
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(-8, 12) y>x+4
?

Substitute -8 for x and 12 for y. >-8+4

Simplify. 12> -4

So, (-8, 12) is asolutionto y > x + 4.

TRYIT::3.67 Determine whether each ordered pair is a solution to the inequality y > x — 3 :

® 0,00 ® 4,9 © (-2,1) @ (-5,-3) ® (5, 1)

TRYIT::368 Determine whether each ordered pair is a solution to the inequality y < x+ 1 :

® 0,0) ® (8,6) © (-2, 1) @ (3,4) © (-1, —4)

Recognize the Relation Between the Solutions of an Inequality and its Graph
Now, we will look at how the solutions of an inequality relate to its graph.

Let's think about the number line in shown previously again. The point x = 3 separated that number line into two parts.
On one side of 3 are all the numbers less than 3. On the other side of 3 all the numbers are greater than 3. See Figure
3.11.

numbers less than 3 numbers greater than 3

-
D e S A e S B S m—

5 4 -3 -2 4 0 1 2 3 4 5

Figure 3.11 The solution to x > 3 is the shaded part of the number
line to the right of x = 3.

Similarly, the line y = x + 4 separates the plane into two regions. On one side of the line are points with y < x + 4. On

the other side of the line are the points with y > x 4+ 4. We call the line y = x + 4 a boundary line.

Boundary Line

The line with equation Ax + By = C is the boundary line that separates the region where Ax + By > C from the
region where Ax + By < C.

For an inequality in one variable, the endpoint is shown with a parenthesis or a bracket depending on whether or not a is
included in the solution:

e

et}

ad A
o M A

Similarly, for an inequality in two variables, the boundary line is shown with a solid or dashed line to show whether or not
it the line is included in the solution.

Ax+By<C Ax+By<C

Ax+By>C Ax+By>C

Boundary line is Ax + By = C Boundary lineisAx+ By = C
Boundary line is not included in solution. Boundary line is included in solution.
Boundary line is dashed. Boundary line is solid.

Now, let’s take a look at what we found in Example 3.34. We'll start by graphing the line y = x + 4, and then we'll plot
the five points we tested, as shown in the graph. See Figure 3.12.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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- ————F—+—+=X
-16 -14 -12 -10 10 12 | 14 16
-84
-10+
-124
—144
(-5,-15)
-16+
1
Figure 3.12
In we found that some of the points were solutions to the inequality y > x + 4 and some were not.

Which of the points we plotted are solutions to the inequality y > x +47?

(-8, 12) 12+

301

The points (1, 6) and (-8, 12) are solutions to the inequality y > x + 4. Notice that they are both on the same side of

the boundary line

y=x+4.

The two points (0, 0) and (=5, —15) are on the other side of the boundary line y = x + 4, and they are not solutions

to the inequality y > x + 4. For those two points, y < x + 4.

What about the point (2, 6)? Because 6 =2 + 4, the pointis a solution to the equation y = x + 4, but not a solution

to the inequality y > x + 4. So the point (2, 6) is on the boundary line.

Let's take another point above the boundary line and test whether or not it is a solution to the inequality y > x +4. The

point (0, 10) clearly looks to above the boundary line, doesn’t it? Is it a solution to the inequality?

y >

?
10 >
10 >

So, (0, 10) isasolutionto y > x + 4.

Any point you choose above the boundary line is a solution to the inequality y > x + 4. All points above the boundary

line are solutions.

Similarly, all points below the boundary line, the side with (0, 0) and (=5, —15), are not solutionsto y > x+4, as

shown in
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(-8, 12)

y>x+4
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1 14 [p 10 [ -6

(-5,-15)

Figure 3.13

-104
12+
-144

164

The graph of the inequality y > x + 4 is shown in below.

16

The line y = x + 4 divides the plane into two regions. The shaded side shows the solutions to the inequality y > x + 4.

The points on the boundary line, those where y = x + 4, are not solutions to the inequality y > x + 4, so the line itself

is not part of the solution. We show that by making the line dashed, not solid.

[
8

EXAMPLE 3.35
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The boundary line shown in this graph is y = 2x — 1. Write the inequality shown by the graph.

Solution
Theline y = 2x — 1 is the boundary line. On one side of the line are the points with y > 2x — 1 and on the other side of

the line are the points with y < 2x — 1.
Let's test the point (0, 0) and see which inequality describes its position relative to the boundary line.
At (0, 0), whichinequalityistrue: y>2x—1or y <2x—1?

y>2x—1 y<2x-—1

? ?

0>2-0-1 0<2-0-1

0> —1True 0 < —1 False
Since, y > 2x — 1 is true, the side of the line with (0, 0), is the solution. The shaded region shows the solution of the
inequality y > 2x — 1.
Since the boundary line is graphed with a solid line, the inequality includes the equal sign.

The graph shows the inequality y > 2x — 1.

We could use any point as a test point, provided it is not on the line. Why did we choose (0, 0)? Because it’s the easiest

to evaluate. You may want to pick a point on the other side of the boundary line and check that y < 2x — 1.
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TRYIT::3.69 Write the inequality shown by the graph with the boundary line y = —=2x + 3.

y

TRYIT::3.70 Write the inequality shown by the graph with the boundary line y = %x —4.

y

oo

(s3]

F-y

3%}

The boundary line shown in this graph is 2x + 3y = 6. Write the inequality shown by the graph.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3



Chapter 3 Graphs and Functions

Solution

The line 2x + 3y = 6 is the boundary line. On one side of the line are the points with 2x + 3y > 6 and on the other side

of the line are the points with 2x + 3y < 6.

Let’s test the point (0, 0) and see which inequality describes its side of the boundary line.

At (0, 0), which inequality is true: 2x +3y > 6 or 2x+ 3y < 6?

2x+3y > 6

20)+30) > 6
0 > 6False

So the side with (0, 0) is the side where 2x + 3y < 6.

(You may want to pick a point on the other side of the boundary line and check that 2x + 3y > 6.)

Since the boundary line is graphed as a dashed line, the inequality does not include an equal sign.

2x + 3y
2(0) + 3(0)

The shaded region shows the solution to the inequality 2x + 3y < 6.

A

6 True

TRYIT::371

Write the inequality shown by the shaded region in the graph with the boundary line x — 4y = 8.
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TRYIT::3.72

Write the inequality shown by the shaded region in the graph with the boundary line 3x —y = 6.

Graph Linear Inequalities in Two Variables

Now that we know what the graph of a linear inequality looks like and how it relates to a boundary equation we can use
this knowledge to graph a given linear inequality.

_ HOW TO GRAPH A LINEAR EQUATION IN TWO VARIABLES

Graph the linear inequality y > %x - 2.

) Ssolution

Replace the inequality sign y
with an equal sign to find L
the boundary line.

[sa]

|
Graph the boundary line —— —!-— —fa1 L1
y=3x-2 EEEEENEEEEEP
The inequality sign is >, RN 1 /

so we draw a solid line. - - t

we'll test (0, 0).

Is it a solution of the
inequality?

So, (0, 0) is a solution.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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The test point (0, 0) is a
solutionto y > %x -2.50

we shade in that side.

All points in the shaded region and
on the boundary line represent the

solutions to y > -i—_x =2,

307

TRYIT::373 Graph the linear inequality y > %x -4,

TRYIT::3.74 Graph the linear inequality y < %x -5.

The steps we take to graph a linear inequality are summarized here.

.-G- HOW TO:: GRAPH A LINEAR INEQUALITY IN TWO VARIABLES.

Step 1. Identify and graph the boundary line.
o Iftheinequalityis < or >, theboundary lineis solid.

o Iftheinequalityis < or >, the boundary lineis dashed.

Step 2. Test a point that is not on the boundary line. Is it a solution of the inequality?
Step 3. Shade in one side of the boundary line.
- If the test point is a solution, shade in the side that includes the point.
- If the test point is not a solution, shade in the opposite side.

Graph the linear inequality x — 2y < 5.

©) solution

First, we graph the boundary line x — 2y = 5. The inequalityis < so we draw a dashed line.
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Then, we test a point. We'll use (0, 0) again because it is easy to evaluate and it is not on the boundary line.
Is (0, 0) asolutionof x —2y < 5?
?
_2(0)<5

?
0-0<5
0<5
The point (0, 0) is a solution of x — 2y < 5, so we shade in that side of the boundary line.

All points in the shaded region, but not those on the boundary line, represent the solutions to x — 2y < 5.

TRYIT::375 Graph the linear inequality: 2x — 3y < 6.

TRYIT::376 Graph the linear inequality: 2x —y > 3.

What if the boundary line goes through the origin? Then, we won’'t be able to use (0, 0) as a test point. No
problem—we’ll just choose some other point that is not on the boundary line.

EXAMPLE 3.39

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Graph the linear inequality: y < —4x.

© Solution
First, we graph the boundary line y = —4x. Itis in slope-intercept form, with m = —4 and b = 0. The inequalityis <
so we draw a solid line.

Now we need a test point. We can see that the point (1, 0) is not on the boundary line.
Is (1, 0) asolutionof y < —4x?

?

<-4(1)

0g-4

The point (1, 0) is nota solutionto y < —4x, so we shade in the opposite side of the boundary line.

All points in the shaded region and on the boundary line represent the solutionsto y < — 4x.

TRYIT::3.77 Graph the linear inequality: y > — 3x.

TRYIT::3.78 Graph the linear inequality: y > —2x.

Some linear inequalities have only one variable. They may have an x but no y, or a y but no x. In these cases, the boundary
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line will be either a vertical or a horizontal line.
Recall that:

xX=a vertical line
y=>b horizontal line

EXAMPLE 3.40

Graph the linear inequality: y > 3.

Solution

First, we graph the boundary line y = 3. Itis a horizontal line. The inequality is > so we draw a dashed line.
We test the point (0, 0).

y>3

0>73
So, (0, 0) is not a solutionto y > 3.

So we shade the side that does not include (0, 0) as shown in this graph.

All points in the shaded region, but not those on the boundary line, represent the solutions to y > 3.

TRYIT::3.79 Graph the linear inequality: y < 5.
TRYIT::3.80 Graph the linear inequality: y < —1.

Solve Applications using Linear Inequalities in Two Variables

Many fields use linear inequalities to model a problem. While our examples may be about simple situations, they give us
an opportunity to build our skills and to get a feel for how thay might be used.

EXAMPLE 3.41

Hilaria works two part time jobs in order to earn enough money to meet her obligations of at least $240 a week. Her job
in food service pays $10 an hour and her tutoring job on campus pays $15 an hour. How many hours does Hilaria need to
work at each job to earn at least $240?

Let x be the number of hours she works at the job in food service and let y be the number of hours she works tutoring.
Write an inequality that would model this situation.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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® Graph the inequality.
(© Find three ordered pairs (x, ¥) that would be solutions to the inequality. Then, explain what that means for Hilaria.

Solution

@ We let x be the number of hours she works at the job in food service and let y be the number of hours she works
tutoring.

She earns $10 per hour at the job in food service and $15 an hour tutoring. At each job, the number of hours multiplied
by the hourly wage will gives the amount earned at that job.

Amount earned at the food service job plus the amount earned tutoring is at least $240

10x + 15y >240

®To graph the inequality, we put it in slope-intercept form.

10x+ 15y > 240
15y > —10x+ 240
y > —2x+16
3
y
[
30+
26+
2+
184

(© From the graph, we see that the ordered pairs (15, 10), (0, 16), (24, 0) represent three of infinitely many solutions.
Check the values in the inequality.

(15, 10) (0, 16) (24, 0)
10x + 15y = 240 10x + 15y = 240 10x + 15y = 240
? ? ?
10(15) + 15(10) = 240 10(0) + 15(16) = 240 10(24) + 15(0) = 240
300 = 240 True 240 = 240 True 240 = 240 True

For Hilaria, it means that to earn at least $240, she can work 15 hours tutoring and 10 hours at her fast-food job, earn all
her money tutoring for 16 hours, or earn all her money while working 24 hours at the job in food service.
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TRYIT:: 381

Hugh works two part time jobs. One at a grocery store that pays $10 an hour and the other is babysitting for $13
hour. Between the two jobs, Hugh wants to earn at least $260 a week. How many hours does Hugh need to work
at each job to earn at least $260?

® Let x be the number of hours he works at the grocery store and let y be the number of hours he works
babysitting. Write an inequality that would model this situation.

® Graph the inequality.

© Find three ordered pairs (x, y) that would be solutions to the inequality. Then, explain what that means for
Hugh.

TRYIT::382

Veronica works two part time jobs in order to earn enough money to meet her obligations of at least $280 a week.
Her job at the day spa pays $10 an hour and her administrative assistant job on campus pays $17.50 an hour. How
many hours does Veronica need to work at each job to earn at least $280?

® Let x be the number of hours she works at the day spa and let y be the number of hours she works as
administrative assistant. Write an inequality that would model this situation.

® Graph the inequality.

© Find three ordered pairs (x, y) that would be solutions to the inequality. Then, explain what that means for
Veronica

MEDIA : :

Access this online resource for additional instruction and practice with graphing linear inequalities in two variables.

* Graphing Linear Inequalities in Two Variables (https://openstax.org/l/37linineqgraphs)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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L 3.4 EXERCISES
Practice Makes Perfect

Verify Solutions to an Inequality in Two Variables
In the following exercises, determine whether each ordered pair is a solution to the given inequality.

239. Determine whether each
ordered pair is a solution to the
inequality y <3x+2:

238. Determine whether each
ordered pair is a solution to the
inequality y > x—3:

237. Determine whether each
ordered pair is a solution to the
inequality y > x—1:

® (0, 1) @ (0, 0) ® (0, 3)
® (-4, -1) ® 2, 1) ® (-3, -2)
© 4,2) © (=1, =5) © (=2, 0)
@ (3, 0) @ (=6, -3) @ (0, 0)

©® (=2, -3) ® (1, 0) © (-1, 4)

240. Determine whether each 241. Determine whether each

ordered pair is a solution to the
inequality y < —2x+5:

ordered pair is a solution to the
inequality 3x —4y > 4:

242. Determine whether each
ordered pair is a solution to the
inequality 2x + 3y > 2:

® (-3, 0) ® (5, 1) ® (1, 1)
® (1, 6) ® (-2, 6) ® (4, -3)
© (=6, =2) © (3,2 © (0, 0)
@ (0, 1) @ (10, -5) @ (=8, 12)
© 5, -4 © (0, 0) © (3,0

Recognize the Relation Between the Solutions of an Inequality and its Graph

In the following exercises, write the inequality shown by the shaded region.

243. Write the inequality shown by  244. Write the inequality shown by

the graph with the boundary line

the graph with the boundary line

245. Write the inequality shown by
the graph with the boundary line

y=3x-4. y=2x—4. y=%x+1.
y
y
10 10
10
5 5
5
- —+——+ =X ———t—1 =X
-0 |5 |0 10 -0 |5 |0 5 10
-5 &
-5
=1 =10
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246. Write the inequality shown by
the graph with the boundary line
y= - %x - 2.

249. Write the inequality shown by
the shaded region in the graph

with the boundary line
3x—y=6.
y
10
5

247. Write the inequality shown by
the shaded region in the graph
with the boundary line
x+y=>5.

250. Write the inequality shown by
the shaded region in the graph

with the boundary line
2x—y=4.
y
10
5

Graph Linear Inequalities in Two Variables

In the following exercises, graph each linear inequality.

251. Graph the linear inequality:

y>%x—1.

254. Graph the linear inequality:
y> - %x -2

257. Graph the linear inequality:
dx+y> —4.

260. Graph the linear inequality:
4x+2y > —8.

263. Graph the linear inequality:
y< —10.

266. Graph the linear inequality:
x> 0.

252. Graph the linear inequality:
y < %x +2.

255. Graph the linear inequality:
x—y<3.

258. Graph the linear inequality:
x+5y< =5.

261. Graph the linear inequality:
y > 4x.

264. Graph the linear inequality:
y=2

267. Graph the linear inequality:
x—y<4.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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248. Write the inequality shown by
the shaded region in the graph

with the boundary line
x+y=3.
y

10
- — Nt X
-0 -5 0 10

-5

=10

253. Graph the linear inequality:

-1
y< 2x+4.

256. Graph the linear inequality:
x—y>-2.

259. Graph the linear inequality:
3x+2y > —6.

262. Graph the linear inequality:
y < =3x.

265. Graph the linear inequality:
x <5.

268. Graph the linear inequality:
x—y< =3.
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269. Graph the linear inequality:

y Z%x.

272. Graph the linear inequality:

y< —3x—4.

275. Graph the linear inequality:

2x — 5y > 10.

270. Graph the linear inequality:

ys%x.

273. Graph the linear inequality:

2x+y > —4.

276. Graph the linear inequality:

4x -3y > 12.

271. Graph the linear inequality:

y> —2x+ 1.

274. Graph the linear inequality:

x+2y <=2

Solve Applications using Linear Inequalities in Two Variables

277. Harrison works two part time jobs. One at a gas
station that pays $11 an hour and the other is IT
troubleshooting for $16.50 an hour. Between the two
jobs, Harrison wants to earn at least $330 a week. How
many hours does Harrison need to work at each job to
earn at least $330?

@® Let x be the number of hours he works at the gas

station and let y be the number of (hours he works
troubleshooting. Write an inequality that would model
this situation.

® Graph the inequality.

© Find three ordered pairs (x, y) that would be

solutions to the inequality. Then, explain what that
means for Harrison.

279. The doctor tells Laura she needs to exercise
enough to burn 500 calories each day. She prefers to
either run or bike and burns 15 calories per minute
while running and 10 calories a minute while biking.

@ If x is the number of minutes that Laura runs andyis

the number minutes she bikes, find the inequality that
models the situation.

® Graph the inequality.

© List three solutions to the inequality. What options
do the solutions provide Laura?

Writing Exercises

281. Lester thinks that the solution of any inequality
with a > sign is the region above the line and the

solution of any inequality with a < sign is the region

below the line. Is Lester correct? Explain why or why
not.

278. Elena needs to earn at least $450 a week during
her summer break to pay for college. She works two
jobs. One as a swimming instructor that pays $9 an
hour and the other as an intern in a genetics lab for
$22.50 per hour. How many hours does Elena need to
work at each job to earn at least $450 per week?

@ Let x be the number of hours she works teaching

swimming and let y be the number of hours she works
as an intern. Write an inequality that would model this
situation.

® Graph the inequality.

© Find three ordered pairs (x, y) that would be

solutions to the inequality. Then, explain what that
means for Elena.

280. Armando’s workouts consist of kickboxing and
swimming. While kickboxing, he burns 10 calories per
minute and he burns 7 calories a minute while
swimming. He wants to burn 600 calories each day.

@ If x is the number of minutes that Armando will

kickbox and y is the number minutes he will swim, find
the inequality that will help Armando create a workout
for today.

® Graph the inequality.

(© List three solutions to the inequality. What options
do the solutions provide Armando?

282. Explain why, in some graphs of linear inequalities,
the boundary line is solid but in other graphs it is
dashed.

315



316 Chapter 3 Graphs and Functions

Self Check

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

verify solutions to an inequality in two
variables.

recognize the relation between the
solutions of an inequality and its graph.

graph linear inequalities.

® on a scale of 1-10, how would you rate your mastery of this section in light of your responses on the checklist? How can you
improve this?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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35

Relations and Functions

Learning Objectives

By the end of this section, you will be able to:

Find the domain and range of a relation
Determine if a relation is a function
Find the value of a function

BE PREPARED : : 3.13 Before you get started, take this readiness quiz.

Evaluate 3x — 5 when x = -2.
If you missed this problem, review Example 1.6.

BE PREPARED : : 3.14 Evaluate 2x% — x — 3 when x = a.
If you missed this problem, review Example 1.6.

BE PREPARED : : 3.15 Simplify: 7x— 1 — 4x + 5.
If you missed this problem, review Example 1.7.

Find the Domain and Range of a Relation

As we go about our daily lives, we have many data items or quantities that are paired to our names. Our social security
number, student ID number, email address, phone number and our birthday are matched to our name. There is a
relationship between our name and each of those items.

When your professor gets her class roster, the names of all the students in the class are listed in one column and then the
student ID number is likely to be in the next column. If we think of the correspondence as a set of ordered pairs, where
the first element is a student name and the second element is that student’s ID number, we call this a relation.

(Student name, Student ID #)

The set of all the names of the students in the class is called the domain of the relation and the set of all student ID
numbers paired with these students is the range of the relation.

There are many similar situations where one variable is paired or matched with another. The set of ordered pairs that
records this matching is a relation.

Relation

A relation is any set of ordered pairs, (x, y). All the x-values in the ordered pairs together make up the domain. All
the y-values in the ordered pairs together make up the range.

EXAMPLE 3.42

For the relation {(1, 1), (2, 4), (3, 9), (4, 16), (5, 25)} :

@ Find the domain of the relation.

® Find the range of the relation.

© Ssolution
{1, 1), 2,4, (3,9), 4, 16), (5, 25)}

@ The domain is the set of all x-values of the relation. {1, 2, 3,4, 5}
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® The range is the set of all y-values of the relation. {1, 4,9, 16, 25}

TRYIT::383 For the relation {(1, 1), (2, 8), (3, 27), (4, 64), (5, 125)} :

® Find the domain of the relation.

® Find the range of the relation.

TRYIT::3.84 For the relation {(1, 3), (2, 6), (3, 9), (4, 12), (5, 15)} :

® Find the domain of the relation.

® Find the range of the relation.

Mapping

A mapping is sometimes used to show a relation. The arrows show the pairing of the elements of the domain with
the elements of the range.

EXAMPLE 3.43

Use the mapping of the relation shown to @ list the ordered pairs of the relation, ® find the domain of the relation, and

© find the range of the relation.

Name Birthday
Alison o
Penelope a January 12
June February 3
Gregory\ April 25
Geoffrey > May 10
Lauren — May 23
Stephen July 24
Alice 7 August 2
Lz =—==u] September 15
Danny |

© solution

@ The arrow shows the matching of the person to their birthday. We create ordered pairs with the person’s name as the
x-value and their birthday as the y-value.

{(Alison, April 25), (Penelope, May 23), (June, August 2), (Gregory, September 15), (Geoffrey, January 12), (Lauren, May 10),
(Stephen, July 24), (Alice, February 3), (Liz, August 2), (Danny, July 24)}

(® The domain is the set of all x-values of the relation.
{Alison, Penelope, June, Gregory, Geoffrey, Lauren, Stephen, Alice, Liz, Danny}
(© The range is the set of all y-values of the relation.

{January 12, February 3, April 25, May 10, May 23, July 24, August 2, September 15}

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT:: 385

319

Use the mapping of the relation shown to ® list the ordered pairs of the relation ® find the domain of the relation

© find the range of the relation.

Name
Khan Nguyen ~|
Abigail Brown —|

Sumantha Mishal

Jose Hernandez -

TRYIT::3386

Student ID#
ab56781
jha7983
kn68413
sm32479

Use the mapping of the relation shown to @ list the ordered pairs of the relation ® find the domain of the relation

© find the range of the relation.

Name

Maria e~
Armando—

Cynthia —_
Kelly =

Rachel =]

Birthday
January 18

March 15
November 6

December 8

A graph is yet another way that a relation can be represented. The set of ordered pairs of all the points plotted is the
relation. The set of all x-coordinates is the domain of the relation and the set of all y-coordinates is the range. Generally
we write the numbers in ascending order for both the domain and range.

EXAMPLE 3.44

Use the graph of the relation to @ list the ordered pairs of the relation ® find the domain of the relation © find the range

of the relation.

“ Solution

@ The ordered pairs of the relation are:
® The domain is the set of all x-values of the relation:
Notice that while —3 repeats, it is only listed once.

©The range is the set of all y-values of the relation:

Notice that while —2 repeats, it is only listed once.

{(1,5), (=3, -1), (4,

{_37 0’ 17 2’ 4}'

-2), (0, 3), (2, =2), (=3, 4)}.

{_27 _17 39 47 5}
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TRYIT:: 387

Use the graph of the relation to ® list the ordered pairs of the relation ® find the domain of the relation © find
the range of the relation.

TRYIT::3.88

Use the graph of the relation to ® list the ordered pairs of the relation ® find the domain of the relation © find
the range of the relation.

Determine if a Relation is a Function

A special type of relation, called a function, occurs extensively in mathematics. A function is a relation that assigns to each
element in its domain exactly one element in the range. For each ordered pair in the relation, each x-value is matched
with only one y-value.

Function

A function is a relation that assigns to each element in its domain exactly one element in the range.

The birthday example from Example 3.43 helps us understand this definition. Every person has a birthday but no one
has two birthdays. It is okay for two people to share a birthday. It is okay that Danny and Stephen share July 24™ as their
birthday and that June and Liz share August 2™9. Since each person has exactly one birthday, the relation in Example 3.43
is a function.

The relation shown by the graph in Example 3.44 includes the ordered pairs (=3, —1) and (-3, 4). Is that okay in a
function? No, as this is like one person having two different birthdays.

EXAMPLE 3.45

Use the set of ordered pairs to (i) determine whether the relation is a function (ii) find the domain of the relation (iii) find
the range of the relation.

® {(=3,27), (=2, 8), (=1, 1), (0, 0), (1, 1), (2, 8), (3, 27)}

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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@ {(9’ _3)7 (47 _2)’ (1’ _1)7 (07 0)7 (17 1)7 (4’ 2)9 (9’ 3)}
© Solution
@ {(=3,27), (=2, 8), (=1, 1), (0, 0), (1, 1), (2, 8), (3, 27)}

(i) Each x-value is matched with only one y-value. So this relation is a function.

(ii) The domain is the set of all x-values in the relation.
The domainis: {-3, -2, —1, 0, 1, 2, 3}.

(iii) The range is the set of all y-values in the relation. Notice we do not list range values twice.
Therangeis: {27, 8, 1, 0}.

@ {(9’ _3)7 (47 _2)’ (1’ _1)7 (07 0)7 (17 1)’ (4’ 2)9 (99 3)}

(i) The x-value 9 is matched with two y-values, both 3 and —3. So this relation is not a function.

(ii) The domain is the set of all x-values in the relation. Notice we do not list domain values twice.
The domainis: {0, 1, 2, 4, 9}.

(iii) The range is the set of all y-values in the relation.
Therangeis: {-3, -2, -1, 0, 1, 2, 3}.

TRYIT:: 389

Use the set of ordered pairs to (i) determine whether the relation is a function (ii) find the domain of the relation
(iii) find the range of the function.

@ {(=3, =6), (=2, —4), (=1, =2), (0, 0), (1, 2), (2, 4), (3, 6)}

® {(8, —4), (4, =2), (2, —=1), (0, 0), (2, 1), (4, 2), (8, 4)}

TRYIT::3.90

Use the set of ordered pairs to (i) determine whether the relation is a function (ii) find the domain of the relation
(iii) find the range of the relation.

® {(27, -3), (8, =2), (1, =1), (0, 0), (1, 1), (8, 2), (27, 3)}

® {(7, -3), (=5, =4), (8, =0), (0, 0), (=6, 4), (=2, 2), (-1, 3)}

EXAMPLE 3.46

Use the mapping to @ determine whether the relation is a function ® find the domain of the relation © find the range of
the relation.

Name Phone Number

Lydia ~ 3215493377 home

Eugene—?zﬁ?—ﬁ%—zm 4 cell
Janet — 321-964-7324 cell
Rick_| 684-358-7961 home

Marty _.-_-% 684-369-7231 cell
798-367-8541 cell

@ Both Lydia and Marty have two phone numbers. So each x-value is not matched with only one y-value. So this relation
is not a function.

©) solution

® The domain is the set of all x-values in the relation. The domain is: {Lydia, Eugene, Janet, Rick, Marty}
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©The range is the set of all y-values in the relation. The range is:

{321-549-3327, 427-658-2314, 321-964-7324, 684-358-7961, 684-369-7231, 798-367-8541}

TRYIT:: 301

Use the mapping to ® determine whether the relation is a function ® find the domain of the relation © find the
range of the relation.

Network Program

//' Ellen Degeneres Show
NBC ==———— | aw and Order
Tonight Show
Property Brothers
HGTV ..E/—/._., House Hunters
Love It or List It
/ Game of Thrones

HBO =e=——————— True Detective

Sesame Street

TRYIT::392

Use the mapping to ® determine whether the relation is a function ® find the domain of the relation © find the
range of the relation.

Name Phone Number

Neal ~ 123-567-4839 work
Krystal \ 231-378-5941 cell
Kelvin — 753-469-9731 cell

George < 567-534-2970 work
Christa — 684-369-7231 cell
Mike =< 798-367-8541 cell
639-847-6971 cell

In algebra, more often than not, functions will be represented by an equation. It is easiest to see if the equation is a
function when it is solved for y. If each value of x results in only one value of y, then the equation defines a function.

EXAMPLE 3.47

Determine whether each equation is a function.

®2x+y=7®y=x2+1 ©x+y2=3

© solution
@ 2x+y=7

For each value of x, we multiply it by —2 and then add 7 to get the y-value

y=-2x+7
For example, if x =3 y=-23+7
y=1
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We have that when x =3, then y = 1. It would work similarly for any value of x. Since each value of x, corresponds to
only one value of y the equation defines a function.

®y= X241
For each value of x, we square it and then add 1 to get the y-value.
y=x+1

For example, if x =2 y=22+1

y=5

We have that when x =2, then y = 5. It would work similarly for any value of x. Since each value of x, corresponds to
only one value of y the equation defines a function.

©
X+y=3
Isolate the y term. Y =-x+3
Let's substitute x = 2. y=-2+3
y=1

This give us two values fory. y=1y=-1

We have shown that when x =2, then y =1 and y = —1. It would work similarly for any value of x. Since each value
of x does not corresponds to only one value of y the equation does not define a function.

TRYIT::393 Determine whether each equation is a function.

@4x+y=-3® x+y’=1©@ y-x>=2

TRYIT::394 Determine whether each equation is a function.

@,\‘+)'2=4®)'=,x‘2—7@)‘:5.\'—4

Find the Value of a Function

It is very convenient to name a function and most often we name it f, g, h, F, G, or H. In any function, for each x-value from
the domain we get a corresponding y-value in the range. For the function f, we write this range value y as f(x). This is

called function notation and is read f of x or the value of f at x. In this case the parentheses does not indicate multiplication.

Function Notation

For the function y = f(x)

[ is the name of the function
x is the domain value

f(x)is the range value y corresponding to the value x

We read f(x) asfof x or the value of fat x.

We call x the independent variable as it can be any value in the domain. We call y the dependent variable as its value
depends on x.
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Independent and Dependent Variables

For the function y = f(x),

x is the independent variable as it can be any value in the domain
y the dependent variable as its value depends on x

Much as when you first encountered the variable x, function notation may be rather unsettling. It seems strange because
it is new. You will feel more comfortable with the notation as you use it.

Let's look at the equation y = 4x — 5. To find the value of ywhen x = 2, we know to substitute x = 2 into the equation
and then simplify.

y=4x-5
let x=2. Y=4+2-5
y=3

The value of the function at x = 2 is 3.

We do the same thing using function notation, the equation y = 4x — 5 can be written as f(x) = 4x — 5. To find the

value when x =2, we write:
fx)=4x-5
Let x=2. f(2=4-2-5
f(2)=3

The value of the function at x = 2 is 3.

This process of finding the value of f(x) for a given value of x is called evaluating the function.

EXAMPLE 3.48

For the function f(x) = 2x2+3x— 1, evaluate the function.

@ f3) ® f(-2) © f(a)
“) solution
@
fOO)=2x+3x-1

To evaluate f(3), substitute3forx. fB)=23)+3+3-1

Simplify. f(3)=2+9+43+3-1
f3)=18+9-1
f3)=26

®
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flx)=2x+3x-1

To evaluate f(-2), substitute -2 for x. f(-2) = 2(-2) + 3(-2) -1
Simplify. f-2)=2+4+(-6)-1
f2)=8+(-6)-1
f=2)=1
©
fx)=2x+3x-1

To evaluate f(a), substitute aforx. fl@=2(@)+3+a-1

Simplify. fla)=2a"+3a-1

TRYIT::3.95 For the function f(x) = 3x2 —2x + I, evaluate the function.

®@ f3) ® f(-) © £

TRYIT::3.96 For the function f(x) = 2x% + 4x — 3, evaluate the function.

® f(2) ® f(=3) © f(h)

In the last example, we found f(x) for a constant value of x. In the next example, we are asked to find g(x) with values
of x that are variables. We still follow the same procedure and substitute the variables in for the x.

EXAMPLE 3.49

For the function g(x) = 3x — 5, evaluate the function.

@ gh?) ® gx+2) © g(x) +g(2)

© Solution
®
glx)=3x-5
To evaluate g(hz), substitute 12 for x. g(h)=3h*-5
g(h*)=3h-5
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glx)=3x-5
To evaluate g(x +2), substitute x+2 forx. 9X+2)=3(x+2)-5

Simplify. gx+2)=3x+6-5

gx+2)=3x+1

©
gx)=3x-5
To evaluate g(x) + g(2), firstfind g(2). g(2)=3-2-5
g(2)=1
Now find g(x) + g(2) gx)+g(2)=3x-5+1
gx) g2
Simplify. gx)+g(2)=3x-5+1

gl) +g(2)=3x-4

Notice the difference between part ® and ©. We get g(x+2) =3x+1 and g(x) + g(2) = 3x —4. So we see that
gx +2) # g(x) + g(2).

TRYIT::3.97 For the function g(x) = 4x — 7, evaluate the function.

@ gm?) ® g(x—3) © g(x) — g(3)

TRYIT::3.98 For the function h(x) = 2x + 1, evaluate the function.

® hk?) ® h(x+1) © h(x) + k(1)

Many everyday situations can be modeled using functions.

EXAMPLE 3.50

The number of unread emails in Sylvia's account is 75. This number grows by 10 unread emails a day. The function
N(t) = 75 + 10¢ represents the relation between the number of emails, N, and the time, t, measured in days.

@ Determine the independent and dependent variable.
® Find N(5). Explain what this result means.

©) solution

@ The number of unread emails is a function of the number of days. The number of unread emails, N, depends on the
number of days, t. Therefore, the variable N, is the dependent variable and the variable ¢ is the independent variable.

® Find N(5). Explain what this result means.
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N(t)=75+10t
Substitute in t=5. N(5)=75+10+5
Simplify. N(5) =75+ 50

N(5)=125

Since 5 is the number of days, N(5), is the number of unread emails after 5 days. After 5 days, there are 125 unread
emails in the account.

TRYIT::3.99

The number of unread emails in Bryan’s account is 100. This number grows by 15 unread emails a day. The
function N(z) = 100 + 15¢ represents the relation between the number of emails, N, and the time, t, measured

in days.
® Determine the independent and dependent variable.

® Find N(7). Explain what this result means.

TRYIT:: 3100

The number of unread emails in Anthony’s account is 110. This number grows by 25 unread emails a day. The
function N(z) = 110 + 25¢ represents the relation between the number of emails, N, and the time, t, measured

in days.
® Determine the independent and dependent variable.

® Find N(14). Explain what this result means.

[»] mEDIA::

Access this online resource for additional instruction and practice with relations and functions.
* Introduction to Functions (https://openstax.org/l/37introfunction)
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L 3.5 EXERCISES
Practice Makes Perfect

Find the Domain and Range of a Relation
In the following exercises, for each relation @ find the domain of the relation ® find the range of the relation.

283. {(1, 4), (2, 8), (3, 12), (4, 16), (5, 20)} 284. {(1, =2), (2, -4), (3, —=6), (4, =8), (5, —=10)}

285. {(1, 7), (5, 3), (7, 9), (=2, =3), (-2, 8)} 286. {(11, 3), (-2, =7), (4, =8), (4, 17), (=6, 9)}

In the following exercises, use the mapping of the relation to @ list the ordered pairs of the relation, ® find the domain of the

relation, and © find the range of the relation.

287. _ 288. _
Name Birthday Name Birthday
Rebecca~_| Amy January 5
Jennifer>\\January 18 Carol\§ January 7
John %bruary 15 DevonBS February 24
Hecto>< April 1 Harrison March 1
Luis April 7 Jackson 5w April 7
Ebony —| June 23 Labron May 30
Raphael July 30 Mason - July 20
Meredith —-%ug ust 19 Natalie August 1
Karen—"] November 6 Paul — | November 13
Joseph / Sylvester—| November 26

289. For a woman of height 5’4 ” the mapping below  290. For a man of height 5'11’" the mapping below
shows the corresponding Body Mass Index (BMI). The  shows the corresponding Body Mass Index (BMI). The
body mass index is a measurement of body fat based  body mass index is a measurement of body fat based
on height and weight. A BMI of 18.5-249 is on height and weight. A BMI of 18.5-249 is

considered healthy. considered healthy.
) Weight (lbs) BMI
Weight (lb: BMI
eight (Ibs) T 293

N

+100 | 18.9 140 19.5
110 ? 223 . -
120 17.2 e e

130> 24.0 = -

140 ,-——"? 257 130>' 26.5

aihe=] 206 190 237

160 ———= 275 200 18.1
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In the following exercises, use the graph of the relation to @ list the ordered pairs of the relation ® find the domain of the

relation © find the range of the relation.

291. 292.
Yy y
[ 6+
® 51T@
3 [ ] @ 41
21 @3
1__ { i i { 2__
— ey | 1+ |
54321012345 -~ ey
|54 6543210 123456
et 4 ® 24 ®
4+ 31
51 { - 41
W
6l
293. 294.
¥ y
6+ 7—‘—
5+ 6+ ®
o419 ' 3T
3 4T
Pl | ER S
| 14 | t 2-“@
- { t L | T

6543210 123 456 A Y Y A O I
765432109123 45%867

-2+ 1+

=7 i 2T
49— 11 &3

54 { 4L

64 | 151

o 61

Lyl

Determine if a Relation is a Function

In the following exercises, use the set of ordered pairs to @ determine whether the relation is a function, ® find the domain of

the relation, and @find the range of the relation.

295. {(-3,9), (-2, 4), (-1, 1), 296. {(9, -3), 4, -2), (1, -1),
0,0), 1, D, 2,4), 3,9} 0,0), (1, 1), 4, 2), 9, 3)}
297. {(=3,27), (-2, 8), (=1, 1), 298. {(-3, —27), (-2, =8), (-1, =),

0, 0), (1, 1), (2, 8), (3, 27)} 0, 0), (1, 1), (2, 8), (3, 27)}



330 Chapter 3 Graphs and Functions

In the following exercises, use the mapping to @ determine whether the relation is a function, ® find the domain of the function,

and © find the range of the function.

Number :Absolute\!alue“ Number ; Square i

W N = o
oA~ = O

301 _ ) 302 _ ]
Name Email ' Name Email
RHernandez@ Jon 4chrisg@gmail.com

state.edu Rachel lizzie@aol.com

Jennyi # JKim@gmail.com Matt-__) jong@gmail.com
Randy\ Raul@gmail.com Leslie ‘mattg@ gmail.com
Dennis - ESmith@state.edu Chris%

1 *rachel@state.edu
) D.Brown@aol.com Beth ™ leslie@aol.com
| \jenny@aol.com Liz \bethc@gmail.com
‘Randy@gmail.com )

Emily
Raul

In the following exercises, determine whether each equation is a function.

303. 304. 305.

@ 2x+y=-3 @ y=3x-5 @y—3x3=2
@y=x2 ®y=x3 @x+y2=3
©x+y2=—5 ©2x+y2=4 ©3x-2y=6
306.

@ 2x—4y=38

@—4=x2—y

©y?=—x+5

Find the Value of a Function

In the following exercises, evaluate the function: @ f(2) ® f(-1) © f(a).

307. f(x)=5x—3 308. f(x)=3x+4 309. f(x) = —4x +2
310. f(x) =—6x-3 3L f(x)=x?—x+3 312. f()=x>+x—2
313. f(x) =2x>—x+3 314, f(x) =3x2+x-2

In the following exercises, evaluate the function: @ g(hz) ® g(x+2) © g(x) + g(2).
315. g(x) =2x+1 316. g(x) =5x—8 317. g(x) = —3x -2

318. g(x) = —8x+2 319. g(x) =3 —x 320. g(x) =7 —5x
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In the following exercises, evaluate the function.

321 f(x) =3x>=5x; f(2)

324. G(x) = 3x% — 5x+ 2;
G(=2)

x—2.
x+2°

327. £(x) =§+%; ) 328. g(x) =

In the following exercises, solve.

329. The number of unwatched shows in Sylvia’'s DVR
is 85. This number grows by 20 unwatched shows per
week. The function N(f) = 85+ 20¢ represents the
relation between the number of unwatched shows, N,
and the time, t, measured in weeks.

@ Determine the
variable.

independent and dependent
® Find N(4). Explain what this result means

331. The daily cost to the printing company to print
a book is modeled by the function
C(x) = 3.25x + 1500 where C is the total daily cost

and x is the number of books printed.

@ Determine the
variable.

independent and dependent

® Find C(0). Explain what this result means.

© Find C(1000). Explain what this result means.

Writing Exercises

333. In your own words, explain the difference between
a relation and a function.

335. Is every relation a function? Is every function a
relation?

Self Check

322. g(x) = 4x> - 3x; g(3)

325. h(t) =2/t — 5|+ 4; h(—4)

323. F(x) = 2% = 3x+ 1;
F(-1)

326. h(y) = 3|y — 1| = 3; h(=4)

g4)

330. Every day a new puzzle is downloaded into Ken's
account. Right now he has 43 puzzles in his account.
The function N(¢#) =43 4+t represents the relation
between the number of puzzles, N, and the time, ¢,
measured in days.

@ Determine the
variable.

independent and dependent
® Find N(30). Explain what this result means.

332. The daily cost to the manufacturing company is
modeled by the function C(x) = 7.25x + 2500 where

C(x) is the total daily cost and x is the number of items

manufactured.

@ Determine the
variable.

independent and dependent

® Find C(0). Explain what this result means.

©Find C(1000). Explain what this result means.

334. In your own words, explain what is meant by
domain and range.

336. How do you find the value of a function?

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican..

No-Idon't
get it!

With some

Confidently help

find the domain and range of a relation.

determine if a relation is a function.

find the value of a function.

® After looking at the checklist, do you think you are well-prepared for the next section? Why or why not?



332

3.6

Learning Objectives

BE PREPARED : : 3.16

BE PREPARED : : 3.17

BE PREPARED : : 3.18

Graphs of Functions

Before you get started, take this readiness quiz.

Evaluate: ® 23 ® 32,
If you missed this problem, review Example 1.5.

Evaluate: ® |7] ® |-3.

If you missed this problem, review Example 1.14.

Evaluate: ® V4 ® V16.

If you missed this problem, review Example 1.41.

Use the Vertical Line Test

In the last section we learned how to determine if a relation is a function. The relations we looked at were expressed as a
set of ordered pairs, a mapping or an equation. We will now look at how to tell if a graph is that of a function.

Chapter 3 Graphs and Functions

An ordered pair (x, y) is a solution of a linear equation, if the equation is a true statement when the x- and y-values of

the ordered pair are substituted into the equation.

The graph of a linear equation is a straight line where every point on the line is a solution of the equation and every
solution of this equation is a point on this line.

In Figure 3.14, we can see that, in graph of the equation y = 2x — 3, for every x-value there is only one y-value, as shown

in the accompanying table.

10+

y=2x-3

Figure 3.14

A relation is a function if every element of the domain has exactly one value in the range.

e
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y=2x-3
X y b y)
-2 | -7 |2-7
S || =2 | (=25
0 | 3| (-3
3NN E 3]
4 4, 5)

So the relation defined by the
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equation y = 2x — 3 is a function.
If we look at the graph, each vertical dashed line only intersects the line at one point. This makes sense as in a function,
for every x-value there is only one y-value.

If the vertical line hit the graph twice, the x-value would be mapped to two y-values, and so the graph would not represent
a function.

This leads us to the vertical line test. A set of points in a rectangular coordinate system is the graph of a function if every
vertical line intersects the graph in at most one point. If any vertical line intersects the graph in more than one point, the
graph does not represent a function.

Vertical Line Test

A set of points in a rectangular coordinate system is the graph of a function if every vertical line intersects the graph
in at most one point.

If any vertical line intersects the graph in more than one point, the graph does not represent a function.

EXAMPLE 3.51

Determine whether each graph is the graph of a function.

\\w*mm

EEPEEELRFE) SR EPEEE SRR
=2 =2
3+ =3
Lad 4
154 15
L6 61
¥ ¥
(a) (b)

Solution

@ Since any vertical line intersects the graph in at most one point, the graph is the graph of a function.

t
————

[

/

1
3]
|
T

D e r e o
5

L
t

P S IO I MR R R S e
1
i
+

| SV S S I .

® One of the vertical lines shown on the graph, intersects it in two points. This graph does not represent a function.
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y
6+
L EANR
1 1 1
1 { I 1)
i :2'/
1 1 I
1 1 T
—t———— —————=x
6 4 2N 2 4 &6
L L]
1 1 ]
1 7T 1}
|
vy i Y
6+
TRYIT:: 3101 Determine whether each graph is the graph of a function.
Yy y
A
10+ 61
9 5
81 4
71 3
6
5 1 -\
44 -t 5 e Y
5] _6_5_4_3_Qy 3456
2+ -
1 -3-
B D N S e x 4
6-5-4-32-NJ A/ 23456 s
2+ -6
A\
(a) (b)
TRYIT::3.102 Determine whether each graph is the graph of a function.
Yy
A A
61 6
54 51
4 at
3+
21 2t
11 1

EPEPER EY)

— =X -+t + =X
3456 —6—5—4—3—2—1_?//2 3456

Y

(a) (b)

Identify Graphs of Basic Functions

We used the equation y = 2x — 3 and its graph as we developed the vertical line test. We said that the relation defined
by the equation y = 2x — 3 is a function.

We can write this as in function notation as f(x) = 2x — 3. It still means the same thing. The graph of the function is the

graph of all ordered pairs (x, y) where y = f(x). So we can write the ordered pairs as (x, f(x)). It looks different but
the graph will be the same.
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Compare the graph of y = 2x — 3 previously shown in Figure 3.14 with the graph of f(x) = 2x — 3 shown in Figure
3.15. Nothing has changed but the notation.

y
f=2x-3
x| fod | b fl))
2| -7 |2-D
1 t t X

-10 -8 -6 8 10 -1 | -5 | 1,-5)
0 -3 | (0,-3)
3 (3.3
4 5 (4,5)

Figure 3.15

Graph of a Function

The graph of a function is the graph of all its ordered pairs, (x, y) or using function notation, (x, f(x)) where

y=fx).

f  name of function
x  x-coordinate of the ordered pair
f(x)  y-coordinate of the ordered pair

As we move forward in our study, it is helpful to be familiar with the graphs of several basic functions and be able to
identify them.

Through our earlier work, we are familiar with the graphs of linear equations. The process we used to decide if
y = 2x — 3 is a function would apply to all linear equations. All non-vertical linear equations are functions. Vertical lines

are not functions as the x-value has infinitely many y-values.

We wrote linear equations in several forms, but it will be most helpful for us here to use the slope-intercept form of the
linear equation. The slope-intercept form of a linear equation is y = mx + b. In function notation, this linear function

becomes f(x) = mx + b where mis the slope of the line and b is the y-intercept.

The domain is the set of all real numbers, and the range is also the set of all real numbers.
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Linear Function

fx)=mx+b
. b) m, b: all real numbers
/ m: slope of the line

- X b: y-intercept
Domain: (—co, o)
Range: (—co, o)

We will use the graphing techniques we used earlier, to graph the basic functions.

EXAMPLE 3.52

Graph: f(x) = —2x —4.

© Solution
f)=-2x-4
We recognize this as a linear function.
Find the slope and y-intercept. m=-=2
b=—-4
Graph using the slope intercept. -z’
g
6l
Al
Al

TRYIT::3103 Graph: f(x) = —3x — I

TRYIT::3104  Graph: f(x) = —4x—5

The next function whose graph we will look at is called the constant function and its equation is of the form f(x) = b,
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where b is any real number. If we replace the f(x) withy, we get y = b. We recognize this as the horizontal line whose

y-intercept is b. The graph of the function f(x) = b, is also the horizontal line whose y-intercept is b.

Notice that for any real number we put in the function, the function value will be b. This tells us the range has only one
value, b.

Constant Function

(0. b)

foo="»b
b: any real number
- - X b: y-intercept
Domain: (—eo, o)
Range: {b}

EXAMPLE 3.53

Graph: f(x) =4.

© Solution
f =4
We recognize this as a constant function.
The graph will be a horizontal line through (0, 4). Jl'
101
o
61
2]
6 -4 —::2 : 00 2 4 6 g
y

TRYIT::3.105 Graph: f(/x) = -2.

TRYIT::3.106 Graph: f(x) = 3.

The identity function, f(x) =x is a special case of the linear function. If we write it in linear function form,

f(x) =1x+0, we see the slope is 1 and the y-intercept is 0.
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Identity Function

y
[
124
84
44
e f)=x
B e m: 1
-12[-8 [-4 A | 4|8 |1 b: 0
! Domain: (—co, o)
Range: (—co, o0)
8+
=12+
v

The next function we will look at is not a linear function. So the graph will not be a line. The only method we have to graph
this function is point plotting. Because this is an unfamiliar function, we make sure to choose several positive and negative
values as well as 0 for our x-values.

EXAMPLE 3.54

Graph: f(x) = x°.

) Solution
We choose x-values. We substitute them in and then create a chart as shown.
y
10+
9
8
7 x |flx) = (x, flx))
6 =38 =5
£
A = 4 | (249
31 —~1 1 -1,1)
f' 0 o | (00
- | O O I N ] 1 11
6-5-43-2-19 123 456
=1 2,4
e 3,9

TRYIT::3107  Graohe /(o) = o2,

TRYIT::3108 £ = =2

Looking at the result in Example 3.54, we can summarize the features of the square function. We call this graph a
parabola. As we consider the domain, notice any real number can be used as an x-value. The domain is all real numbers.

The range is not all real numbers. Notice the graph consists of values of y never go below zero. This makes sense as the
square of any number cannot be negative. So, the range of the square function is all non-negative real numbers.
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Square Function

y
6_
5_
4
3 fix)=x
Domain: (—co, o)
f Range: [0, o)
+ + + + + + + -
_4_3_2-1_10 1 2 1 4
=2

339

The next function we will look at is also not a linear function so the graph will not be a line. Again we will use point plotting,
and make sure to choose several positive and negative values as well as 0 for our x-values.

EXAMPLE 3.55

Graph: f(x) = x°.

) Solution
We choose x-values. We substitute them in and then create a chart.

foo=x

(x, fo0)

24 -2

(-2,-8)

Hr =1

-1

-1,-1}

(0,0)

(1, 1)

(2, 8)

TRYIT::3.109 Graph: f(x) = .

TRYIT::3.110 Graph: f(x) = —3.

Looking at the result in Example 3.55, we can summarize the features of the cube function. As we consider the domain,

notice any real number can be used as an x-value. The domain is all real numbers.

The range is all real numbers. This makes sense as the cube of any non-zero number can be positive or negative. So, the

range of the cube function is all real numbers.
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Cube Function

y
4_
3
2
1 fix)=x
- Domain: (—co, o)
4-3-2-y71 1234 Range: (~co, o)
1]
=3
_4_

The next function we will look at does not square or cube the input values, but rather takes the square root of those
values.

Let's graph the function f(x) = vx and then summarize the features of the function. Remember, we can only take the
square root of non-negative real numbers, so our domain will be the non-negative real numbers.

EXAMPLE 3.56

fx) =vx

“) Solution

We choose x-values. Since we will be taking the square root, we choose numbers that are perfect squares, to make our
work easier. We substitute them in and then create a chart.

y

A
101

g4

8

74

6 x| foa= x| b fo
5 0 (0, 0)
4 1 1 (1,1
34

5] 4 2 (4,2)
1 3 (©,3)

- — 11— - X
00 123456782910
1

TRYIT:: 3111 Graph: f(x) = V&.

TRYIT::3112  Graph: f(x) = —VX.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3



Chapter 3 Graphs and Functions 341

Square Root Function

y
A
8l
Fa
64
54 fo)=vx
4] Domain: [0, co)
3] Range: [0, co)
2
14
012345678
L

Our last basic function is the absolute value function, f(x) = |x|. Keep in mind that the absolute value of a number is its

distance from zero. Since we never measure distance as a negative number, we will never get a negative number in the
range.

EXAMPLE 3.57

Graph: f(x) = Ixl.

) solution
We choose x-values. We substitute them in and then create a chart.
y x |fta=wm| (x fix)
6! 2| 3 a3
51 =) 7 iz 2)
4l
M -1 1 | eLn
21 0 0 (0,0)
Qi 1 1 a1
-4 -3 -2-1 0_ 12 3 4 2 2 [2:2)
' 3 3.3)
TRYIT::3113 Graph: f(x) = Ixl.
TRYIT::3114 Graph: f(x) = —Ixl.
Absolute Value Function
y
6}
51
41
3]
21 flx)=1xi
11 Domain: (—co, o)
% Range: [0, o)
4-32-19 123 4
i

Read Information from a Graph of a Function

In the sciences and business, data is often collected and then graphed. The graph is analyzed, information is obtained
from the graph and then often predictions are made from the data.



342 Chapter 3 Graphs and Functions

We will start by reading the domain and range of a function from its graph.

Remember the domain is the set of all the x-values in the ordered pairs in the function. To find the domain we look at the
graph and find all the values of x that have a corresponding value on the graph. Follow the value x up or down vertically.
If you hit the graph of the function then x is in the domain.

Remember the range is the set of all the y-values in the ordered pairs in the function. To find the range we look at the
graph and find all the values of y that have a corresponding value on the graph. Follow the value y left or right horizontally.
If you hit the graph of the function then y is in the range.

EXAMPLE 3.58

Use the graph of the function to find its domain and range. Write the domain and range in interval notation.

Solution

To find the domain we look at the graph and find all the values of x that correspond to a point on the graph. The domain
is highlighted in red on the graph. The domainis [—3, 3].

To find the range we look at the graph and find all the values of y that correspond to a point on the graph. The range is
highlighted in blue on the graph. The range is [—1, 3].

TRYIT::3.115

Use the graph of the function to find its domain and range. Write the domain and range in interval notation.

y
A
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TRYIT::3116

Use the graph of the function to find its domain and range. Write the domain and range in interval notation.

We are now going to read information from the graph that you may see in future math classes.

EXAMPLE 3.59

Use the graph of the function to find the indicated values.

61

@ Find: £(0).

® Find: f(%n).

© Find: f(—%n).

@ Find the values for x when f(x) = 0.

® Find the x-intercepts.

® Find the y-intercepts.

Find the domain. Write it in interval notation.
® Find the range. Write it in interval notation.

©) solution

@ When x =0, the function crosses the y-axis at 0. So, f(0)=0.
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® When x = % , the y-value of the functionis —1. So, f(%zr) =-1.

©OWhen x = — %ﬂ', the y-value of the function is —1. So, f(—%ﬂ) =-—1.

@ The function is 0 at the points, (=2, 0), (-, 0), (0, 0), (x, 0), (27, 0). The x-values when f(x)=0 are

-2z, —m, 0, &, 2r.

(® The x-intercepts occur when y=0. So the x-intercepts occur when f(x)=0. The x-intercepts are
(_277:9 0)9 (_77:7 O), (07 O), (ﬂ’ O)’ (277:, 0)

(® The y-intercepts occur when x = 0. So the y-intercepts occur at f(0). The y-interceptis (0, 0).
This function has a value for all values of x. Therefore, the domain in interval notation is (—oo0, ©0)

® This function values, or y-values go from —1 to 1. Therefore, the range, in interval notation, is [—1, 1].

TRYIT:: 3117 Use the graph of the function to find the indicated values.
y

gl
ik
® Find: f(0).
® Find: f(%ﬂ.’)
© Find: _f(—%fr).

@ Find the values for x when f(x) = 0.

® Find the x-intercepts.

® Find the y-intercepts.

Find the domain. Write it in interval notation.
® Find the range. Write it in interval notation.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT::3.118 Use the graph of the function to find the indicated values.
y
S <1 B
44
N7 il
“9x éﬂ\pz_rx i —n\r/ﬁn 2x
2 E 2
-6+
® Find: f(0).
®Find: f(xn).
© Find: f(—n).

@ Find the values for x when f(x)=0.

® Find the x-intercepts.
® Find the y-intercepts.
Find the domain. Write it in interval notation.

® Find the range. Write it in interval notation.

[»] mEDIA::

Access this online resource for additional instruction and practice with graphs of functions.
* Find Domain and Range (https://openstax.org/l/37domainrange)


https://openstax.org/l/37domainrange
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L

Use the Vertical Line Test

3.6 EXERCISES
Practice Makes Perfect

In the following exercises, determine whether each graph is the graph of a function.

337.@
y
8
4
-~ —— HH——=x
-8 a4\ 0 4 | 8
=4
.8
®
y
L
B+
-~ ——— ——f—=x
8 -4 0 | 4 | 8
__4-—
84+
339.@
y
8
4
~——— ——f—=x
-8 4 4 | 8
®
y
L
B+
4_.

338.@
y
8_
4
X
-8 4 8
=]
-8-
®
y
A
— - . - X

P LNy S
=5
340.@
y
L
8+
EEPYLEEOEE
__4_.
_8+
Y
®
y
8
4
-t—— - X
-8
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Identify Graphs of Basic Functions

In the following exercises, @ graph each function ® state its domain and range. Write the domain and range in interval notation.

341 f(x) =3x+4 342 f(x)=2x+5 343, f(x) = —x—2
344, f(x) = —4x—3 345. f(x) = —2x+2 346. f(x) = —3x+3
347. f(x) = %x +1 348. f(x) = %x -2 349. f(x) =5

350. f(x) =2 351 f(x) = -3 352. f(x) = —1

353. f(x) = 2x 354, f(x) = 3x 355. f(x) = —2x
356. f(x) = —3x 357. f(x) = 3x2 358. f(x) = 2x>
350. f(x) = —3x> 360. f(x) = —2x2 361 f(x) = %xz
362. f(x) = %x2 363. f(x)=x2—1 364. f(x) = x>+ 1
365. f(x) = —2x° 366. f(x) = 2x° 367. f(x)=x>+2
368, () = x7 = 2 369. f(x) = 2Vx 370. f(x) = —2vx
37 f(x)=Vx—1 372. f(x) =Vx+1 373. f(x) = 3l

374. f(x) = —2lx| 375. f(x) =Ixl+ 1 376. f(x) =Ix—1

Read Information from a Graph of a Function

In the following exercises, use the graph of the function to find its domain and range. Write the domain and range in interval
notation.

377. 378. 379.
y y y
| |
81 8t 12+
44 4 /
X X
0 4 8 12 -4 0 4 8
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380. 381.
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382.

In the following exercises, use the graph of the function to find the indicated values.
383.

384.

@ Find: £(0).

® Find: f(%ﬂ).

© Find: f(—%ﬁ').

@ Find the values for x when f(x) = 0.

(© Find the x-intercepts.
® Find the y-intercepts.
Find the domain. Write it in interval notation.

® Find the range. Write it in interval notation.

@ Find: £(0).
® Find: f(x).
©Find: f(-n).

@ Find the values for x when f(x) = 0.

® Find the Xx-intercepts.

® Find the y-intercepts.

Find the domain. Write it in interval notation.

® Find the range. Write it in interval notation

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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385.

@ Find: f(0).

® Find: f(=3).

©Find: f(3).

@ Find the values for x when f(x) = 0.

® Find the Xx-intercepts.
® Find the y-intercepts.
Find the domain. Write it in interval notation.

® Find the range. Write it in interval notation.

Writing Exercises

387. Explain in your own words how to find the domain
from a graph.

389. Explain in your own words how to use the vertical
line test.

Self Check

349

386.
¥
1
8_.
4 '0“ 4 x
1
@ Find: f(0).

® Find the values for x when f(x) = 0.

(© Find the x-intercepts.

@ Find the y-intercepts.

(© Find the domain. Write it in interval notation.

® Find the range. Write it in interval notation

388. Explain in your own words how to find the range
from a graph.

390. Draw a sketch of the square and cube functions.
What are the similarities and differences in the
graphs?

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

No-Idon't
get it!

With some

Confidently help

use the vertical line test.

identify graphs of basic functions.

read information from a graph.

® After reviewing this checklist, what will you do to become confident for all objectives?
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CHAPTER 3 REVIEW

KEY TERMS

boundary line The line with equation Ax+ By = C is the boundary line that separates the region where
Ax + By > C from the region where Ax + By < C.

domain of a relation The domain of a relation is all the x-values in the ordered pairs of the relation.
function A function is a relation that assigns to each element in its domain exactly one element in the range.

horizontal line A horizontal line is the graph of an equation of the form y = b. The line passes through the y-axis at
0, b).

intercepts of a line The points where a line crosses the x-axis and the y-axis are called the intercepts of the line.

linear equation An equation of the form Ax + By = C, where A and B are not both zero, is called a linear equation in
two variables.

linear inequality A linear inequality is an inequality that can be written in one of the following forms:
Ax+By>C, Ax+By>C, Ax+ By < C, or Ax+ By < C, whereAand B are not both zero.

mapping A mapping is sometimes used to show a relation. The arrows show the pairing of the elements of the domain
with the elements of the range.

ordered pair An ordered pair, (x, y) gives the coordinates of a point in a rectangular coordinate system. The first
number is the x-coordinate. The second number is the y-coordinate.

origin The point (0, 0) is called the origin. It is the point where the x-axis and y-axis intersect.

parallel lines Parallel lines are lines in the same plane that do not intersect.

perpendicular lines Perpendicular lines are lines in the same plane that form a right angle.

point-slope form The point-slope form of an equation of a line with slope m and containing the point (xy, y;) is
y=y; =m(x—xy).

range of a relation The range of a relation is all the y-values in the ordered pairs of the relation.

relation A relation is any set of ordered pairs, (x, y). All the x-values in the ordered pairs together make up the domain.
All the y-values in the ordered pairs together make up the range.

solution of a linear equation in two variables An ordered pair (x, y) is a solution of the linear equation
Ax + By = C, ifthe equation is a true statement when the x- and y-values of the ordered pair are substituted into
the equation.

solution to a linear inequality An ordered pair (x, y) is a solution to a linear inequality if the inequality is true when
we substitute the values of x and y.

standard form of a linear equation A linear equation is in standard form when it is written Ax + By = C.

vertical line A vertical line is the graph of an equation of the form x = a. The line passes through the x-axis at (a, 0).

KEY CONCEPTS

3.1 Graph Linear Equations in Two Variables

* Points on the Axes

> Points with a y-coordinate equal to 0 are on the x-axis, and have coordinates (a, 0).

= Points with an x-coordinate equal to O are on the y-axis, and have coordinates (0, b).

* Quadrant
Quadrant I Quadrant IT Quadrant III Quadrant IV
(x, ) (x, y) (x, y) (x, )
(+, +) (=, +) (=, =) (+, =)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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y
A
6+
i i I
(= +) 51 (+, +)

t . } -
-6 -4 2 0 2 4 6
24+
I T v
€O T [ &
6+

+ Graph of a Linear Equation: The graph of a linear equation Ax 4+ By = C is a straight line.

Every point on the line is a solution of the equation.
Every solution of this equation is a point on this line.

+ How to graph a linear equation by plotting points.
Step 1. Find three points whose coordinates are solutions to the equation. Organize them in a table.

Step 2. Plot the points in a rectangular coordinate system. Check that the points line up. If they do not, carefully
check your work.

Step 3. Draw the line through the three points. Extend the line to fill the grid and put arrows on both ends of the
line.

+ x-intercept and y-intercept of a Line

> The x-intercept is the point (a, 0) where the line crosses the x-axis.

> The y-intercept is the point (0, b) where the line crosses the y-axis.

x
+ The x-intercept occurs when y is zero. a 0
+ The y-intercept occurs when x is zero. 0 b

+ Find the x- and y-intercepts from the Equation of a Line

o Use the equation of the line. To find:
the x-intercept of the line, let y = 0 and solve for x.

the y-intercept of the line, let x = 0 and solve for y.

+ How to graph a linear equation using the intercepts.

Step 1. Find the x- and y-intercepts of the line.
Let y = 0 and solve for x.

Let x = 0 and solve for y.
Step 2. Find a third solution to the equation.
Step 3. Plot the three points and check that they line up.
Step 4. Draw the line

3.2 Slope of a Line
+ Slope of a Line

rise

o Theslope of alineis m = 45

o The rise measures the vertical change and the run measures the horizontal change.
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rise

* How to find the slope of a line from its graph using m = i

Step 1. Locate two points on the line whose coordinates are integers.
Step 2. Starting with one point, sketch a right triangle, going from the first point to the second point.
Step 3. Count the rise and the run on the legs of the triangle.

Step 4. rise

Take the ratio of rise to run to find the slope: m = 375

+ Slope of a line between two points.
o The slope of the line between two points (x{, ¥1) and (x,, y,) is:

_Y2= V1
+ How to graph a line given a point and the slope.
Step 1. Plot the given point.

Step 2. rise

Use the slope formula m = 375

to identify the rise and the run.

Step 3. Starting at the given point, count out the rise and run to mark the second point.
Step 4. Connect the points with a line.
+ Slope Intercept Form of an Equation of a Line

> The slope-intercept form of an equation of a line with slope m and y-intercept, (0, b) is y=mx+b

Methods to Graph Lines

Point Plotting Slope-Intercept Intercepts Recognize Vertical
and Horizontal
x|y x|y Lines
0
y=mx+b 0

Find three points. | Find the slope and | Find the intercepts | The equation has
Plot the points, y-intercept. and a third point. only one variable.
Start at the Plot the points, x = a vertical

make sure thgy
line up, then draw
the line.

y-intercept, then
count the slope to

get a second point.

make sure they line
up, then draw
the line.

¥ = b horizontal

» Parallel Lines

> Parallel lines are lines in the same plane that do not intersect.
Parallel lines have the same slope and different y-intercepts.
If my and m, are the slopes of two parallel lines then m| = m,.

Parallel vertical lines have different x-intercepts.
+ Perpendicular Lines
o Perpendicular lines are lines in the same plane that form a right angle.
o If my and m, are the slopes of two perpendicular lines, then:
their slopes are negative reciprocals of each other, m| = — mLz
the product of their slopesis —1, m-m, = —1.

> Avertical line and a horizontal line are always perpendicular to each other.

3.3 Find the Equation of a Line

+ How to find an equation of a line given the slope and a point.
Step 1. Identify the slope.
Step 2. Identify the point.

Step 3. Substitute the values into the point-slope form, y — y; = m(x — x).

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Step 4. Write the equation in slope-intercept form.

+ How to find an equation of a line given two points.

Step 1. Find the slope using the given points. m = %

Step 2. Choose one point.

Step 3. Substitute the values into the point-slope form: y —y; = m(x — x).

Step 4. Write the equation in slope-intercept form.

To Write an Equation of a Line

If given: Use: Form:

Slope and y-intercept  slope-intercept y=mx+b
Slope and a point point-slope y—yp=mx—xp)

Two points point-slope y—yp=mx—xp)

* How to find an equation of a line parallel to a given line.
Step 1. Find the slope of the given line.
Step 2. Find the slope of the parallel line.
Step 3. Identify the point.
Step 4. Substitute the values into the point-slope form: y — y; = m(x — x).

Step 5. Write the equation in slope-intercept form
+ How to find an equation of a line perpendicular to a given line.
Step 1. Find the slope of the given line.
Step 2. Find the slope of the perpendicular line.
Step 3. Identify the point.
Step 4. Substitute the values into the point-slope form, y — y; = m(x — x;)

Step 5. Write the equation in slope-intercept form.

3.4 Graph Linear Inequalities in Two Variables

+ How to graph a linear inequality in two variables.

Step 1. Identify and graph the boundary line.
If the inequality is < or >, the boundary line is solid.

If the inequalityis < or >, the boundary line is dashed.

Step 2. Test a point that is not on the boundary line. Is it a solution of the inequality?

Step 3. Shade in one side of the boundary line.
If the test point is a solution, shade in the side that includes the point.
If the test point is not a solution, shade in the opposite side.

3.5 Relations and Functions
+ Function Notation: For the function y = f(x)

> fis the name of the function
o X is the domain value

> f(x) is the range value y corresponding to the value x
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We read f(x) as fof x or the value of f at x.
+ Independent and Dependent Variables: For the function y = f(x),

o xis the independent variable as it can be any value in the domain
o yisthe dependent variable as its value depends on x

3.6 Graphs of Functions

* Vertical Line Test

- Aset of points in a rectangular coordinate system is the graph of a function if every vertical line intersects
the graph in at most one point.

- If any vertical line intersects the graph in more than one point, the graph does not represent a function.
+ Graph of a Function
- The graph of a function is the graph of all its ordered pairs, (x, y) or using function notation, (x, f(x))

where y = f(x).

f  name of function
x  x-coordinate of the ordered pair
f(x)  y-coordinate of the ordered pair
+ Linear Function

fX)=mx+b
(0, b) m, b: all real numbers
/ m: slope of the line

h =X b: y-intercept
Domain: (—co, o)
Range: (—co, o0)

* Constant Function

(0, b)

fix)=b
b: any real number
- -X b: y-intercept
Domain: (—co, o)
Range: b

+ Identity Function

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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+ Square Function

* Cube Function

+ Square Root Function

y
A
124
81
41
i f)=x
-t e m: 1
-12 -8 -4 A | 4 8 12 b: 0
Lal Domain: (—co, o)
Range: (—co., o)
-8+
124
Y
y
6_
5_
? fix)=x
3 s
Domain: (—co, o)
f Range: [0, o)
--—————+—+ L — i
_4-3-2-1_10 12314
s
y
4_
3_
21 fix)=x
Domain: (—co, o)
43271123 4 Range: (~oo, c0)
=2
-3
_4_
y
B.
7
6
5] f)=v/x
4] Domain: [0, co)
3] Range: [0, o)
il
14
00 12345678

* Absolute Value Function
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y
6}
51
4l
3l
21 fx)=1d
11 Domain: (—co, o)
¥ Range: [0, o)
4-32-19 123 14
|

REVIEW EXERCISES

3.1 Graph Linear Equations in Two Variables
Plot Points in a Rectangular Coordinate System
In the following exercises, plot each point in a rectangular coordinate system.

391. 392.

@ (-1, =5) ® (=2, 0)

® (-3, 4) ® (0, —4)

© (2, -3) © (0, 5)
5

@ (1, 5) @ (3, 0)

In the following exercises, determine which ordered pairs are solutions to the given equations.

303. Sx+y=10; 304 y=06x-2;
@ (5, 1) ® (1, 4)

® (2,0 @%@

© (4, —-10) © 6. -2)

Graph a Linear Equation by Plotting Points
In the following exercises, graph by plotting points.

395, y=4x-3 396. y=—-3x 397. y=%x+3

398. y= _%x_l 399. x—y=6 400. 2x+y=17

401. 3x—-2y=6

Graph Vertical and Horizontal lines
In the following exercises, graph each equation.
402. y=-2 403. x=3

In the following exercises, graph each pair of equations in the same rectangular coordinate system.

404. y=-2xand y=-2 405 y=%xand y=%

3 3

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Find x- and y-Intercepts
In the following exercises, find the x- and y-intercepts.
406. 407.

- X -

L
t

56 7 8 IEEEEERER

In the following exercises, find the intercepts of each equation.
408. x—y=-1 409. x+2y=6 410.

a1 y=%x_ 12 412. y=3x

Graph a Line Using the Intercepts
In the following exercises, graph using the intercepts.
413. —x+3y=3 414. x—y=4 415.

416. 2x—4y =38 417. y=4x

1001 2 3
L2
34
.
51
el
iy

-84+
L

2x+3y=12

2x—y=15

357



358

3.2 Slope of a Line
Find the Slope of a Line

In the following exercises, find the slope of each line shown.

418.

-4
=1 t T

£-7-6-5-4-3-2-1)|

a1
i34
g1
54
64
71

-84+
L

420.

¥
[
84

ar K1
6+
54
41
Tl
24
14

-

T EEEEEEEL
a1

* g1

54

64

71

-84+
L

In the following exercises, find the slope of each line.

422. y=2

425. y=-1

423. x=5

419.

Chapter 3 Graphs and Functions

421.

-

34
24
14

P ENEEEES

424. x=-3

Use the Slope Formula to find the Slope of a Line between Two Points

190
2l
al
4l
51
lel
7l

-84+
L

In the following exercises, use the slope formula to find the slope of the line between each pair of points.
428. (-5, -2), (3, 2)

426. (-1, -1), (0, 5)

429. (2, 1), 4, 6)

427. (3,5), (4, —1)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Graph a Line Given a Point and the Slope

In the following exercises, graph each line with the given point and slope.

430. (2, -2); m=2

431.
> 3

433. y-intercept1; m= —

EN Y]

Graph a Line Using Its Slope and Intercept

(=3,4; m= -1

432. x-intercept —4; m =3
3

In the following exercises, identify the slope and y-intercept of each line.

434. y=-4x+9 435, y=%x—6

437. 4x—-5y=38

436. 5Sx+y=10

In the following exercises, graph the line of each equation using its slope and y-intercept.

438. y=2x+3 439. y=—x—-1

441. 4x—-3y=12

440. y= —2x+3

5

In the following exercises, determine the most convenient method to graph each line.

442. x=5 443, y=-3

445. x—y=2 446. y:%x+2

Graph and Interpret Applications of Slope-Intercept

448. Katherine is a private chef. The equation
C =6.5m+42 models the relation between her

weekly cost, C, in dollars and the number of meals, m,
that she serves.

@ Find Katherine’s cost for a week when she serves no
meals.

® Find the cost for a week when she serves 14 meals.
(© Interpret the slope and C-intercept of the equation.
@ Graph the equation.

Use Slopes to Identify Parallel and Perpendicular Lines

444. 2x+y=>5

aa1. y=%x—l

449. Marjorie teaches piano. The equation
P =35h —250 models the relation between her

weekly profit, P, in dollars and the number of student
lessons, s, that she teaches.

@ Find Marjorie's profit for a week when she teaches
no student lessons.

® Find the profit for a week when she teaches 20
student lessons.

© Interpret the slope and P-intercept of the equation.
@ Graph the equation.

In the following exercises, use slopes and y-intercepts to determine if the lines are parallel, perpendicular, or neither.

450. 4x—3y=—1;y=%x—3

453. 2x—y=8;x—2y=4

451. y=5x—-1;10x+2y=0

452. 3x—-2y=5;2x+3y=6
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3.3 Find the Equation of a Line

Find an Equation of the Line Given the Slope and y-Intercept

In the following exercises, find the equation of a line with given slope and y-intercept. Write the equation in slope-intercept form.
455. slope —5 and y-intercept 456. slope 0 and Yy -intercept

©, -3) 0, 4)

454. slope
0, -6)

and Yy -intercept

W=

457. slope —2 and y-intercept
0, 0)

In the following exercises, find the equation of the line shown in each graph. Write the equation in slope-intercept form.
458. 459.

4......1:.\. H .

PRI NPEPERRIEL EPER
24
L34
a4
51
6+

460. 461.

y y

61 61

54 54

41 41

34 34

21 / 21

1+ /:-, 14+

-t —F+—+—+ —t—t—t+—+= X -t —F+—+—+ —t—+—+—+—+=X
—6—-5-4-3-2~]_1_7{3 456 6-54-32-10 123456

! 1ol

34

54

et

Find an Equation of the Line Given the Slope and a Point

In the following exercises, find the equation of a line with given slope and containing the given point. Write the equation in
slope-intercept form.

462. m = —%, point (=8, 3) 463. m=%, point (10, 6)
464. Horizontal line containing (=2, 7) 465. m = -2, point (—1, =3)
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Find an Equation of the Line Given Two Points
In the following exercises, find the equation of a line containing the given points. Write the equation in slope-intercept form.
466. (2, 10) and (-2, -2) 467. (7, 1) and (5, 0)

468. (3, 8) and (3, —4) 469. (5,2) and (-1, 2)

Find an Equation of a Line Parallel to a Given Line

In the following exercises, find an equation of a line parallel to the given line and contains the given point. Write the equation in
slope-intercept form.

470. line y = =3x+ 6, point (1, =5) 471. line 2x+ 5y = =10, point (10, 4)

472. line x =4, point (=2, —1) 473. line y = =5, point (-4, 3)

Find an Equation of a Line Perpendicular to a Given Line

In the following exercises, find an equation of a line perpendicular to the given line and contains the given point. Write the
equation in slope-intercept form.
4

474. line y = —§x+2, point (8, 9)

475. line 2x —3y =9, point (-4, 0)

476. line y =3, point (-1, —=3) 477. line x = =5 point (2, 1)

3.4 Graph Linear Inequalities in Two Variables

Verify Solutions to an Inequality in Two Variables

In the following exercises, determine whether each ordered pair is a solution to the given inequality.

478. Determine whether each ordered pair is a 479. Determine whether each ordered pair is a

solution to the inequality y < x — 3: solution to the inequality x +y > 4:
®0,1) ® (=2, -4) © (5,2) @ 3, -1 @ (6,1) ® (=3,6) © (3,2) @ (=5, 10) © (0, 0)
© (=1, -5)

Recognize the Relation Between the Solutions of an Inequality and its Graph
In the following exercises, write the inequality shown by the shaded region.
480. Write the inequality shown by the graph with the  481. Write the inequality shown by the graph with the

boundaryline y = —x + 2. boundary line y = %x -3.
y
y
10
10
5
E W G
-5




482. Write the inequality shown by the shaded region
in the graph with the boundary line x +y = —4.

Graph Linear Inequalities in Two Variables
In the following exercises, graph each linear inequality.
484. Graph the linear inequality

y>%x—4.

1
< —=x+
y I)C 3.

487. Graph the linear inequality

3x+ 2y > 10. y < =3x.

485. Graph the linear inequality

488. Graph the linear inequality

Chapter 3 Graphs and Functions

483. Write the inequality shown by the shaded region
in the graph with the boundary line x — 2y = 6.

486. Graph the linear inequality
x—y<S5.

489. Graph the linear inequality
y < 6.

Solve Applications using Linear Inequalities in Two Variables

490. Shanthie needs to earn at least $500 a week
during her summer break to pay for college. She works
two jobs. One as a swimming instructor that pays $10
an hour and the other as an intern in a law office for
$25 hour. How many hours does Shanthie need to work
at each job to earn at least $500 per week?

@ Let x be the number of hours she works teaching

swimming and let y be the number of hours she works
as an intern. Write an inequality that would model this
situation.

® Graph the inequality.
© Find three ordered pairs (x, y) that would be

solutions to the inequality. Then, explain what that
means for Shanthie.

3.5 Relations and Functions
Find the Domain and Range of a Relation

491. Atsushi he needs to exercise enough to burn 600
calories each day. He prefers to either run or bike and
burns 20 calories per minute while running and 15
calories a minute while biking.

@ If x is the number of minutes that Atsushi runs and y

is the number minutes he bikes, find the inequality that
models the situation.

® Graph the inequality.

(© List three solutions to the inequality. What options
do the solutions provide Atsushi?

In the following exercises, for each relation, @ find the domain of the relation ® find the range of the relation.

492. {(5, -2), (5, —4), (7, —6),
8, =8), (9, —10)}

493. {(-3,7), (-2, 3),(-1,9),
0, =3), (=1, 8)}
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In the following exercise, use the mapping of the relation to @ list the ordered pairs of the relation ® find the domain of the

relation © find the range of the relation.

494. The mapping below shows
the average weight of a child
according to age.

Age Weight
(years) (pounds)
1 20
2 3

3 N =

e 30
/
4 45
5 ——

40
\25

50

In the following exercise, use the graph of the relation to @ list the ordered pairs of the relation ® find the domain of the relation

© find the range of the relation.
495,

y

Determine if a Relation is a Function

In the following exercises, use the set of ordered pairs to @ determine whether the relation is a function ® find the domain of

the relation © find the range of the relation.
{(91 _5), (4, _3)’ (1’ _1)7

496.

0, 0), (1, 1), (4, 3), 9, 5)}

497.

{(_3’ 27)’ (_29 8)9 (_1’ 1)’

0, 0), (1, 1), (2, 8), (3, 27)}

In the following exercises, use the mapping to @ determine whether the relation is a function ® find the domain of the function
© find the range of the function.

498.

A\
A\

499.
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In the following exercises, determine whether each equation is a function.
500. 2x+y=-3 501. y=x2 502. y=3x-5

503. y= x> 504. 2x+y> =4

Find the Value of a Function
In the following exercises, evaluate the function:

@ f(-2) ® f(3) © f(a).

505. f(x)=3x—4 506. f(x)=-2x+5 507. f(x)=x>—5x+6
508. f(x)=3x>—2x+1

In the following exercises, evaluate the function.
509. g(x) =3x>—5x; g(2) 510. F(x) =2x%>—3x+1; 511. A1) =4It — 11+ 2; h(=3)
F(=1)

s12. f(x) =<2 £3)

3.6 Graphs of Functions
Use the Vertical line Test
In the following exercises, determine whether each graph is the graph of a function.

513. 514. 515.
y y y

4 8

\x
4 | -2 2 | 4 ~840-j3

S D S bt X =2 =4
4 2 0 2 | 4
Ly =4 =8
516. 517. 518.
y y y
\ \
8 8+ 8t
! / 1 Ml
/ X J I X
B[4 \Q\4~3 8
___4 2
-8 Ist -8+
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4/
-~ ——— ——f—=x
8 4 0 4 | 8

=4

8

Identify Graphs of Basic Functions

519.

In the following exercises, @ graph each function ® state its domain and range. Write the domain and range in interval notation.

520. f(x) = Sx+1 521 f(x) = —4x—2 s22. f(0)=2x-1
523. f(x) = —6 524, f(x) = 2x 525. f(x) = 3x2

526. f(x)= — %xz 527. f(x) = x2+2 528. f(x)=x0—2
529. f(x) =\x+2 530. f(x) = —Ixl 531 f(x) =Ix+1

Read Information from a Graph of a Function

In the following exercises, use the graph of the function to find its domain and range. Write the domain and range in interval
notation

532. 533. 534.
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In the following exercises, use the graph of the function to find the indicated values.
535. 536.

44
=3

@Find £(0). @Find £(0).

® Find f(%n). (?(xl;ir;do'the values for x when

© Find f(—%;z). (© Find the x -intercepts.

@ Find the values for x when @Find the y -intercepts.

f(x)=0. ® Find the domain. Write it in
interval notation.

@® Find the range. Write it in
interval notation.

© Find the x -intercepts.
® Find the y -intercepts.

Find the domain. Write it in
interval notation.

® Find the range. Write it in
interval notation.
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PRACTICE TEST
537. Plot each point in a 538. Which of the given ordered
rectangular coordinate system. pairs are solutions to the equation
3x—y=6?
® (2,5)
® (-1, =3) ® (3,3) ® (2,0) © 4, —6)
© (0, 2)
—4 3
@ (-3)
© (5,0)

Find the slope of each line shown.

540. Find the slope of the line
between the points (5, 2) and
(-1, —4). containing the point (=3, —4).

541. Graph the line with slope 1

539. @ 3

MW

h

«—%-—0—0—0—1—!—!—*1
-6-5-4-3-2-1 123456

12l
131
44
51
6l

=+

= NOW R

6-5-4-3-2-10] 1 } 3456
Rl A1 B
131

5]
el

542. Find the intercepts of
4x + 2y = —8 and graph.

367



Graph the line for each of the following equations.
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543, y=%x—1 544. y=-—x 545. y=2
Find the equation of each line. Write the equation in slope-intercept form.
546. slope _3 and y -intercept 547. m =2, point (=3, —1) 548. containing (10, 1) and
4 6. =1)
0, -2)
549. perpendicular to the line 550. Write the inequality shown by
y= ix+ 2, containing the point the graph with the boundary line
4 y=-x-3.
(-10, 3) y

Graph each linear inequality.

551. y>%x+5

553. y < —5x

555. Use the set of ordered pairs to @ determine
whether the relation is a function, ® find the domain
of the relation, and © find the range of the relation.
{(=3,27), (=2, 8), (-1, 1), (0, 0),

(1, 1), (2, 8), (3, 27)}

552. x—y>—4

554. Hiro works two part time jobs in order to earn
enough money to meet her obligations of at least $450
a week. Her job at the mall pays $10 an hour and her
administrative assistant job on campus pays $15 an
hour. How many hours does Hiro need to work at each
job to earn at least $450?

@ Let x be the number of hours she works at the

mall and let y be the number of hours she works as
administrative assistant. Write an inequality that would
model this situation.

® Graph the inequality .

© Find three ordered pairs (x, y) that would be

solutions to the inequality. Then explain what that
means for Hiro.

556. Evaluate the function: @ f(=1) ® f2) ©
f(o).

fx)=4x2=2x-3
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557. For h(y) =3|y— 1| —3, evaluate h(—4).

A

558. Determine whether the graph is the graph of a
function. Explain your answer.

In the following exercises, @ graph each function ® state its domain and range.
Write the domain and range in interval notation.

559. f(x) = x>+ 1

561.

-8 _4§/4 8

® Find the y -intercepts.
©Find f(=1).
@Find f(1).

® Find the domain. Write it in
interval notation.
© Find the range. Write it in
interval notation.

560. f(x)=\x+ 1

369
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SYSTEMS OF LINEAR EQUATIOR

Figure 4.1 In the future, car drivers may become passengers because cars will be able to drive themselves. (credit: jingoba/Pixabay)

Chapter Outline
4.1 Solve Systems of Linear Equations with Two Variables
4.2 Solve Applications with Systems of Equations
4.3 Solve Mixture Applications with Systems of Equations
4.4 Solve Systems of Equations with Three Variables
4.5 Solve Systems of Equations Using Matrices
4.6 Solve Systems of Equations Using Determinants
4.7 Graphing Systems of Linear Inequalities

Introduction

Climb into your car. Put on your seatbelt. Choose your destination and then...relax. That's right. You don’t have to do
anything else because you are in an autonomous car, or one that navigates its way to your destination! No cars are fully
autonomous at the moment and so you theoretically still need to have your hands on the wheel. Self-driving cars may
help ease traffic congestion, prevent accidents, and lower pollution. The technology is thanks to computer programmers
who are developing software to control the navigation of the car. These programmers rely on their understanding of
mathematics, including relationships between equations. In this chapter, you will learn how to solve systems of linear
equations in different ways and use them to analyze real-world situations.

41

Solve Systems of Linear Equations with Two Variables

Learning Objectives

By the end of this section, you will be able to:
Determine whether an ordered pair is a solution of a system of equations
Solve a system of linear equations by graphing
Solve a system of equations by substitution
Solve a system of equations by elimination
Choose the most convenient method to solve a system of linear equations

BE PREPARED : : 4.1 Before you get started, take this readiness quiz.
2

For the equation y = 3= 4,

®@1Is (6, 0) asolution?®Is (=3, —2) a solution?
If you missed this problem, review Example 3.2.
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BE PREPARED :: 4.2 Find the slope and y-intercept of the line 3x —y = 12.
If you missed this problem, review Example 3.16.

BE PREPARED : : 4.3 Find the x- and y-intercepts of the line 2x — 3y = 12.
If you missed this problem, review Example 3.8.

Determine Whether an Ordered Pair is a Solution of a System of Equations
In Solving Linear Equations, we learned how to solve linear equations with one variable. Now we will work with two or
more linear equations grouped together, which is known as a system of linear equations.

System of Linear Equations

When two or more linear equations are grouped together, they form a system of linear equations.
In this section, we will focus our work on systems of two linear equations in two unknowns. We will solve larger systems
of equations later in this chapter.

An example of a system of two linear equations is shown below. We use a brace to show the two equations are grouped
together to form a system of equations.

2x+y=17

x—2y=6
Alinear equation in two variables, such as 2x +y = 7, has an infinite number of solutions. Its graph is a line. Remember,
every point on the line is a solution to the equation and every solution to the equation is a point on the line.

To solve a system of two linear equations, we want to find the values of the variables that are solutions to both equations.
In other words, we are looking for the ordered pairs (x, y) that make both equations true. These are called the solutions

of a system of equations.
Solutions of a System of Equations

The solutions of a system of equations are the values of the variables that make all the equations true. A solution of
a system of two linear equations is represented by an ordered pair (x, y).

To determine if an ordered pair is a solution to a system of two equations, we substitute the values of the variables into
each equation. If the ordered pair makes both equations true, it is a solution to the system.

EXAMPLE 4.1
x—y=-1

Determine whether the ordered pair is a solution to the system {2 5
X—y=—

@ (=2, =1) ® (-4, =3)

© Solution
®
x-y=-1
2x-y=-5
We substitute x =-2 and y = -1 into both equations.
x-y=-1 2x-y=-5
? ?
kB 2+2_(-1)£-5
“1=-1v 5#-5

(-2, -1) does not make both (-2, -1) is not a solution.
equations true.
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®
We substitute x = -4 and y = = into both equations.
Xx—y=-1 2x-y=-5
? ?
4-(3)£1 2+ (4)-(3)£-5
-1=-1v 5=-5v

(-4, -3) does make both (-4, -3) is a solution.
equations true.

TRYIT:: 41

3x+y=0
Determine whether the ordered pair is a solution to the system {x +2y=—5

® (1, -3) ® (0, 0)

TRYIT:: 42

x—3y=-8
Determine whether the ordered pair is a solution to the system {—%’ —y=4

® 2, -2) ® (-2,2)

Solve a System of Linear Equations by Graphing
In this section, we will use three methods to solve a system of linear equations. The first method we'll use is graphing.

The graph of a linear equation is a line. Each point on the line is a solution to the equation. For a system of two equations,
we will graph two lines. Then we can see all the points that are solutions to each equation. And, by finding what the lines
have in common, we'll find the solution to the system.

Most linear equations in one variable have one solution, but we saw that some equations, called contradictions, have no
solutions and for other equations, called identities, all numbers are solutions.

Similarly, when we solve a system of two linear equations represented by a graph of two lines in the same plane, there
are three possible cases, as shown.

y y y
8
6
4
\: o x / X
2476 8 8-6-420 6 8
4
-6
-8
The lines intersect. The lines are parallel. Both equations give the same line.
Intersecting lines have one Parallel lines have no points Because we have just one line, there
point in common. in common. are infinitely many solutions.
There is one solution to this There is no solution to this
system. system.

Figure 4.2

Each time we demonstrate a new method, we will use it on the same system of linear equations. At the end of the section
you'll decide which method was the most convenient way to solve this system.

DNyl HOW TO SOLVE A SYSTEM OF EQUATIONS BY GRAPHING

. 2x+y=17
Solve the system by graphing .
x—2y=6



374

©) solution

Chapter 4 Systems of Linear Equations

To graph the first line, write
the equation in slope-intercept

form.
x+y=7
y=-2x+7
m=-2 b=7

To graph the second line, use

intercepts.
X-2y=6
(0,-3) (6.0)

Look at the graph of the lines.

Since the lines intersect, find
the point of intersection.

Check the point in both
equations.

2 +y=7
[ x-2y=6

'Y

The lines intersect.

The lines intersect at (4, -1).

2xX+y=7

28+ (127

HeqdiF
I=Tv

X-2y=6

4-2c1)26
6=6v

The solution is (4, -1).
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TRYIT::43

Solve the system by graphing:

et
=
+ |
(98]
|

ool
ds

X

TRYIT:: 44 —x+y=1
{3x+ 2y =

Solve the system by graphing:

The steps to use to solve a system of linear equations by graphing are shown here.

-@. HOW TO:: SOLVE A SYSTEM OF LINEAR EQUATIONS BY GRAPHING.

Step 1. Graph the first equation.

Step 2. Graph the second equation on the same rectangular coordinate system.
Step 3. Determine whether the lines intersect, are parallel, or are the same line.
Step 4. Identify the solution to the system.

- If the lines intersect, identify the point of intersection. This is the solution to the
system.

o If the lines are parallel, the system has no solution.
o If the lines are the same, the system has an infinite number of solutions.
Step 5. Check the solution in both equations.

In the next example, we'll first re-write the equations into slope-intercept form as this will make it easy for us to quickly
graph the lines.

EXAMPLE 4.3

Solve the system by graphing: {

3x+y= -1
2x+y=0

“) Solution

We'll solve both of these equations for y so that we can easily graph them using their slopes and y-intercepts.

3x+y=-1
2x+y=0
Solve the first equation for y. x+y=-1
q y V=3x-1
Find the slope and y-intercept. ’Ef —?
Solve the second equation for y. 2 +i’: sz
Find the slope and y-intercept. m=-2

b=0
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Graph the lines. y
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76543210\1234567

-2

Determine the point of intersection. The lines intersect at (-1, 2).

Check the solution in both equations.

3x+y=-1 2x+y=0
3-1+221 2-1+220
_1=—1/ 0=05/

The solution is (-1, 2).

TRYI::45 o [xEy =1
olve the system raphing: ) .
Yy y graphing 2x+y=10
TRYIT::46 2x+y=6
Solve the system by graphing: L ’ =
x+y=

In all the systems of linear equations so far, the lines intersected and the solution was one point. In the next two examples,
we'll look at a system of equations that has no solution and at a system of equations that has an infinite number of

solutions.

EXAMPLE 4.4

. y=1tx-3
Solve the system by graphing: 2 .
x—2y=4
© solution
y=%x-3
x-2y=4
To graph the first equation, we will use its y= %x_ 3
slope and y-intercept. 1
=2
b=-3

To graph the second equation, we will use
the intercepts.
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i/

0 -2

4 0
Graph the lines. y
71
6+
51
4 1
3 1
24
1+

,,....:::::/;=~x
76543 _2_110.%//4/(% 7

Determine the points of intersection. The lines are parallel.
Since no point is on both lines, there is no
ordered pair that makes both equations
true. There is no solution to this system.

TRYIT:: 47 _ 1.
)= —2x+2
Solve the system by graphing: §° 4
x+4y= —
TRYIT::438 v=3x—1
Solve the system by graphing: 1’ .
6x—2y=06

Sometimes the equations in a system represent the same line. Since every point on the line makes both equations true,
there are infinitely many ordered pairs that make both equations true. There are infinitely many solutions to the system.

EXAMPLE 4.5

Solve the system by graphing: {© — = .
V m I INg: .
olve the system by graphing —6x+3y= —9
© solution
y=2x-3
—6x+3y=-9
Find the slope and y-intercept of the first equation. nj:= ?“ 3
b=-3

Find the intercepts of the second equation. —6x+3y=-9
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X y
0 -3
3
2 0
Graph the lines. y
7__
6..
5__
41
34
2__
14
D R 25 s s s s
76543210 Y23 4567

The lines are the same!

Since every point on the line makes both
equations true, there are infinitely many

ordered pairs that make both equations true.
There are infinitely many solutions to this system.

If you write the second equation in slope-intercept form, you may recognize that the equations have the same slope and
same y-intercept.

TRYIT::49

y= —-3x—-06

Solve the system by graphing: {6 +2 12°
x+2y= —

TRYIT:: 410 N

Solve the system by graphing: 1~ 2 .
2x —4y =16

When we graphed the second line in the last example, we drew it right over the first line. We say the two lines are
coincident. Coincident lines have the same slope and same y-intercept.

Coincident Lines

Coincident lines have the same slope and same y-intercept.

The systems of equations in Example 4.2 and Example 4.3 each had two intersecting lines. Each system had one solution.
In Example 4.5, the equations gave coincident lines, and so the system had infinitely many solutions.

The systems in those three examples had at least one solution. A system of equations that has at least one solution is
called a consistent system.

A system with parallel lines, like Example 4.4, has no solution. We call a system of equations like this inconsistent. It has no
solution.

Consistent and Inconsistent Systems

A consistent system of equations is a system of equations with at least one solution.
An inconsistent system of equations is a system of equations with no solution.

We also categorize the equations in a system of equations by calling the equations independent or dependent. If two
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equations are independent, they each have their own set of solutions. Intersecting lines and parallel lines are
independent.

If two equations are dependent, all the solutions of one equation are also solutions of the other equation. When we graph
two dependent equations, we get coincident lines.

Let's sum this up by looking at the graphs of the three types of systems. See below and Table 4.1.

N

Intersecting Parallel Coincident
Lines Intersecting  Parallel Coincident
Number of solutions 1 point No solution Infinitely many
Consistent/inconsistent Consistent Inconsistent Consistent

Dependent/ independent Independent Independent Dependent

Table 4.1

EXAMPLE 4.6

Without graphing, determine the number of solutions and then classify the system of equations.

y=3x-1 2x+y= -3
6x—2y =12 x—5y=5

© solution

@ we will compare the slopes and intercepts of the two lines.

y = 3x-1
The first equation is already in slope- 6x—2y = 12
intercept form.
y = 3x-1
Write the second equation in slope- 6x—2y = 12
intercept form. —2y = —6x+12
-2y _ —6x+12
-2 -2
y = 3x—-6
Find the slope and intercept of each y = 3x-1 y = 3x—-6
line. m = 3 m = 3
b = -1 b = -6

Since the slopes are the same and y-intercepts are different,
the lines are parallel.

A system of equations whose graphs are parallel lines has no solution and is inconsistent and independent.

® We will compare the slope and intercepts of the two lines.
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2x+y = -3
x—5y =5
2x+y = =3 x=5y =5
y = =2x-3 =5y = —=x+5
Write both equations in slope-intercept form. __55)’ - L-gb'
y = %x -1
y = -2x—-3 y = %X -1
Find the slope and intercept of each line. m = -2 m = %
b = -3 b = -1

Since the slopes are different, the lines intersect.

A system of equations whose graphs are intersect has 1 solution and is consistent and independent.

TRYIT::411

Without graphing, determine the number of solutions and then classify the system of equations.
y=-2x—-4 3x+2y=2
4x+2y=9 2x+y=1

TRYIT:: 412

Without graphing, determine the number of solutions and then classify the system of equations.

.

y==x-—15 x+4y =12
@{- 3 @{ :

—3y=

x 6 x+y=3

Solving systems of linear equations by graphing is a good way to visualize the types of solutions that may result. However,
there are many cases where solving a system by graphing is inconvenient or imprecise. If the graphs extend beyond the
small grid with x and y both between —10 and 10, graphing the lines may be cumbersome. And if the solutions to the

system are not integers, it can be hard to read their values precisely from a graph.
Solve a System of Equations by Substitution
We will now solve systems of linear equations by the substitution method.
We will use the same system we used first for graphing.
2x+y=17

{x —-2y=6
We will first solve one of the equations for either x or y. We can choose either equation and solve for either variable—but
we'll try to make a choice that will keep the work easy.

Then we substitute that expression into the other equation. The result is an equation with just one variable—and we know
how to solve those!

After we find the value of one variable, we will substitute that value into one of the original equations and solve for the
other variable. Finally, we check our solution and make sure it makes both equations true.

WLV HOW TO SOLVE A SYSTEM OF EQUATIONS BY SUBSTITUTION
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Solve the system by substitution: {

©) Ssolution

2x+y=17
-2y=6

We'll solve the first
equation for y.

We replace y in the second
equation with the
expression 7 — 2x.

Now we have an equation
with just 1 variable. We know
how to solve this!

We'll use the first equation
and replace x with 4.

The ordered pair is (x, y).

Substitute x=4, y= -1 into
both equations and make
sure they are both true.

2x+y=7
Xx-2y=6

2+ y=7

yj
Xx-2y=06
x-2(7-2x)=6

X-2(7-2x)=6
Xx-14+4x=6
S5x=20

X_:{:)
X+ y=7
24)+y=7

(4.-1)

2X+y=7 x—2y=6
24)+ (127 a-2126
Both equations are true.

(4, -1) is the solution to the system.

381

TRYIT:: 413

TRYIT:: 414

Solve the system by substitution: {

Solve the system by substitution: {

-2x+y=-11
x+3y=9
2x+y=-—1
4x+3y=3"
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(&) HOW TO:: SOLVE A SYSTEM OF EQUATIONS BY SUBSTITUTION.

Step 1.  Solve one of the equations for either variable.

Step 2.  Substitute the expression from Step 1 into the other equation.

Step 3.  Solve the resulting equation.

Step 4. Substitute the solution in Step 3 into either of the original equations to find the other variable.
Step 5. Write the solution as an ordered pair.

Step 6. Check that the ordered pair is a solution to both original equations.

Be very careful with the signs in the next example.

4x+2y=4

Solve the system by substitution: .
6x—y=28

© solution
We need to solve one equation for one variable. We will solve the first equation for y.

Ax+2y=4
6x - y=8

Solve the first equation for y. Ax+2y=4
Substitute —2x + 2 for y in the second equation. 2y=-4x+4
y:

bx-y=8
Replace the y with —2x + 2. 6x —(-2x+2)=8

Solve the equation for x. 6x+2x-2=8
8x-2=8
1

8x=10

Ax+2y=4
5 =
4(3)+2y=4
5+2y=4

2y=-1

-1
y=-

Substitute x = % into 4x+ 2y =4 tofindy.

The ordered pair is (% - %)

Check the ordered pair in both equations.

dx +2y=4 bx-y=28
@y o)
5-124 %_(_% 2g
4=4y %;8

8=8v
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The solution is (% - %)

TRYIT:: 415 [x—dy=—4

Solve the system by substitution: .
y y —3x+4y=0

TRYIT:: 416 fax—y=0

Solve the system by substitution: 17 3 5
2x — 3y =3

Solve a System of Equations by Elimination

We have solved systems of linear equations by graphing and by substitution. Graphing works well when the variable
coefficients are small and the solution has integer values. Substitution works well when we can easily solve one equation
for one of the variables and not have too many fractions in the resulting expression.

The third method of solving systems of linear equations is called the Elimination Method. When we solved a system by
substitution, we started with two equations and two variables and reduced it to one equation with one variable. This is
what we'll do with the elimination method, too, but we'll have a different way to get there.

The Elimination Method is based on the Addition Property of Equality. The Addition Property of Equality says that when
you add the same quantity to both sides of an equation, you still have equality. We will extend the Addition Property of
Equality to say that when you add equal quantities to both sides of an equation, the results are equal.

For any expressions a, b, ¢, and d.
if a =b>b
and c =d
then a+c = b+d.

To solve a system of equations by elimination, we start with both equations in standard form. Then we decide which
variable will be easiest to eliminate. How do we decide? We want to have the coefficients of one variable be opposites, so
that we can add the equations together and eliminate that variable.

Notice how that works when we add these two equations together:

3x+y=5
2x—y=0
S5x =5

The y's add to zero and we have one equation with one variable.
Let's try another one:
x+4y=2

{Zx +5y=-2
This time we don’t see a variable that can be immediately eliminated if we add the equations.
But if we multiply the first equation by —2, we will make the coefficients of x opposites. We must multiply every term on
both sides of the equation by —2.

~2(x + 4y) = -2(2)

2X + 5y =-2
Then rewrite the system of equations.

2x-8y=-4

2% + 5y =-2

Now we see that the coefficients of the x terms are opposites, so x will be eliminated when we add these two equations.
2x-8y=-4
2X + 5y =-2
—3y-%



384 Chapter 4 Systems of Linear Equations

Once we get an equation with just one variable, we solve it. Then we substitute that value into one of the original
equations to solve for the remaining variable. And, as always, we check our answer to make sure it is a solution to both of
the original equations.

Now we’ll see how to use elimination to solve the same system of equations we solved by graphing and by substitution.

_ HOW TO SOLVE A SYSTEM OF EQUATIONS BY ELIMINATION

o 2x+y=17
Solve the system by elimination: .
x—2y=6
© Solution
Both equations are in [2x4y=7
standard form, Ax + By = C. | x-2y=6

There are no fractions.

We can eliminate the y’'s by *|r2x+y= 7
multiplying the first equation | x-2y=6
by 2.
Multiply both sides of { 2(2x+y) = 2(7)
2x+y=7hy2. L Xx-2y=6
We add the x’s, y's, and {4}( +2y=14
constants. . X-2y=6
Sx =20
Solve for x. x=4
Substitute x = 4 into the X-2y=6
second equation, x— 2y = 6.
Then solve for y. Ggy=g
2y=2
y=-1
Write it as (x, y). (4,-1)
Substitute x=4, y =-1 into 2x+y=7 xX-2y=6
2x+y=7andx-2y=6. 2 2
Do they make both equations AR LEC
true? Yes! 7=77 6=6v

The solution is (4, -1).

TRYIT:: 417

o 3x+y=5
Solve the system by elimination: .
2x—=3y=17

L dx+y= -5
Solve the system by elimination: .
—2x—-2y= -2

TRYIT:: 418

The steps are listed here for easy reference.
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HOW TO:: SOLVE A SYSTEM OF EQUATIONS BY ELIMINATION.

Step 1.  Write both equations in standard form. If any coefficients are fractions, clear them.
Step 2. Make the coefficients of one variable opposites.
Decide which variable you will eliminate.
- Multiply one or both equations so that the coefficients of that variable are opposites.
Step 3. Add the equations resulting from Step 2 to eliminate one variable.
Step 4. Solve for the remaining variable.

Step 5. Substitute the solution from Step 4 into one of the original equations. Then solve for the other
variable.

Step 6. Write the solution as an ordered pair.
Step 7. Check that the ordered pair is a solution to both original equations.

Now we'll do an example where we need to multiply both equations by constants in order to make the coefficients of one
variable opposites.

4x—-3y=9

Solve th tem by elimination: .
olve the system by elimination {7x+2y=—6

© solution

In this example, we cannot multiply just one equation by any constant to get opposite coefficients. So we will strategically
multiply both equations by different constants to get the opposites.

4x-3y=9
IX+2y=-6

Both equations are in standard form. 2(4x - 3y) = 2(9)
To get opposite coefficients of y, we will 3(7x + 2y) = 3(-6)
multiply the first equation by 2 and the

second equation by 3.

Simplify. 8x-6y= 18
21x+6y=-18
Add the two equations to eliminate y. 8x - by= 18
21x+6y=-18
29x =0
Solve for x. X =
IX+2y=-6
Substitute x = 0 into one of the original equations. ~ 7°0+2y=-6
Solve for y. 2y=-6
y=-3
Write the solution as an ordered pair. The ordered pairis (0, —3).

Check that the ordered pair is a solution to
both original equations.

4x-3y=9 Tx+2y=-6
40)-3(-3)29 70)+ 2(-3) 2 -6
9=9v 6=6/
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The solution is (0, —3).

TRYIT:: 419

TRYIT:: 420

Solve the system by elimination: {

Solve each system by elimination: {

[

=-9
=14

Tx+8y=4
3x—5y=27

When the system of equations contains fractions, we will first clear the fractions by multiplying each equation by the LCD

of all the fractions in the equation.

EXAMPLE 4.11

x4+ %y =6
Solve the system by elimination:

3,02,
¥ 3

) Solution

17
2

In this example, both equations have fractions. Our first step will be to multiply each equation by the LCD of all the

fractions in the equation to clear the fractions.

To clear the fractions, multiply each
equation by its LCD.

Simplify.

Now we are ready to eliminate one

of the variables. Notice that both equations are in

standard form.

We can eliminate y by multiplying the top equation by —4.

Simplify and add.

Substitute x = 3 into one of the original equations.

Solve for y.

Write the solution as an ordered pair.
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1
2

3,,2,_17
3¥=3

2(x + %y) = 2(6)
G342

2+ y=12
9x + 4y = 51

“42x+ y)=-4(12)
9% + 4y =51

-8x — 4y =-48
9x + 4y = 51

X =03
i
X+5y=6

1y,
3+§y_6
1.
2/=3
y=56
The ordered pairis (3, 6).
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Check that the ordered pair is a solution to
both original equations.

x+%}’=5 %x+%y_%
3+l 3@+2e2l
3+326 %_,_4;%
6=6v %J,%;g

The solution is (3, 6).

TRYIT:: 421 11 _
X—5y=1
o 3 2-
Solve each system by elimination: 3 5
V=)
TRYIT:: 422 x+dy= -1
Solve each system by elimination: I - ) ‘S.
2*73 %%

When we solved the system by graphing, we saw that not all systems of linear equations have a single ordered pair
as a solution. When the two equations were really the same line, there were infinitely many solutions. We called that a
consistent system. When the two equations described parallel lines, there was no solution. We called that an inconsistent
system.

The same is true using substitution or elimination. If the equation at the end of substitution or elimination is a true
statement, we have a consistent but dependent system and the system of equations has infinitely many solutions. If the
equation at the end of substitution or elimination is a false statement, we have an inconsistent system and the system of
equations has no solution.

EXAMPLE 4.12

Solve the system by elimination:

3x+4y=12

-3_3
y=3 i
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©) solution

3x+4y— 12
y=

3x+4y—12

Write the second equation in standard form. x +y=

Clear the fractions by multiplying the second equation by 4. —x " y = 4(3)

{3x+4y =12

3x+4y=12

{3x+4y— 12

Simplify.

3x+4y=12

To eliminate a variable, we multiply the second equation by -1. Simplify and add. —3x - 4y =12

This is a true statement. The equations are consistent but dependent. Their graphs would be the same line. The system
has infinitely many solutions.

After we cleared the fractions in the second equation, did you notice that the two equations were the same? That means
we have coincident lines.

TRYIT::423 5x—3y=15
Solve the system by elimination: .
y y y= —5+2x
: 3
TRYIT::424 X+ 2y =
Solve the system by elimination:
/ / y= - %\ +3

Choose the Most Convenient Method to Solve a System of Linear Equations

When you solve a system of linear equations in in an application, you will not be told which method to use. You will need
to make that decision yourself. So you'll want to choose the method that is easiest to do and minimizes your chance of
making mistakes.

Choose the Most Convenient Method to Solve a System of Linear Equations

Graphing Substitution Elimination
Use when you need a Use when one equation is ~ Use when the equations are
picture of the situation.  already solved or can be in standard form.

easily solved for one
variable.

EXAMPLE 4.13

For each system of linear equations, decide whether it would be more convenient to solve it by substitution or elimination.
Explain your answer.

{3x+8y=40 ® {5x+6y= 12

Tx— 4y =-32 =%x—l
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©) solution

@

{3x+ 8y =40
Tx—4y=-32

Since both equations are in standard form, using elimination will be most convenient.

®

—2,_
—3x 1

{5x+ 6y =12

Since one equation is already solved for y, using substitution will be most convenient.

TRYIT::425
For each system of linear equations decide whether it would be more convenient to solve it by substitution or
elimination. Explain your answer.

4x -5y =-32 x=2y—-1

3x+2y=-1 3x—-5y=-7

TRYIT::4.26
For each system of linear equations decide whether it would be more convenient to solve it by substitution or
elimination. Explain your answer.

y=2x-1 6x —2y =12

3x—4y= -6 3x+7y=-13
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L 41 EXERCISES
Practice Makes Perfect

Determine Whether an Ordered Pair is a Solution of a System of Equations
In the following exercises, determine if the following points are solutions to the given system of equations

{2x—6y=0 {—3x+y=8 x+y=2
3x—4y=5 —x+2y=-9 3. y:%x
® 3,1) ® (=3, 4) @ (-5, -7) ® (-5, 7) @ (8 6\® (1.3
5-5)©03)
{Zx +3y=6
=2
= 3x +2
@ (-6,2) ® (-3, 4)
Solve a System of Linear Equations by Graphing
In the following exercises, solve the following systems of equations by graphing.
3x+y=-3 6 —x+y=2 7 y=x+2
2x+3y=5 "2x+y=—4 Tly=-2x+2
8£=x—2 %x+1 y:%x—2
Cly=-3x+2 10.
- %x +5 y=- %x =5
=—4 3y=3 —2x+3y=3
11. {x+y 12. { x+oy= 13.{ oy
—x+2y=-2 x+3y=3 x+3y=12
2x—y=4 x+3y=-6 —x+2y=-6
14. B 16.
2x+3y=12 y= ——x+4 y=_%x—1
—2x+4y=4 3x+5y=10 4x—-3y=28
17. 1 P {sx—6y=14
y=7x y=——x+1 X =0y =
=4 =_ 4 Ax =
20. {x+3y o1 {x 3y+ 92 { x=3y+7
—2x—6y=3 2x+6y=38 8x—6y=14
2x+ y=6 Sx+ 2y=7
—8x—4y=-24 —10x—4y=-14
Without graphing, determine the number of solutions and then classify the system of equations.
) _3 S5x+3y=4
y=%x+1 y==x+1
25. 3 26. { 2 {2)6 -3y=5
—2x+3y=5 2x—3y=17
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- _1
28, = 2x+5
x+2y=10

y=5x-95

5x—-2y=10
29. 5
2

Solve a System of Equations by Substitution

In the following exercises, solve the systems of equations by substitution.

0 2x+y=-4
"Bx-2y=-6
-3y=-9
2x+5y=4
2x+5y—1
36.
y=
4x+y=10
39.
x—2y=-20
=2
42. * 4
4x -8y =0

- _2
45, = 3x+5
2x+3y=11

Solve a System of Equations by Elimination

In the following exercises, solve the systems of equations by elimination.

6 {5x+2y=2
-3x-y=0

{5x—3y=—1
49.
2x—y=2

{3x+8y——
52.
2x+5y=-3

2x+9y=—
55
3x+ 13y =-7

x+3y——
—x+ y—l

—4y=-1
61.
—3x+12y=3

{2x+y=—2 {x—2y=—5
31 32.
3x—y=7 2x —3y=—-4
Sx—2y=-6 —2x+2y=6
34'{y=3x+3 35'{v=_3x+1
3x+4y=1 2x+y=>5
* Y 38.{x J
y= ——x+2 x—=2y=-15
y=-2x-1 y=x—-6
40. 41.
y= —%x+4 y= —%x+4
2x— 16y =38 _1
4 y—_.x+4
3 { x—8y=-4 44. 8
Tx+8y=6
6x—5y=-1 a8 2x—5y=17
2x+y=13 T Bx—-y=17
3x=5y=-9 51 4x -3y =
5x+2y=16 " 12x + 5y = -31
1lx+9y=-5 {3x+8y=67
53. 54.
Tx+5y=-1 5x+ 3y =60
- 1,3
x y= 57 {x+2 )
2 ) R SO B
x+ y 2 X% 3
%x y=-3 6o, [T =7
5 6x+3y=9
§x+2y—3
3 =8 4x+3y=2
2 { ) S
6x+2y=-16 20x+ 15y =10
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Choose the Most Convenient Method to Solve a System of Linear Equations

In the following exercises, decide whether it would be more convenient to solve the system of equations by substitution or
elimination.

64. 65.
{8x—15y=—32 @{y=7x—5
6x+3y=-5 3x—2y=16
{x=4y—3 @{12x—5y=—42
4x -2y = -6 3x+7y=-15
66. 67.
y=4x+9 14x — 15y = =30
{Sx— 2y =-21 {7x+2y =10
{9x—4y=24 ®{x=9y—11
3x+5y=-14 2x — Ty =-27

Writing Exercises

68. In a system of linear equations, the two equations  69. Solve the system of equations by substitution and

have the same intercepts. Describe the possible . . 3x+y=12
solutions to the system. explain all your steps in words: x=y-8
70. Solve the system of equations by elimination and x+y=10
5x+4y=10 71. Solve the system of equations 6
xX—y=

lain all teps i ds: .
explain all your steps in words {2x: 3y 427

@ by graphing ® by substitution
(© Which method do you prefer? Why?

Self Check

After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican... Confidently Mtﬁ\;;me N‘;:td::!m

determine whether an ordered pair is a
solution of a system of equations.

solve a system of linear equations by
graphing.

solve a system of equations by substitution.

solve a system of equations by elimination.

choose the most convenient method to solve
a system of linear equations.

If most of your checks were:

...confidently. Congratulations! You have achieved the objectives in this section. Reflect on the study skills you used so that you
can continue to use them. What did you do to become confident of your ability to do these things? Be specific.

...with some help. This must be addressed quickly because topics you do not master become potholes in your road to success.
In math every topic builds upon previous work. It is important to make sure you have a strong foundation before you move on.
Whom can you ask for help?Your fellow classmates and instructor are good resources. Is there a place on campus where math
tutors are available? Can your study skills be improved?

...no - I don’t get it! This is a warning sign and you must not ignore it. You should get help right away or you will quickly be
overwhelmed. See your instructor as soon as you can to discuss your situation. Together you can come up with a plan to get you
the help you need.
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42

Solve Applications with Systems of Equations

Learning Objectives

By the end of this section, you will be able to:

Solve direct translation applications
Solve geometry applications
Solve uniform motion applications

BE PREPARED : : 4.4 Before you get started, take this readiness quiz.

The sum of twice a number and nine is 31. Find the number.
If you missed this problem, review Example 2.15.

BE PREPARED : : 45

Twins Jon and Ron together earned $96,000 last year. Ron earned $8000 more than three times what Jon earned.
How much did each of the twins earn?
If you missed this problem, review Example 2.19.

BE PREPARED : : 4.6

An express train and a local train leave Pittsburgh to travel to Washington, D.C. The express train can make the
trip in four hours and the local train takes five hours for the trip. The speed of the express train is 12 miles per
hour faster than the speed of the local train. Find the speed of both trains.

If you missed this problem, review Example 2.43.

Solve Direct Translation Applications

Systems of linear equations are very useful for solving applications. Some people find setting up word problems with two
variables easier than setting them up with just one variable. To solve an application, we'll first translate the words into a
system of linear equations. Then we will decide the most convenient method to use, and then solve the system.

-@. HOW TO :: SOLVE APPLICATIONS WITH SYSTEMS OF EQUATIONS.

Step 1. Read the problem. Make sure all the words and ideas are understood.

Step 2. Identify what we are looking for.

Step 3. Name what we are looking for. Choose variables to represent those quantities.
Step 4. Translate into a system of equations.

Step 5. Solve the system of equations using good algebra techniques.

Step 6. Check the answer in the problem and make sure it makes sense.

Step 7. Answer the question with a complete sentence.

We solved number problems with one variable earlier. Let’s see how differently it works using two variables.

EXAMPLE 4.14

The sum of two numbers is zero. One number is nine less than the other. Find the numbers.
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©) solution

Step 1. Read the problem.
Step 2. Identify what we are looking for.

Step 3. Name what we are looking for.

Step 4. Translate into a system of equations.

The system is:

Step 5. Solve the system of
equations. We will use substitution
since the second equation is solved
for n.

Substitute m - 9 for n in the first equation.

Solve for m.

Substitute m = 2 into the second equation

2
and then solve for n.

Step 6. Check the answer in the problem.

Step 7. Answer the question.

Chapter 4 Systems of Linear Equations

We are looking for two numbers.

Let n = the first number.
m = the second number

The sum of two numbers is zero.
n+m=0
One number is nine less than the other.
n=m-9

n+m=0
n=m-9

n+m=0
m-9+m=0
2m-9=0
2m=9
mzf’%\l
|
|
|
¥
n=m-9
=9
m_2 9
=9 18
=33
-_9
NS5

Do these numbers make sense in
the problem? We will leave this to
you!

The numbers are 2 and —%

2

TRYIT:: 427
TRYIT:: 428

The sum of two numbers is 10. One number is 4 less than the other. Find the numbers.

The sum of two numbers is —6. One number is 10 less than the other. Find the numbers.

EXAMPLE 4.15

Heather has been offered two options for her salary as a trainer at the gym. Option A would pay her $25,000 plus $15
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for each training session. Option B would pay her $10,000 + $40 for each training session. How many training sessions

would make the salary options equal?
© solution

Step 1. Read the problem.

Step 2. Identify what we are looking for.

Step 3. Name what we are looking for.

Step 4. Translate into a system of equations.

The system is shown.

Step 5. Solve the system of equations.
We will use substitution.

Substitute 25,000 +15n for s in the second
equation.

Solve for n.

Step 6. Check the answer.

Step 7. Answer the question.

We are looking for the number of
training sessions that would make
the pay equal.

Let s = Heather’s salary.
n = the number of training sessions

Option A would pay her $25,000
plus $15 for each training
session.

5=25,000+15n

Option B would pay her $10,000
+ $40 for each training session.

5=10,000 + 40n

5=25,000 + 15n
5=10,000 + 40n

s =(25,000 + 157
5=10,000 + 40n
25,000 + 15n = 10,000 + 40n
25,000 = 10,000 + 250
15,000 = 25n
600 = n

Are 600 training sessions a year reasonable?
Are the two options equal when n = 600?

The salary options would be equal for 600 training
sessions.

TRYIT:: 429

Geraldine has been offered positions by two insurance companies. The first company pays a salary of $12,000 plus
a commission of $100 for each policy sold. The second pays a salary of $20,000 plus a commission of $50 for each
policy sold. How many policies would need to be sold to make the total pay the same?

TRYIT:: 430

Kenneth currently sells suits for company A at a salary of $22,000 plus a $10 commission for each suit sold.
Company B offers him a position with a salary of $28,000 plus a $4 commission for each suit sold. How many suits
would Kenneth need to sell for the options to be equal?

As you solve each application, remember to analyze which method of solving the system of equations would be most

convenient.

EXAMPLE 4.16
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Translate to a system of equations and then solve:

When Jenna spent 10 minutes on the elliptical trainer and then did circuit training for 20 minutes, her fitness app says she
burned 278 calories. When she spent 20 minutes on the elliptical trainer and 30 minutes circuit training she burned 473
calories. How many calories does she burn for each minute on the elliptical trainer? How many calories for each minute
of circuit training?

) Solution

Step 1. Read the problem.

Step 2. Identify what we are looking for. We are looking for the number of
calories burned each minute on the
elliptical trainer and each minute of
circuit training.

Step 3. Name what we are looking for. Let e = number of calories burned per

minute on the elliptical trainer.
¢ = number of calories burned per

minute while circuit training

Step 4. Translate into a system of equations. 10 minutes on the elliptical and circuit
training for 20 minutes, burned
278 calories

10e + 20c =278

20 minutes on the elliptical and
30 minutes of circuit training burned
473 calories

20e + 30c =473

The system is: 10e + 20c = 278
20e + 30c =473

Step 5. Solve the system of equations.

Multiply the first equation by -2 to get -2(10e + 20c) = -2(278)
opposite coefficients of e. 20e +30c =473
Simplify and add the equations. -20e - 40c = -556
Solve for c. 20e+30c= 473
“10c=-83
c=83
Substitute ¢ = 8.3 into one of the 10e +20c = 278
original equations to solve for e. 10e + 20(8.3) = 278
10e + 166 = 278
10e =112
e=11.2
Step 6. Check the answer in the problem. Check the math on your own.

10(11.2) + 20(8.3) £ 278
20(11.2) + 30(8.3) £ 473

Step 7. Answer the question. Jenna burns 8.3 calories per minute
circuit training and 11.2 calories per
minute while on the elliptical trainer.
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TRYIT::431

Translate to a system of equations and then solve:

Mark went to the gym and did 40 minutes of Bikram hot yoga and 10 minutes of jumping jacks. He burned 510
calories. The next time he went to the gym, he did 30 minutes of Bikram hot yoga and 20 minutes of jumping jacks
burning 470 calories. How many calories were burned for each minute of yoga? How many calories were burned
for each minute of jumping jacks?

TRYIT:: 432

Translate to a system of equations and then solve:

Erin spent 30 minutes on the rowing machine and 20 minutes lifting weights at the gym and burned 430 calories.
During her next visit to the gym she spent 50 minutes on the rowing machine and 10 minutes lifting weights and
burned 600 calories. How many calories did she burn for each minutes on the rowing machine? How many calories
did she burn for each minute of weight lifting?

Solve Geometry Applications

We will now solve geometry applications using systems of linear equations. We will need to add complementary angles
and supplementary angles to our list some properties of angles.

The measures of two complementary angles add to 90 degrees. The measures of two supplementary angles add to 180
degrees.

Complementary and Supplementary Angles

Two angles are complementary if the sum of the measures of their angles is 90 degrees.
Two angles are supplementary if the sum of the measures of their angles is 180 degrees.

If two angles are complementary, we say that one angle is the complement of the other.
If two angles are supplementary, we say that one angle is the supplement of the other.

EXAMPLE 4.17

Translate to a system of equations and then solve.

The difference of two complementary angles is 26 degrees. Find the measures of the angles.
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©) solution

Step 1. Read the problem.

Step 2. Identify what we are looking for.
Step 3. Name what we are looking for.

Step 4. Translate into a system of equations.

The system is shown.

Step 5. Solve the system of equations by elimination.

Substitute x = 58 into the first equation.

Step 6. Check the answer in the problem.

58+ 32 =90/
58 - 32 =26V

Step 7. Answer the question.

Chapter 4 Systems of Linear Equations

We are looking for the measure of each angle.

Let x = the measure of the first ar(llgle.
y = the measure of the second angle

The angles are complementary.

x+y=90

The difference of the two angles is 26 degrees.

x—y=26
{x+y:90
x—y=26
{x+y=90
x—y=26
2x =116

x =158
x+y=90
58+y=90

y=32

The angle measures are 58 and 32 degrees.

TRYIT::433 Translate to a system of equations and then solve:

The difference of two complementary angles is 20 degrees. Find the measures of the angles.

TRYIT::434 Translate to a system of equations and then solve:

The difference of two complementary angles is 80 degrees. Find the measures of the angles.

In the next example, we remember that the measures of supplementary angles add to 180.

EXAMPLE 4.18

Translate to a system of equations and then solve:

Two angles are supplementary. The measure of the larger angle is twelve degrees less than five times the measure of the

smaller angle. Find the measures of both angles.
) Solution

Step 1. Read the problem.
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Step 2. Identify what we are looking for.

Step 3. Name what we are looking for.

Step 4. Translate into a system of equations.

The system is shown:

Step 5. Solve the system of equations substitution.

Substitute 5x - 12 for y in the first equation.
Solve for x.

Substitute 32 for x in the second
equation, then solve for y.

Step 6. Check the answer in the problem.

Step 7. Answer the question.

399

We are looking for measure of each
angle.

Let x = the measure of the first angle.
y = the measure of the second angle

The angles are supplementary.
x+y=180

The larger angle is twelve less than five

times the smaller angle.

y=5x-12

X+y=180
y=G5x-12

X+y =180

X+5x-12=180
6x-12=180

bx =192
x =(32)

y=5x-12
y=5+32-12
y=160-12
y=148

32+148=180v
5+32-12=148v

The angle measures are 148 and 32 degrees.

TRYIT:: 435

Translate to a system of equations and then solve:

Two angles are supplementary. The measure of the larger angle is 12 degrees more than three times the smaller

angle. Find the measures of the angles.

TRYIT:: 436

Translate to a system of equations and then solve:

Two angles are supplementary. The measure of the larger angle is 18 less than twice the measure of the smaller

angle. Find the measures of the angles.

Recall that the angles of a triangle add up to 180 degrees. A right triangle has one angle that is 90 degrees. What does
that tell us about the other two angles? In the next example we will be finding the measures of the other two angles.

EXAMPLE 4.19

The measure of one of the small angles of a right triangle is ten more than three times the measure of the other small

angle. Find the measures of both angles.

© Solution
We will draw and label a figure.
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Step 1. Read the problem. a
Step 2. Identify what you are looking for. We are looking for the measures of the angles.
Step 3. Name what we are looking for. Let a = the measure of the first angle.

b = the measure of the second angle

Step 4. Translate into a system of equations. The measure of one of the small angles of a right triangle
is ten more than three times the measure of the other
small angle.

a=3b+10
The sum of the measures of the angles of a triangle is
180.
a+b+90=180
The system is shown. a=3b+10
a+b+90=180

Step 5. Solve the system of equations. We will a= 3b:®

use substitution since the first equation is

solved for a.

a+b+90=180

Substitute 3b + 10 for a in the second (3b+10) +b +90 =180

equation.

Solve for b. 4b+100 =180

4bh =80
b =@?'@
a=3b+10

Substitute » = 20 into the first equation and a= 30 20+10

then solve for a. a=

Step 6. Check the answer in the problem. We will leave this to you!

Step 7. Answer the question. The measures of the small angles are 20 and 70 degrees.

TRYIT::437

The measure of one of the small angles of a right triangle is 2 more than 3 times the measure of the other small
angle. Find the measure of both angles.

TRYIT:: 438

The measure of one of the small angles of a right triangle is 18 less than twice the measure of the other small
angle. Find the measure of both angles.

Often it is helpful when solving geometry applications to draw a picture to visualize the situation.

EXAMPLE 4.20
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Translate to a system of equations and then solve:

401

Randall has 125 feet of fencing to enclose the part of his backyard adjacent to his house. He will only need to fence around
three sides, because the fourth side will be the wall of the house. He wants the length of the fenced yard (parallel to the
house wall) to be 5 feet more than four times as long as the width. Find the length and the width.

) Solution

Step 1. Read the problem.

Step 2. Identify what you are looking for.

Step 3. Name what we are looking for.

Step 4. Translate into a system of equations.

The system is shown.

Step 5. Solve The system of equations
by substitution.

Substitute L = 4W + 5 into the first
equation, then solve for W.

Substitute 20 for Win the second
equation, then solve for L.

Step 6. Check the answer in the
problem.

Step 7. Answer the equation.

We are looking for the length and width.

Let L = thelength of the fenced yard.
W = the width of the fenced yard
One lenth and two widths equal 125.

L+2W=125

The length will be 5 feet more than
four times the width.

L=4W+5

L+2W=125

L'+2W=125

AW +5+2W =125

6W+5=125
6W=120

v

L=4W+5
L=4-20+5
L=80+5

L =85

20+85+20=125

85=4-20+5
85=85v

The length is 85 feet and the width is 20 feet.

TRYIT:: 439

Translate to a system of equations and then solve:

Mario wants to put a fence around the pool in his backyard. Since one side is adjacent to the house, he will only
need to fence three sides. There are two long sides and the one shorter side is parallel to the house. He needs 155
feet of fencing to enclose the pool. The length of the long side is 10 feet less than twice the width. Find the length

and width of the pool area to be enclosed.
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TRYIT:: 4.40

Translate to a system of equations and then solve:

Alexis wants to build a rectangular dog run in her yard adjacent to her neighbor’s fence. She will use 136 feet of
fencing to completely enclose the rectangular dog run. The length of the dog run along the neighbor’s fence will
be 16 feet less than twice the width. Find the length and width of the dog run.

Solve uniform motion applications

We used a table to organize the information in uniform motion problems when we introduced them earlier. We'll continue
using the table here. The basic equation was D = rt where D is the distance traveled, r is the rate, and tis the time.

Our first example of a uniform motion application will be for a situation similar to some we have already seen, but now
we can use two variables and two equations.

EXAMPLE 4.21

Translate to a system of equations and then solve:

Joni left St. Louis on the interstate, driving west towards Denver at a speed of 65 miles per hour. Half an hour later, Kelly
left St. Louis on the same route as Joni, driving 78 miles per hour. How long will it take Kelly to catch up to Joni?

© solution
A diagram is useful in helping us visualize the situation.

Denver St. Louis
65 mph Joni

78 mph Kelly (%hour later)

Identify and name what we are looking for. A chart will help us organize the data. We know the rates of both Joni and
Kelly, and so we enter them in the chart. We are looking for the length of time Kelly, &, and Joni, j, will each drive.

Rate * Time = Distance
Joni 65 j 65/
Kelly 78 k 78k

Since D = r-t we can fill in the Distance column.

Translate into a system of equations.
To make the system of equations, we must recognize that Kelly and Joni will drive the same distance. So,
65 =78k

Also, since Kelly left later, her time will be L hour less than Joni’s time. So,

2
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—:_1
k=] 3
k=j-1
Now we have the system. 2
65j = 78k
Solve the system of equations by substitution.
Substitute k= j —% into the second equation,
then solve for j.
65j = 78k

65j = 78(j—%)
65/ = 78j—39

-13j = -39
j =73
To find Kelly's time, substitute j =3 into the first k=j— 1
equation, then solve for k. 2
—3_1
k=3 >
=3 -2l
k= 5 or k= 22

Check the answer in the problem.

Joni 3 hours (65 mph) = 195 miles

Kelly 2% hours (78 mph) = 195 miles

Yes, they will have traveled the same distance
when they meet.

. Kelly will catch up to Joni in 2L hours. By then, Joni
Answer the question. 2

will have traveled 3 hours.

TRYIT:: 441

Translate to a system of equations and then solve:

Mitchell left Detroit on the interstate driving south towards Orlando at a speed of 60 miles per hour. Clark left
Detroit 1 hour later traveling at a speed of 75 miles per hour, following the same route as Mitchell. How long will
it take Clark to catch Mitchell?

TRYIT::4.42

Translate to a system of equations and then solve:

Charlie left his mother’s house traveling at an average speed of 36 miles per hour. His sister Sally left 15 minutes

(% hour) later traveling the same route at an average speed of 42 miles per hour. How long before Sally catches

up to Charlie?
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Many real-world applications of uniform motion arise because of the effects of currents—of water or air—on the actual
speed of a vehicle. Cross-country airplane flights in the United States generally take longer going west than going east
because of the prevailing wind currents.

Let's take a look at a boat travelling on a river. Depending on which way the boat is going, the current of the water is
either slowing it down or speeding it up.

The images below show how a river current affects the speed at which a boat is actually travelling. We'll call the speed of
the boat in still water b and the speed of the river current c.

The boat is going downstream, in the same direction as the river current. The current helps push the boat, so the boat's
actual speed is faster than its speed in still water. The actual speed at which the boat is moving is b + c.

Now, the boat is going upstream, opposite to the river current. The current is going against the boat, so the boat’s actual
speed is slower than its speed in still water. The actual speed of the boatis b — c.

We'll put some numbers to this situation in the next example.

EXAMPLE 4.22

Translate to a system of equations and then solve.

A river cruise ship sailed 60 miles downstream for 4 hours and then took 5 hours sailing upstream to return to the dock.
Find the speed of the ship in still water and the speed of the river current.
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©) solution

Read the problem.

Identify what we are looking for.

Name what we are looking for.

A chart will help us organize the information.
The ship goes downstream and then upstream.
Going downstream, the current helps the

ship and so the ship's actual rate is s + c.

Going upstream, the current slows the ship
and so the actual rateis s - c.

Downstream it takes 4 hours.
Upstream it takes 5 hours.
Each way the distance is 60 miles.

Translate into a system of equations.
Since rate times time is distance, we can
write the system of equations.

Solve the system of equations.
Distribute to put both equations in standard
form, then solve by elimination.

Multiply the top equation by 5 and the
bottom equation by 4.
Add the equations, then solve for s.

Substitute s = 13.5 into of the original
equations.

Check the answer in the problem.
The downstream rate would be
13.54+ 1.5 =15 mph.

In 4 hours the ship would travel
15-4 = 60 miles.

The upstream rate would be
13.5—-1.5 =12 mph.

In 5 hours the ship would travel
12-5 =60 miles.

Answer the question.

This is a uniform motion problem and a
picture will help us visualize the situation.

4 hours
g

5 hours
60 miles

We are looking for the speed of the ship

in still water and the speed of the current.

Let s = the rate of the ship in still water.
¢ = the rate of the current

Rate * Time = Distance

downstream S+c 4 60

upstream 5-¢ 5 60

As +c)=60
5(s-c)=60

45 +4c =60
55 -5¢c =160

20s + 20c = 300

20s - 20c = 240

40s =540
s B35

4(s +c)=60

4135+ ¢)=60
54 + 4c =60

4c=6
c=1.5

The rate of the ship is 13.5 mph and
the rate of the currentis 1.5 mph.

405
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TRYIT:: 443

Translate to a system of equations and then solve:

A Mississippi river boat cruise sailed 120 miles upstream for 12 hours and then took 10 hours to return to the dock.
Find the speed of the river boat in still water and the speed of the river current.

TRYIT::4.44

Translate to a system of equations and then solve:

Jason paddled his canoe 24 miles upstream for 4 hours. It took him 3 hours to paddle back. Find the speed of the
canoe in still water and the speed of the river current.

Wind currents affect airplane speeds in the same way as water currents affect boat speeds. We'll see this in the next
example. A wind current in the same direction as the plane is flying is called a tailwind. A wind current blowing against the
direction of the plane is called a headwind.

EXAMPLE 4.23

Translate to a system of equations and then solve:

A private jet can fly 1,095 miles in three hours with a tailwind but only 987 miles in three hours into a headwind. Find the
speed of the jet in still air and the speed of the wind.

© Solution

Read the problem. This is a uniform motion problem and a

picture will help us visualize.

3 hours
Tailwind e -
1,095 miles
Headwind - °
987 miles

Identify what we are looking for. We are looking for the speed of the jet

in still air and the speed of the wind.
Name what we are looking for. Let j = the speed of the jet in still air.

w = the speed of the wind.

A chart will help us organize the information. Rate + Time = Distance
The jet makes two trips—one in a tailwind o —w
and one in a headwind. tafiwine ! = llred
In a tailwind, the wind helps the jet and so headwind | /-W 3 987
the rate isj + w.
In a headwind, the wind slows the jet and
so the rate isj—w.
Each trip takes 3 hours.
In a tailwind the jet flies 1,095 miles.
In a headwind the jet flies 987 miles.
Translate into a system of equations. 30 +w) =1095
Since rate times time is distance, we get the 3(-w)= 987

system of equations.
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Solve the system of equations. 3j+3w=1095
Distribute, then solve by elimination. 3j-3w= 987
Add, and solve for j. 6f =2082
J'
4(j ¥ w)=1095
Substitute j = 347 into one of the original 3(347 + w) = 1095
equations, then solve for w. 1041 +3w=1095
3w=>54
w=18
Check the answer in the problem.
With the tailwind, the actual rate of the
jet would be
347 + 18 = 365 mph.
In 3 hours the jet would travel
365-3 = 1,095 miles
Going into the headwind, the jet's actual
rate would be
347 — 18 = 329 mph.
In 3 hours the jet would travel
329-3 =987 miles.
Answer the question. The rate of the jet is 347 mph and the

rate of the wind is 18 mph.

TRYIT:: 445

Translate to a system of equations and then solve:

A small jet can fly 1,325 miles in 5 hours with a tailwind but only 1,035 miles in 5 hours into a headwind. Find the
speed of the jet in still air and the speed of the wind.

TRYIT:: 446

Translate to a system of equations and then solve:

A commercial jet can fly 1,728 miles in 4 hours with a tailwind but only 1,536 miles in 4 hours into a headwind. Find
the speed of the jet in still air and the speed of the wind.

|z| MEDIA : :

Access this online resource for additional instruction and practice with systems of equations.

» Systems of Equations (https://openstax.org/l/37sysequations)
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L 4.2 EXERCISES
Practice Makes Perfect

Direct Translation Applications

In the following exercises, translate to a system of equations and solve.

72. The sum of two number is 15.
One number is 3 less than the
other. Find the numbers.

75. The sum of two number is
—26. One number is 12 less than

the other. Find the numbers.

78. The sum of two numbers is

—27. Their difference is —59.
Find the numbers.
8l. Jackie has been offered

positions by two cable companies.
The first company pays a salary of
$14,000 plus a commission of $100
for each cable package sold. The
second pays a salary of $20,000
plus a commission of $25 for each
cable package sold. How many
cable packages would need to be
sold to make the total pay the
same?

84. Two containers of gasoline
hold a total of fifty gallons. The big
container can hold ten gallons less
than twice the small container.
How many gallons does each
container hold?

87. Drew burned 1800 calories
Friday playing one hour of
basketball and canoeing for two
hours. Saturday he spent two
hours playing basketball and
three hours canoeing and burned
3200 calories. How many calories
did he burn per hour when
playing basketball? How many
calories did he burn per hour
when canoeing?

73. The sum of two number is 30.
One number is 4 less than the
other. Find the numbers.

76. The sum of two numbers is 65.
Their difference is 25. Find the
numbers.

79. The sum of two numbers is

—45. Their difference is —89.
Find the numbers.
82. Amara currently sells

televisions for company A at a
salary of $17,000 plus a $100
commission for each television
she sells. Company B offers her a
position with a salary of $29,000
plus a $20 commission for each
television she  sells. How
televisions would Amara need to
sell for the options to be equal?

85. June needs 48 gallons of punch
for a party and has two different
coolers to carry it in. The bigger
cooler is five times as large as the
smaller cooler. How many gallons
can each cooler hold?

88. Troy and Lisa were shopping
for  school supplies. Each
purchased different quantities of
the same notebook and thumb
drive. Troy bought four notebooks
and five thumb drives for $116.
Lisa bought two notebooks and
three thumb dives for $68. Find
the cost of each notebook and
each thumb drive.
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74. The sum of two number is -16.
One number is 20 less than the
other. Find the numbers.

77. The sum of two numbers is 37.
Their difference is 9. Find the
numbers.

80. Maxim has been offered
positions by two car companies.
The first company pays a salary of
$10,000 plus a commission of
$1000 for each car sold. The
second pays a salary of $20,000
plus a commission of $500 for
each car sold. How many cars
would need to be sold to make the
total pay the same?

83. Mitchell currently sells stoves
for company A at a salary of
$12,000 plus a $150 commission
for each stove he sells. Company B
offers him a position with a salary
of $24,000 plus a $50 commission
for each stove he sells. How many
stoves would Mitchell need to sell
for the options to be equal?

86. Shelly spent 10 minutes
jogging and 20 minutes cycling
and burned 300 calories. The next
day, Shelly swapped times, doing
20 minutes of jogging and 10
minutes of cycling and burned the
same number of calories. How
many calories were burned for
each minute of jogging and how
many for each minute of cycling?

89. Nancy bought seven pounds of
oranges and three pounds of
bananas for $17. Her husband
later bought three pounds of
oranges and six pounds of
bananas for $12. What was the
cost per pound of the oranges and
the bananas?
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90. Andrea is buying some new
shirts and sweaters. She is able to
buy 3 shirts and 2 sweaters for
$114 or she is able to buy 2 shirts
and 4 sweaters for $164. How
much does a shirt cost? How
much does a sweater cost?

93. The total number of calories in
2 hot dogs and 3 cups of cottage
cheese is 960 calories. The total
number of calories in 5 hot dogs
and 2 cups of cottage cheese is
1190 calories. How many calories
are in a hot dog? How many
calories are in a cup of cottage
cheese?

Solve Geometry Applications

91. Peter is buying office supplies.
He is able to buy 3 packages of
paper and 4 staplers for $40 or he
is able to buy 5 packages of paper
and 6 staplers for $62. How much
does a package of paper cost?
How much does a stapler cost?

94. Molly is making strawberry
infused water. For each ounce of
strawberry juice, she uses three
times as many ounces of water as
juice. How many ounces of
strawberry juice and how many
ounces of water does she need to
make 64 ounces of strawberry
infused water?

In the following exercises, translate to a system of equations and solve.

96. The difference of two
complementary angles is 55
degrees. Find the measures of the
angles.

99. Two angles are
complementary. The measure of
the larger angle is ten more than
four times the measure of the
smaller angle. Find the measures
of both angles.

102. Two angles are
supplementary. The measure of
the larger angle is four more than
three times the measure of the
smaller angle. Find the measures
of both angles.

105. The measure of one of the
small angles of a right triangle is
26 more than 3 times the measure
of the other small angle. Find the
measure of both angles.

108. Wayne is hanging a string of
lights 45 feet long around the
three sides of his patio, which is
adjacent to his house. The length
of his patio, the side along the
house, is five feet longer than
twice its width. Find the length
and width of the patio.

111. The perimeter of a toddler
play area is 100 feet. The length
is ten more than three times the
width. Find the length and width
of the play area.

97. The difference of two
complementary angles is 17
degrees. Find the measures of the
angles.

100. The difference of two
supplementary angles is 8
degrees. Find the measures of the
angles.

103. Two angles are
supplementary. The measure of
the larger angle is five less than
four times the measure of the
smaller angle. Find the measures
of both angles.

106. The measure of one of the
small angles of a right triangle is
15 less than twice the measure of
the other small angle. Find the
measure of both angles.

109. Darrin is hanging 200 feet of
Christmas garland on the three
sides of fencing that enclose his
front yard. The length is five feet
less than three times the width.
Find the length and width of the
fencing.

92. The total amount of sodium in
2 hot dogs and 3 cups of cottage
cheese is 4720 mg. The total
amount of sodium in 5 hot dogs
and 2 cups of cottage cheese is
6300 mg. How much sodiumisin a
hot dog? How much sodium is in a
cup of cottage cheese?

95. Owen is making lemonade
from concentrate. The number of
quarts of water he needs is 4
times the number of quarts of
concentrate. How many quarts of
water and how many quarts of
concentrate does Owen need to
make 100 quarts of lemonade?

98. Two angles are
complementary. The measure of
the larger angle is twelve less than
twice the measure of the smaller
angle. Find the measures of both
angles.

101. The difference of two
supplementary angles is 88
degrees. Find the measures of the
angles.

104. The measure of one of the
small angles of a right triangle is
14 more than 3 times the measure
of the other small angle. Find the
measure of both angles.

107. The measure of one of the
small angles of a right triangle is
45 less than twice the measure of
the other small angle. Find the
measure of both angles.

110. A frame around a family
portrait has a perimeter of 90
inches. The length is fifteen less
than twice the width. Find the
length and width of the frame.

409
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Solve Uniform Motion Applications

In the following exercises, translate to a system of equations and solve.

112. Sarah left Minneapolis
heading east on the interstate at
a speed of 60 mph. Her sister
followed her on the same route,
leaving two hours later and
driving at a rate of 70 mph. How
long will it take for Sarah’s sister
to catch up to Sarah?

115. Felecia left her home to visit
her daughter driving 45 mph. Her
husband waited for the dog sitter
to arrive and left home twenty
minutes (1/3 hour) later. He drove
55 mph to catch up to Felecia. How
long before he reaches her?

118. A motor boat traveled 18
miles down a river in two hours
but going back upstream, it took
4.5 hours due to the current. Find
the rate of the motor boat in still
water and the rate of the current.

121. A small jet can fly 1435 miles
in 5 hours with a tailwind but only
1,215 miles in 5 hours into a
headwind. Find the speed of the
jet in still air and the speed of the
wind.

Writing Exercises

113. College roommates John and
David were driving home to the
same town for the holidays. John
drove 55 mph, and David, who left
an hour later, drove 60 mph. How
long will it take for David to catch
up to John?

116. The Jones family took a
12-mile canoe ride down the
Indian River in two hours. After
lunch, the return trip back up the
river took three hours. Find the
rate of the canoe in still water and
the rate of the current.

119. A river cruise boat sailed 80
miles down the Mississippi River
for four hours. It took five hours to
return. Find the rate of the cruise
boat in still water and the rate of
the current.

122. A commercial jet can fly 868
miles in 2 hours with a tailwind but
only 792 miles in 2 hours into a
headwind. Find the speed of the
jet in still air and the speed of the
wind.

Chapter 4 Systems of Linear Equations

114. At the end of spring break,
Lucy left the beach and drove back
towards home, driving at a rate of
40 mph. Lucy's friend left the
beach for home 30 minutes (half
an hour) later, and drove 50 mph.
How long did it take Lucy’s friend
to catch up to Lucy?

117. A motor boat travels 60 miles
down a river in three hours but
takes five hours to return
upstream. Find the rate of the
boat in still water and the rate of
the current.

120. A small jet can fly 1072 miles
in 4 hours with a tailwind but only
848 miles in 4 hours into a
headwind. Find the speed of the
jet in still air and the speed of the
wind.

123. A commercial jet can fly 1,320
miles in 3 hours with a tailwind but
only 1170 miles in 3 hours into a
headwind. Find the speed of the
jet in still air and the speed of the
wind.

124. Write an application problem similar to 125. Write a uniform motion problem similar to

. Then translate to a system of equations and solve that relates to where you live with your

it. friends or family members. Then translate to a system
of equations and solve it.

Self Check

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

With some No-I don't

Ican... help getit!

Confidently

solve direct translation applications.

solve geometry applications.

solve uniform motion applications.

® After reviewing this checklist, what will you do to become confident for all objectives?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Solve Mixture Applications with Systems of Equations

Learning Objectives

By the end of this section, you will be able to:

Solve mixture applications
Solve interest applications
Solve applications of cost and revenue functions

BE PREPARED : : 4.7 Before you get started, take this readiness quiz.
Multiply: 4.025(1,562).

If you missed this problem, review Example 1.36.

BEPREPARED ::48  Write 8.2% as a decimal.
If you missed this problem, review Example 1.40.

BE PREPARED : : 4.9

Earl’s dinner bill came to $32.50 and he wanted to leave an 18% tip. How much should the tip be?
If you missed this problem, review Example 2.20.

Solve Mixture Applications

Mixture application involve combining two or more quantities. When we solved mixture applications with coins and tickets
earlier, we started by creating a table so we could organize the information. For a coin example with nickels and dimes,
the table looked like this:

Number * Value =  Total Value

nickels

dimes

Using one variable meant that we had to relate the number of nickels and the number of dimes. We had to decide if we
were going to let n be the number of nickels and then write the number of dimes in terms of n, or if we would let d be the
number of dimes and write the number of nickels in terms of d.

Now that we know how to solve systems of equations with two variables, we'll just let n be the number of nickels and
d be the number of dimes. We'll write one equation based on the total value column, like we did before, and the other
equation will come from the number column.

For the first example, we'll do a ticket problem where the ticket prices are in whole dollars, so we won’t need to use
decimals just yet.

EXAMPLE 4.24

Translate to a system of equations and solve:

A science center sold 1,363 tickets on a busy weekend. The receipts totaled $12,146. How many $12 adult tickets and how
many $7 child tickets were sold?

) Solution

Step 1. Read the problem. We will create a table to organize the information.
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Step 2. Identify what we are looking for.

Step 3. Name what we are looking for.

A table will help us organize the data.
We have two types of tickets, adult and child.

Write the total number of tickets sold at the bottom
of the Number column.

Write the value of each type of ticket in the
Value column.

The number times the value gives the total value,
so the total value of adult ticketsis a-12 = 12a,

and the total value of child tickets is ¢-7 = 7c.

Altogether the total value of the tickets was $12,146.

Step 4. Translate into a system of equations.

The Number column and the Total value column
give us the system of equations.

We will use the elimination method to solve
this system. Multiply the first equation by —7.

Simplify and add, then solve for a.

Substitute a = 521 into the first equation, then
solve for c.

Step 6. Check the answer in the
problem.
521 adult at $12 per ticket makes $ 6,252
842 child at $7 per ticket makes $58,994
The total receipts are $12,146v

Step 7. Answer the question.

Chapter 4 Systems of Linear Equations

We are looking for the number of adult tickets
and the number of child tickets sold.

Let a = the number of adult tickets.
¢ = the number of child tickets

Write in a and ¢ for the number of tickets.
Altogether 1,363 were sold.
The value of each adult ticket is $12.

The value of each child tickets is $7.

Fill in the Total Value column.

Type Number + Value = TotalValue
adult a 12 11a
child c 7 8c
1,363 12,146
a+ ¢=1,363

12a+7c=12,146

~7a+ ¢)=-7(1,363)
12a+7c=12,146

-7a - 7¢ =-9,541
120 +7¢=12,146
5a = 2,605

a+c=1,363

521 +¢=1,363
c=842

The science center sold 521 adult tickets and
842 child tickets.

TRYIT:: 4.47

Translate to a system of equations and solve:

The ticket office at the zoo sold 553 tickets one day. The receipts totaled $3,936. How many $9 adult tickets and

how many $6 child tickets were sold?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT:: 448

Translate to a system of equations and solve:

413

The box office at a movie theater sold 147 tickets for the evening show, and receipts totaled $1,302. How many

$11 adult and how many $8 child tickets were sold?

In the next example, we'll solve a coin problem. Now that we know how to work with systems of two variables, naming

the variables in the ‘number’ column will be easy.

EXAMPLE 4.25

Translate to a system of equations and solve:

Juan has a pocketful of nickels and dimes. The total value of the coins is $8.10. The number of dimes is 9 less than twice
the number of nickels. How many nickels and how many dimes does Juan have?

© Solution
Step 1. Read the problem.
We will create a table to organize the information.

Step 2. Identify what we are looking for.

Step 3. Name what we are looking for.

A table will help us organize the data.
We have two types of coins, nickels and dimes.

Fill in the Value column with the value of each
type of coin.

The number times the value gives the total
value, so, the total value of the nickels is
n(0.05) = 0.05n and the total value of dimes is

d(0.10) = 0.10d.
Altogether the total value of the coins is $8.10.

Step 4. Translate into a system of equations.
The Total Value column gives one equation.

We also know the number of dimes is 9 less than
twice the number of nickels.

Translate to get the second equation.
Now we have the system to solve.

Step 5. Solve the system of equations
We will use the substitution method.

Substitute d = 2n — 9 into the first equation.

Simplify and solve for n.

We are looking for the number of
nickels and the number of dimes.

Let n = the number of nickels.
d = the number of dimes

Write n and d for the number of
each type of coin.

The value of each nickel is $0.05.
The value of each dime is $0.10.

Type |Number+ Value = Total Value

nickels n 0.05 0.05n

dimes d 0.10 0.10d
8.10

0.05n + 0.10d = 8.10

d=2n-9

0.05n + 0.10d = 8.10
d=2n-9

0.05n +0.10d = 8.10
0.05n + 0.10(2n -9) = 8.10

0.05n + 0.2n-0.90 = 8.10
0.25n-0.90=8.10
0.25n =9.00

n=36
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To find the number of dimes, substitute
n = 36 into the second equation.

Step 6. Check the answer in the problem
63 dimes at $0.10 = $6.30

36 nickels at $0.05 = $1.80
Total = $8.10 v/

Step 7. Answer the question.

Juan has 36 nickels and 63 dimes.

Chapter 4 Systems of Linear Equations

TRYIT:: 4.49

Translate to a system of equations and solve:

Matilda has a handful of quarters and dimes, with a total value of $8.55. The number of quarters is 3 more than

twice the number of dimes. How many dimes and how many quarters does she have?

TRYIT:: 450

Translate to a system of equations and solve:

Priam has a collection of nickels and quarters, with a total value of $7.30. The number of nickels is six less than

three times the number of quarters. How many nickels and how many quarters does he have?

Some mixture applications involve combining foods or drinks. Example situations might include combining raisins and

nuts to make a trail mix or using two types of coffee beans to make a blend.

EXAMPLE 4.26

Translate to a system of equations and solve:

Carson wants to make 20 pounds of trail mix using nuts and chocolate chips. His budget requires that the trail mix costs
him $7.60. per pound. Nuts cost $9.00 per pound and chocolate chips cost $2.00 per pound. How many pounds of nuts
and how many pounds of chocolate chips should he use?

“) Solution

Step 1. Read the problem.

We will create a table to organize the information.

Step 2. Identify what we are looking for.

Step 3. Name what we are looking for.

Carson will mix nuts and chocolate chips to get
trail mix.

Write in n and ¢ for the number of pounds of
nuts and chocolate chips.

We are looking for the number of pounds of
nuts and the number of pounds of chocolate

chips.

Let n = the number of pound of nuts.
¢ = the number of pounds of chips

Type N::‘ub:gs"f Value Total Value
Nuts n 9.00 Sn
Chocolate
chips z 2.00 2c
Trail mix 20 7.60 7.60(20) = 152

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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There will be 20 pounds of trail mix.
Put the price per pound of each item in
the Value column.
Fill in the last column using

Number e Value = Total Value

Step 4. Translate into a system of equations. n+c=20
We get the equations from the Number 9n +2c=152
and Total Value columns.

Step 5. Solve the system of equations =2(n + c) =-2(20)
We will use elimination to solve the system. 9n +2¢=152

Multiply the first equation by —2 to eliminate c.

Simplify and add. -2n-2c=-40
Solve for n. 9n + 2¢ =152
n =112
n=16
To find the number of pounds of chocolate n+c=20
chips, substitute n = 16 into the first equation, 16 + E = io
then solve for c. -
Step 6. Check the answer in the problem.
16+4 = 20V
9-16+2-4 = 152/
Step 7. Answer the question. Carson should mix 16 pounds of nuts with 4
pounds of chocolate chips to create the trail

mix.

TRYIT:: 451

Translate to a system of equations and solve:

Greta wants to make 5 pounds of a nut mix using peanuts and cashews. Her budget requires the mixture to cost
her $6 per pound. Peanuts are $4 per pound and cashews are $9 per pound. How many pounds of peanuts and
how many pounds of cashews should she use?

TRYIT:: 452

Translate to a system of equations and solve:

Sammy has most of the ingredients he needs to make a large batch of chili. The only items he lacks are beans
and ground beef. He needs a total of 20 pounds combined of beans and ground beef and has a budget of $3 per
pound. The price of beans is $1 per pound and the price of ground beef is $5 per pound. How many pounds of
beans and how many pounds of ground beef should he purchase?

Another application of mixture problems relates to concentrated cleaning supplies, other chemicals, and mixed drinks.
The concentration is given as a percent. For example, a 20% concentrated household cleanser means that 20% of the total
amount is cleanser, and the rest is water. To make 35 ounces of a 20% concentration, you mix 7 ounces (20% of 35) of the
cleanser with 28 ounces of water.

For these kinds of mixture problems, we’ll use “percent” instead of “value” for one of the columns in our table.

EXAMPLE 4.27

Translate to a system of equations and solve:

Sasheena is lab assistant at her community college. She needs to make 200 milliliters of a 40% solution of sulfuric acid for
a lab experiment. The lab has only 25% and 50% solutions in the storeroom. How much should she mix of the 25% and the
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50% solutions to make the 40% solution?

© solution
Step 1. Read the problem. Sasheena must mix some of the 25% solution and
A figure may help us visualize the some of the 50% solution together to get 200 ml of
situation, then we will create a table to the 40% solution.

organize the information.

QP

40%
200 ml
Step 2. Identify what we are looking for. We are looking for how much of each solution she
needs.
Step 3. Name what we are looking for. Let x = number of ml of 25% solution.

y = number of ml of 50% solution

A table will help us organize the data. She will Number Concentration _ o
mix x ml of 25% with y ml of 50% to get 200 ml Lt [ of units % a ot
_of 40% solution. We write the percents as decimals 25% = 0.25 0.25x
in the chart. = v
We multiply the number of units times the a0 LE LA
concentration to get the total amount of 40% 200 0.40 0.40(200)
sulfuric acid in each solution.
Step 4. Translate into a system of
equations.
We get the equations from the Number
column and the Amount column. x+  y=200
Now we have the system. 0.25x + 0.50y = 0.40(200)
Step 5. Solve the system of equations
We will solve the system by elimination.
Multiply the first equation by —0.5 to -0.5(x + ) = -0.5(200)
eliminate Y. 0.25x + 0.50y =80
Simplify and add to solve for x. -0.5 x - 0.5y =-100
0.25x + 0.5y= 80
-0.25x = -20
X = 80
To solve for y, substitute x = 80 into the first X +y =200
ti 80 +y =200
equation. y=120
Step 6. Check the answer in the problem.
80+ 120 = 200V
0.25(80) + 0.50(120) = 200 v
Yes!
Step 7. Answer the question. Sasheena should mix 80 ml of the 25% solution with

120 ml of the 50% solution to get the 200 ml of the
40% solution.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT:: 453

Translate to a system of equations and solve:

LeBron needs 150 milliliters of a 30% solution of sulfuric acid for a lab experiment but only has access to a 25% and
a 50% solution. How much of the 25% and how much of the 50% solution should he mix to make the 30% solution?

TRYIT:: 454

Translate to a system of equations and solve:

Anatole needs to make 250 milliliters of a 25% solution of hydrochloric acid for a lab experiment. The lab only has
a 10% solution and a 40% solution in the storeroom. How much of the 10% and how much of the 40% solutions
should he mix to make the 25% solution?

Solve Interest Applications

The formula to model simple interest applications is I = Prt. Interest, I, is the product of the principal, P, the rate, r, and
the time, t. In our work here, we will calculate the interest earned in one year, so t will be 1.

We modify the column titles in the mixture table to show the formula for interest, as you'll see in the next example.

EXAMPLE 4.28

Translate to a system of equations and solve:

Adnan has $40,000 to invest and hopes to earn 7.1% interest per year. He will put some of the money into a stock fund
that earns 8% per year and the rest into bonds that earns 3% per year. How much money should he put into each fund?

© Solution

Step 1. Read the problem. A chart will help us organize the information.
Step 2. Identify what we are looking for. ~ We are looking for the amount to invest in each fund.

Step 3. Name what we are looking for. Let s = the amountinvested in stocks.
b = the amount invested in stocks

Write the interest rate as a decimal for Account | Principal + Rate « Time = Interest
eachfund, , Stockfund | s 008 | 1 0.085
Multiply: Principal - Rate - Time
Bonds b 0.03 1 0.03b
Total 40,000 0.071 0.071(40,000)
Step 4. Translate into a system of
equations.
We get our system of equations from
the Principal column and the s + b = 40,000
Interest column. 0.08s + 0.03b = 0.071(40,000)
Step 5. Solve the system of equations
Multiply the top equation by -0.03. 0.08s + 0.03b = 2,840
Simplify and add to solve for s. -0.035-0.03b =-1,200
0.08s + 0.03b = 2,840
0.055= 1,640
5=32,800
To find b, substitute s = 32,800 into s+ b=40,000

32,800 + b = 40,000

the first equation.
b=7,200
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Step 6. Check the answer in the We leave the check to you.
problem.
Step 7. Answer the question. Adnan should invest $32,800 in stock and

$7,200 in bonds.

Did you notice that the Principal column represents the total amount of money invested while the Interest column
represents only the interest earned? Likewise, the first equation in our system, s+ b = 40,000, represents the total

amount of money invested and the second equation, 0.08s + 0.03b = 0.071(40,000), represents the interest earned.

TRYIT:: 455

Translate to a system of equations and solve:

Leon had $50,000 to invest and hopes to earn 6.2% interest per year. He will put some of the money into a stock

fund that earns 7% per year and the rest in to a savings account that earns 2% per year. How much money should
he put into each fund?

TRYIT:: 456

Translate to a system of equations and solve:

Julius invested $7000 into two stock investments. One stock paid 11% interest and the other stock paid 13%
interest. He earned 12.5% interest on the total investment. How much money did he put in each stock?

The next example requires that we find the principal given the amount of interest earned.

EXAMPLE 4.29

Translate to a system of equations and solve:

Rosie owes $21,540 on her two student loans. The interest rate on her bank loan is 10.5% and the interest rate on the
federal loan is 5.9%. The total amount of interest she paid last year was $1,669.68. What was the principal for each

loan?

© solution
Step 1. Read the problem. A chart will help us organize the information.
Step 2. Identify what we are looking for. We are looking for the principal of each loan.
Step 3. Name what we are looking for. Let b = the principal for the bank loan.

f = the principal on the federal loan

The total loans are $21,540.

Record the interest rates as decimals Account | Principal + Rate * Time = Interest

in the chart.

Multiply using the formula I = Prt to Bank b 0105) 1 0.105b

get the Interest. Federal f 0.059| 1 0.059f
Total 21,540 1669.68

Step 4. Translate into a system of

equations.

The system of equations comes from

the Principal column and the Interest b+f=21,540
column. 0.105b + 0.059f = 1669.68

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Step 5. Solve the system of equations b +f=21,540
We will use substitution to solve. b=—f+21,540
Solve the first equation for b.

0.105b + 0.059f = 1669.68

Substitute b = -f + 21.540 into 0.105(-f + 21,540) + 0.059f = 1669.68
the second equation. -0.105f + 2261.70 + 0.059f = 1669.68
Simplify and solve for f. -0.046f + 2261.70 = 1669.68
-0.046f =-592.02
f=12,870
To find b, substitute f= 12,870 into the first equation. b +f=21,540
b +12,870 = 21,540
b =8,670
Step 6. Check the answer in the We leave the check to you.
problem.
Step 7. Answer the question. The principal of the federal loan was $12,870 and

the principal for the bank loan was $8,670.

TRYIT:: 457

Translate to a system of equations and solve:

Laura owes $18,000 on her student loans. The interest rate on the bank loan is 2.5% and the interest rate on the
federal loan is 6.9%. The total amount of interest she paid last year was $1,066. What was the principal for each
loan?

TRYIT:: 458

Translate to a system of equations and solve:

Jill’'s Sandwich Shoppe owes $65,200 on two business loans, one at 4.5% interest and the other at 7.2% interest.
The total amount of interest owed last year was $3,582. What was the principal for each loan?

Solve applications of cost and revenue functions

Suppose a company makes and sells x units of a product. The cost to the company is the total costs to produce x units.
This is the cost to manufacture for each unit times x, the number of units manufactured, plus the fixed costs.

The revenue is the money the company brings in as a result of selling x units. This is the selling price of each unit times
the number of units sold.

When the costs equal the revenue we say the business has reached the break-even point.
Cost and Revenue Functions

The cost function is the cost to manufacture each unit times x, the number of units manufactured, plus the fixed
costs.

C(x) = (cost per unit)- x + fixed costs

The revenue function is the selling price of each unit times x, the number of units sold.

R(x) = (selling price per unit)- x

The break-even point is when the revenue equals the costs.
C(x) = R(x)
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EXAMPLE 4.30

The manufacturer of a weight training bench spends $105 to build each bench and sells them for $245. The manufacturer
also has fixed costs each month of $7,000.

® Find the cost function C when x benches are manufactured.
® Find the revenue function R when x benches are sold.
(© Show the break-even point by graphing both the Revenue and Cost functions on the same grid.

@ Find the break-even point. Interpret what the break-even point means.

Solution

® The manufacturer has $7,000 of fixed costs no matter how many weight training benches it produces. In addition to
the fixed costs, the manufacturer also spends $105 to produce each bench. Suppose x benches are sold.

Write the general Cost function formula.  C(x) = (cost per unit)- x + fixed costs

Substitute in the cost values. C(x) = 105x + 7000

® The manufacturer sells each weight training bench for $245. We get the total revenue by multiplying the revenue per
unit times the number of units sold.

Write the general Revenue function.  R(x) = (selling price per unit)- x
Substitute in the revenue per unit. R(x) = 245x
(© Essentially we have a system of linear equations. We will show the graph of the system as this helps make the idea of a

break-even point more visual.
{C(x) = 105x + 7000 . g = 105x + 7000

R(x) = 245x = 245x

y

16000

14000 y

12000{{ (50, 12250)

10000+
1

8000

1 X
-20 ﬁt 20 40 60 80 100
~20081

@ To find the actual value, we remember the break-even point occurs when costs equal revenue.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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ite the break ; | C(x) = R(x)
Write the break-even formula. 105x + 7000 = 245x
Sol 7000 = 140x
olve. 50 = x
When 50 benches are sold, the costs equal the revenue.
C(x) = 105x + 7000 R(x) = 245x

C(50) = 105(50) + 7000  R(50) = 245 * 50
C(50) = 12,250 R(50) = 12,250

When 50 benches are sold, the revenue and costs are both $12,250. Notice this corresponds to the ordered pair
(50, 12,250).

TRYIT:: 459

The manufacturer of a weight training bench spends $15 to build each bench and sells them for $32. The
manufacturer also has fixed costs each month of $25,500.

® Find the cost function C when x benches are manufactured.
® Find the revenue function R when x benches are sold.
© Show the break-even point by graphing both the Revenue and Cost functions on the same grid.

@ Find the break-even point. Interpret what the break-even point means.

TRYIT:: 460

The manufacturer of a weight training bench spends $120 to build each bench and sells them for $170. The
manufacturer also has fixed costs each month of $150,000.

® Find the cost function C when x benches are manufactured.
® Find the revenue function R when x benches are sold.
(© Show the break-even point by graphing both the Revenue and Cost functions on the same grid.

@ Find the break-even point. Interpret what the break-even point means.

[»] mEDIA::

Access this online resource for additional instruction and practice with interest and mixtures.
+ Interest and Mixtures (https://openstax.org/l/37intmixure)


https://openstax.org/l/37intmixure
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L 4 3 EXERCISES
Practice Makes Perfect

Solve Mixture Applications

In the following exercises, translate to a system of equations and solve.

126. Tickets to a Broadway show
cost $35 for adults and $15 for
children. The total receipts for
1650 tickets at one performance
were $47,150. How many adult
and how many child tickets were
sold?

129. Tickets for a Minnesota Twins
baseball game are $69 for Main
Level seats and $39 for Terrace
Level seats. A group of sixteen
friends went to the game and
spent a total of $804 for the
tickets. How many of Main Level
and how many Terrace Level
tickets did they buy?

132. Brandon has a cup of quarters
and dimes with a total value of
$3.80. The number of quarters is
four less than twice the number
of dimes. How many quarters and
how many dimes does Brandon
have?

135. Lucinda had a pocketful of
dimes and quarters with a value
of $6.20. The number of dimes
is eighteen more than three times
the number of quarters. How
many dimes and how many
quarters does Lucinda have?

138. Marissa wants to blend candy
selling for $1.80 per pound with
candy costing $1.20 per pound
to get a mixture that costs her
$1.40 per pound to make. She
wants to make 90 pounds of the
candy blend. How many pounds

of each type of candy should she
use?

127. Tickets for the Cirque du Soleil
show are $70 for adults and $50
for children. One evening
performance had a total of 300
tickets sold and the receipts
totaled $17,200. How many adult
and how many child tickets were
sold?

130. Tickets for a dance recital cost
$15 for adults and $7 dollars for
children. The dance company sold
253 tickets and the total receipts
were $2771. How many adult
tickets and how many child tickets
were sold?

133. Sherri saves nickels and dimes
in a coin purse for her daughter.
The total value of the coins in the
purse is $0.95. The number of

nickels is two less than five times
the number of dimes. How many
nickels and how many dimes are
in the coin purse?

136. A cashier has 30 bills, all of
which are $10 or $20 bills. The
total value of the money is $460.
How many of each type of bill does
the cashier have?

139. How many pounds of nuts
selling for $6 per pound and
raisins selling for $3 per pound
should Kurt combine to obtain 120
pounds of trail mix that cost him
$5 per pound?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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128. Tickets for an Amtrak train
cost $10 for children and $22 for
adults. Josie paid $1200 for a total
of 72 tickets. How many children
tickets and how many adult tickets
did Josie buy?

131. Tickets for the community fair
cost $12 for adults and $5 dollars
for children. On the first day of the
fair, 312 tickets were sold for a
total of $2204. How many adult
tickets and how many child tickets
were sold?

134. Peter has been saving his
loose change for several days.
When he counted his quarters and
nickels, he found they had a total
value $13.10. The number of

quarters was fifteen more than
three times the number of dimes.
How many quarters and how
many dimes did Peter have?

137. A cashier has 54 bills, all of
which are $10 or $20 bills. The
total value of the money is $910.
How many of each type of bill does
the cashier have?

140. Hannah has to make twenty-
five gallons of punch for a potluck.
The punch is made of soda and
fruit drink. The cost of the soda is
$1.79 per gallon and the cost of

the fruit drink is $2.49 per gallon.

Hannah's budget requires that
the punch cost $2.21 per gallon.
How many gallons of soda and

how many gallons of fruit drink
does she need?
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141. Joseph would like to make
twelve pounds of a coffee blend at
a cost of $6 per pound. He blends
Ground Chicory at $5 a pound
with Jamaican Blue Mountain at $9
per pound. How much of each
type of coffee should he use?

144. Jotham needs 70 liters of a
50% solution of an alcohol
solution. He has a 30% and an 80%
solution available. How many
liters of the 30% and how many
liters of the 80% solutions should
he mix to make the 50% solution?

147. A scientist needs 120
milliliters of a 20% acid solution
for an experiment. The lab has
available a 25% and a 10%
solution. How many liters of the
25% and how many liters of the
10% solutions should the scientist
mix to make the 20% solution?

Solve Interest Applications

142, Julia and her husband own a
coffee shop. They experimented
with  mixing a City Roast
Columbian coffee that cost $7.80
per pound with French Roast
Columbian coffee that cost $8.10
per pound to make a twenty-
pound blend. Their blend should
cost them $7.92 per pound. How
much of each type of coffee
should they buy?

145. Joy is preparing 15 liters of a
25% saline solution. She only has
40% and 10% solution in her lab.
How many liters of the 40% and
how many liters of the 10% should
she mix to make the 25%
solution?

148. A 40% antifreeze solution is
to be mixed with a 70% antifreeze
solution to get 240 liters of a 50%
solution. How many liters of the
40% and how many liters of the
70% solutions will be used?

In the following exercises, translate to a system of equations and solve.

150. Hattie had $3000 to invest and
wants to earn 10.6% interest per

year. She will put some of the
money into an account that earns
12% per year and the rest into an
account that earns 10% per year.
How much money should she put
into each account?

153. Arnold invested $64,000,
some at 5.5% interest and the

rest at 9%. How much did he
invest at each rate if he received
$4500 in interest in one year?

156. A trust fund worth $25,000 is
invested in two different
portfolios. This year, one portfolio
is expected to earn 5.25%
interest and the other is expected
to earn 4%. Plans are for the total
interest on the fund to be $1150
in one year. How much money
should be invested at each rate?

151. Carol invested $2560 into two
accounts. One account paid 8%
interest and the other paid 6%
interest. She earned 7.25%

interest on the total investment.
How much money did she put in
each account?

154. After four years in college,
Josie owes $65, 800 in student
loans. The interest rate on the
federal loansis 4.5% and the rate
on the private bank loans is 2%.
The total interest she owes for one
year was $2878.50. What is the

amount of each loan?

157. A business has two loans
totaling $85,000. One loan has a
rate of 6% and the other has a rate
of 4.5% This year, the business
expects to pay $4,650 in interest
on the two loans. How much is
each loan?

143. Twelve-year old Melody wants
to sell bags of mixed candy at her
lemonade stand. She will mix
M&M’s that cost $4.89 per bag
and Reese’s Pieces that cost $3.79
per bag to get a total of twenty-
five bags of mixed candy. Melody
wants the bags of mixed candy to
cost her $4.23 a bag to make. How
many bags of M&M's and how
many bags of Reese’s Pieces
should she use?

146. A scientist needs 65 liters of
a 15% alcohol solution. She has
available a 25% and a 12%
solution. How many liters of the
25% and how many liters of the
12% solutions should she mix to
make the 15% solution?

149. A 90% antifreeze solution is
to be mixed with a 75% antifreeze
solution to get 360 liters of an 85%
solution. How many liters of the
90% and how many liters of the
75% solutions will be used?

152. Sam invested $48,000, some
at 6% interest and the rest at 10%.
How much did he invest at each
rate if he received $4000 in
interest in one year?

155. Mark wants to invest $10,000
to pay for his daughter’s wedding
next year. He will invest some of
the money in a short term CD that
pays 12% interest and the rest in
a money market savings account
that pays 5% interest. How much
should he invest at each rate if he
wants to earn $1095 in interest in
one year?

423
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Solve Applications of Cost and Revenue Functions

158. The manufacturer of an energy drink spends $1.20
to make each drink and sells them for $2. The
manufacturer also has fixed costs each month of
$8,000.

@® Find the cost function C when x energy drinks are
manufactured.

® Find the revenue function R when x drinks are sold.

(© Show the break-even point by graphing both the
Revenue and Cost functions on the same grid.

@ Find the break-even point. Interpret what the break-
even point means.

Writing Exercises

160. Take a handful of two types of coins, and write
a problem similar to Example 4.25 relating the total
number of coins and their total value. Set up a system
of equations to describe your situation and then solve
it.

Self Check

Chapter 4 Systems of Linear Equations

159. The manufacturer of a water bottle spends $5 to
build each bottle and sells them for $10. The
manufacturer also has fixed costs each month of

$6500. @ Find the cost function C when x bottles are
manufactured. ® Find the revenue function R when
x bottles are sold. © Show the break-even point by
graphing both the Revenue and Cost functions on the

same grid. @ Find the break-even point. Interpret what
the break-even point means.

161. In Example 4.28, we used elimination to solve the
system of equations
{s + b = 40,000

0.08s + 0.03b = 0.071(40,000)

Could you have used substitution or elimination to
solve this system? Why?

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

Confidently

With some No-I don't
help get it!

solve mixture applications.

solve interest applications.

® What does this checklist tell you about your mastery of this section? What steps will you take to improve?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3



Chapter 4 Systems of Linear Equations 425

4.4

Solve Systems of Equations with Three Variables

Learning Objectives

By the end of this section, you will be able to:

Determine whether an ordered triple is a solution of a system of three linear equations with three variables
Solve a system of linear equations with three variables
Solve applications using systems of linear equations with three variables

BE PREPARED : : 4.10 Before you get started, take this readiness quiz.
Evaluate 5x — 2y + 3z when x =-2, y=-4, and z=23.
If you missed this problem, review Example 1.21.

BE PREPARED : : 411

Classify the equations as a conditional equation, an identity, or a contradiction and then state the solution.
—2x+y=-11
x+3y=9

If you missed this problem, review Example 2.6.

BE PREPARED : : 4.12

Classify the equations as a conditional equation, an identity, or a contradiction and then state the solution.
Tx+8y=4
3x—5y=27

If you missed this problem, review Example 2.8.

Determine Whether an Ordered Triple is a Solution of a System of Three Linear
Equations with Three Variables

In this section, we will extend our work of solving a system of linear equations. So far we have worked with systems of
equations with two equations and two variables. Now we will work with systems of three equations with three variables.
But first let's review what we already know about solving equations and systems involving up to two variables.

We learned earlier that the graph of a linear equation, ax + by = ¢, is a line. Each point on the line, an ordered pair
(x, ), is asolution to the equation. For a system of two equations with two variables, we graph two lines. Then we can

see that all the points that are solutions to each equation form a line. And, by finding what the lines have in common, we’ll
find the solution to the system.

Most linear equations in one variable have one solution, but we saw that some equations, called contradictions, have no
solutions and for other equations, called identities, all numbers are solutions

We know when we solve a system of two linear equations represented by a graph of two lines in the same plane, there
are three possible cases, as shown.
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One solution No solution Infinitely many solutions
The lines intersect. The lines are parallel. Both equations give the
Intersecting lines have one Parallel lines have no points same line.

point in common. in common. Because we have just one
There is one solution to this There is no solution to this line, there are infinitely
system. system. many solutions.
Consistent Inconsistent Consistent

Independent Dependent

Similarly, for a linear equation with three variables ax + by + cz = d, every solution to the equation is an ordered triple,
(x, ¥, 2), that makes the equation true.

Linear Equation in Three Variables

A linear equation with three variables, where g, b, ¢, and d are real numbers and g, b, and c are not all 0, is of the form
ax+by+cz=d

Every solution to the equation is an ordered triple, (x, y, z) that makes the equation true.

All the points that are solutions to one equation form a plane in three-dimensional space. And, by finding what the planes
have in common, we'll find the solution to the system.

When we solve a system of three linear equations represented by a graph of three planes in space, there are three
possible cases.

One solution
Consistent system and Independent equations
The 3 planes intersect.

The three intersecting planes have one point in
common.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3



Chapter 4 Systems of Linear Equations

No solution
Inconsistent system
The planes are parallel.

Parallel planes have no points in common.

Two planes are coincident and parallel to the
third plane.

The planes have no points in common.

Two planes are parallel and each intersect the
third plane.

The planes have no points in common.

Each plane intersects the other two, but all three
share no points.

The planes have no points in common.

427
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Consistent system and dependent equations
Three planes intersect in one line.

There is just one line, so there are infinitely many
solutions.

Two planes are coincident and intersect the
third plane in a line.

There is just one line, so there are infinitely many
solutions.

Three planes are coincident.

There is just one plane, so there are infinitely many
solutions.

To solve a system of three linear equations, we want to find the values of the variables that are solutions to all three
equations. In other words, we are looking for the ordered triple (x, y, z) that makes all three equations true. These are

called the solutions of the system of three linear equations with three variables.
Solutions of a System of Linear Equations with Three Variables

Solutions of a system of equations are the values of the variables that make all the equations true. A solution is
represented by an ordered triple (x, y, z).

To determine if an ordered triple is a solution to a system of three equations, we substitute the values of the variables into
each equation. If the ordered triple makes all three equations true, it is a solution to the system.

EXAMPLE 4.31

Determine whether the ordered triple is a solution to the system: < 2x —y —z = —6 .
2x+2y+z=-3

xX—y+z=2

®@ (-2, -1, 3) ® (-4, -3, 4)
© solution
®

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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X— y+z= 2

. 2X- y-z=-6
| X+ 2y+2=-3
We substitute x=-2 and y= -1 and z = ~ into all three equations.
X-y+z=2 2xX-y-z=-6 2X+2y+z=-3
2-(1+322 2:(2)-(-1)-3£6 2+(2)+2(-1)+323
2=2v 6=-6/ -3=-3v/
(-2, -1, 3) does make all three equations true. (-2, -1, 3) is a solution.
®
X— y+z= 2
. 2X- y-z=-6
| X+ 2y+2=-3
We substitute x=-4 and y= = and z =  into all three equations.
X-y+z=2 2Xx-y-z=-6 XX+ 2y+2z=-3
4-(3)+4d2 2+(4)-(3)-426 2+(4)+2(3)+423
3#£2 -9#£-6 ~105#£-3
(-4, -3, 4) does not make all three equations true. (-4, -3, 4) is not a solution.
TRYIT:: 461 Ax+y+z=2
Determine whether the ordered triple is a solution to the system: < x + 2y +z = —3.
3x+y+2z=4
®(1,-3,2) ® @4, -1, -5
TRYIT:: 462 Xx—3y+z=-5
Determine whether the ordered triple is a solution to the system: § —3x—y—z=1.

2x—2y+3z=1

® (2, -2,3) ® (-2,2,3)

Solve a System of Linear Equations with Three Variables

To solve a system of linear equations with three variables, we basically use the same techniques we used with systems
that had two variables. We start with two pairs of equations and in each pair we eliminate the same variable. This will then
give us a system of equations with only two variables and then we know how to solve that system!

Next, we use the values of the two variables we just found to go back to the original equation and find the third variable.
We write our answer as an ordered triple and then check our results.

HOW TO SOLVE A SYSTEM OF EQUATIONS WITH THREE VARIABLES BY ELIMINATION

x—2y+z=3
Solve the system by elimination: {2x+y+z=4
3x+4y+3z=-1

©) solution

The equations are in | X-2y+ z= 3 (1)
standard form. \| X+ y+ z= 4 2)
There are no fractions. x4+ 4y+3z=-1 3)
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We can eliminate the y's

from equations (1) and (2)

by multiplying equation (2)
2:

Multiply.

We add the x’s, y's, and
constants.

The new equation, (4), has
only x and z.

We can again eliminate the
¥'s using the equations (1)
and (3) by multiplying
equation (1) by 2.

Add the new equations and

the result will be equation (5).

Use equations (4) and (5) to
eliminate either x or z.

Multiply (5) by -1.

Use either (4) or (5) to solve
for x using substitution.

Use an original equation
to find y.

Write it as (x, y, 2).

Substitute x=4, y=-1 and

z=-3 into all three equations.

Do they make the equations
true?

Chapter 4 Systems of Linear Equations

X-2y+z=3 )
A2 +y+2)=(4)2 (2)

X-2y+z=3 (m
Ax+ 2y +27=8 (2)
X-2y+ z=3 (m
Ax+ 2y +27=8 (2)

5x  +3z=11  (4)

2x-2y+2)=(32 (1)
3x+dy+3z=-1 3)

2x—dy+27=6 1)
3x+4y+3z=-1 3)
5  +5z=5 (5)

T 5x+3z=11 (@)
| 5x+5z=5 (5)

5x +3z=11 (4)

~1(5x +52) = 5(-1)  (5)

Sx+3z=11 (4)

5x—5z=-5 (5)
_22=6

Z==3

Sx+3z=11  (4)
5x + 3(-3) = 11
5x-9=11
5x=20

x=4
2xX+y+z=4 (2)

2-44y+z=4
8+y-3=4

We'll leave the checks to you.

The solution is (4, -1, -3).

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT:: 463 3x+y—z=2

Solve the system by elimination: < 2x — 3y —2z = 1.

4x—-y—-3z=0

TRYIT:: 464 dx+y+z=—1
Solve the system by elimination: § —=2x — 2y +z = 2.

2x+3y—-z=1

The steps are summarized here.

.-_‘. HOW TO:: SOLVE A SYSTEM OF LINEAR EQUATIONS WITH THREE VARIABLES.
Step 1. Write the equations in standard form
- If any coefficients are fractions, clear them.
Step 2.  Eliminate the same variable from two equations.
> Decide which variable you will eliminate.
- Work with a pair of equations to eliminate the chosen variable.
> Multiply one or both equations so that the coefficients of that variable are opposites.
- Add the equations resulting from Step 2 to eliminate one variable
Step 3. Repeat Step 2 using two other equations and eliminate the same variable as in Step 2.
Step 4. The two new equations form a system of two equations with two variables. Solve this system.
Step 5. Use the values of the two variables found in Step 4 to find the third variable.
Step 6.  Write the solution as an ordered triple.
Step 7. Check that the ordered triple is a solution to all three original equations.

EXAMPLE 4.33

3x—4z=0
Solve: {3y +2z= -3,
2x+3y=-5
© Solution
3x—=4z=0 (1)
3y+2z=-3()
2x+3y=-5(3)
We can eliminate z from equations (1) and (2) by multiplying equation (2) by 2 and then adding the resulting equations.
3x —4z=0 (1) 3x —4z= 0 3x _4z=0
Yrw=3 @ 2Wy+2)=32 6y +4z=-6

3x+6y =-6 (4)

Notice that equations (3) and (4) both have the variables x and y.We will solve this new system for x and y.

2x+3y=-5 (3) —2(2x + 3y) = -2(-5) -4x-6y=10
—_— —=

3x+6y=-6 (4) 3x+ 6y=-6 3x+6y=-6

X = 4

x=-4

To solve for y, we substitute x = —4 into equation (3).
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2&+3y=-5 (3)
2(-4)+3y=-5
8+3y=-5
3y=3
y=1
We now have x = —4 and y = 1. We need to solve for z. We can substitute x = —4 into equation (1) to find z.
3x—4z=0 (1)
3(-4)-4z=0
-12-47=0
-4z=12
z=-3

We write the solution as an ordered triple. (-4, 1, =3)

We check that the solution makes all three equations true.

3x—4z = 0(1) 3y+2z = =3(12) 2x+3y = -=503)
3(—4) — 4(=3) 20 3(1) +2(=3) 2z 3 2(=4) + 3(1) 1 s
0 =0V -3 = 3¢/ -5 = =5V

The solution is (—4, 1, =3).

TRYIT:: 4.65 3x —dz = —1

Solve: 42y +3z=2
2x+3y=6

TRYIT:: 466 4x—37=-5

Solve: R 3y +2z=7
3x+4y=6

When we solve a system and end up with no variables and a false statement, we know there are no solutions and that the
system is inconsistent. The next example shows a system of equations that is inconsistent.

EXAMPLE 4.34
x+2y-3z=-1

Solve the system of equations: s x —3y+z=1
2x—y—2z=2

) Solution
x+2y-3z=-1(1)
x=3y+z=1 (2)
2x—y—-2z=2 (3)
Use equation (1) and (2) to eliminate z.

X+2y-3z=-1 (1) . X+ 2y-3z=-1
multiply by 3
x-3y+ z=1 (2) 3x-9y+3z= 3
4x -7y =2 (4)

Use (2) and (3) to eliminate z again.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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multiply by 2

x-3y+ z=1 (2) 2Xx—6y+2z7=2

%- y-2z=2 (3) 2x— y-27=2
ax -Ty =4 (5
Use (4) and (5) to eliminate a variable.
Ax-Ty=2 (4) . Ax—Ty=2
multiply by —1
4x-Ty=4 (5 —Ax+ 7y =—4
0=-2 false

There is no solution.
We are left with a false statement and this tells us the system is inconsistent and has no solution.

TRYIT:: 467 x+2y+6z=5
Solve the system of equations: § —x +y — 2z = 3.
x—4y—-2z=1

TRYIT:: 468 2x—2y+32=6
Solve the system of equations: S 4x — 3y +2z=0

—2x+3y—-"Tz=1

When we solve a system and end up with no variables but a true statement, we know there are infinitely many solutions.
The system is consistent with dependent equations. Our solution will show how two of the variables depend on the third.

EXAMPLE 4.35
x+2y—z=1

Solve the system of equations: {2x + 7y + 4z = 11.
x+3y+z=4

) Solution
x+2y—z=1 1)
2x+T7y+4z=11 ()
x+3y+z=4 3)
Use equation (1) and (3) to eliminate x.

x+2y-z=1 (1) multiply by -1 X2+ z=-1 (1)
Xx+3y+z=4 (3) X+3y+ z= 4 (3)
 y+z=3 @
Use equation (1) and (2) to eliminate x again.
x+2y- z=1 (1) multiply by -2 2x—dy+2z=-2 (1)
xX+T7y+4z=11 (2) 2x+7y+4z=11 (2)
3y+6z= 9 (5)
Use equation (4) and (5) to eliminate .
multiply by -3
y+2z=3 (4) 3y_-6z=-9 (4)
3y+6z=9 (5) 3y+6z= 9 (5)

0=
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There are infinitely many solutions.
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Solve equation (4) for y. Represent the solution showing how x and y are dependent on z.
y+2z = 3

y = =2z+43
Use equation (1) to solve for x. x+2y—z=1
Substitute y = =2z + 3. X+2(-2z+3)—-z = 1

x—4z+6—-7z = 1

x—5+6 =1
x = 5z-5

The true statement 0 = 0 tells us that this is a dependent system that has infinitely many solutions. The solutions are of
the form (x, y, z) where x = 5z —5; y = =2z + 3 and zis any real number.

TRYIT:: 469 x+y—z=0

Solve the system by equations: < 2x + 4y — 2z = 6.
3z=9

TRYIT::4.70 x—y—z=1

Solve the system by equations: < —x + 2y —

3z=—4.

3x—-2y—-T7z=0

Solve Applications using Systems of Linear Equations with Three Variables

Applications that are modeled by a systems of equations can be solved using the same techniques we used to solve the
systems. Many of the application are just extensions to three variables of the types we have solved earlier.

EXAMPLE 4.36

The community college theater department sold three kinds of tickets to its latest play production. The adult tickets sold
for $15, the student tickets for $10 and the child tickets for $8. The theater department was thrilled to have sold 250 tickets
and brought in $2,825 in one night. The number of student tickets sold is twice the number of adult tickets sold. How

many of each type did the department sell?

© Solution
We will use a chart to organize the Type Number -+ Value = Total Value
information.
adult X 15 15x
student y 10 10y
child z 8 8z
250 2825
Number of students is twice
number of adults.
. L y = 2x
Rewrite the equation in standard ) — 0
form. =y =
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x+ y+ z=250 (m

Write the system of equations. “15x+ 10y + 82=2825 (2)
22X+ ¥ =0 (3)
Use equations (1) and (2) to
eliminate z.
Multipl -8
X+ y+ z=250 (1) ultiply by = -8x- 8y-8z=250 )]
15x + 10y + 82 =2825 (2) 15x + 10y + 82 =2825 (2)
Ix+ 2y =825 (4)
Use (3) and (4) to eliminate y.
2x4+ y =0 3) Multiply by -2 _ 4x- 2y =0 (3)
Tx+ 2y =825 (4) IX+ 2y =825 (4)
11x =825
Solve for x. X =75 adult tickets
Use equation (3) to find y. -2x+y=0
Substitute x = 75. =2(75)+y = 0
—150+y = 0
y = 150 student tickets
Use equation (1) to find z. x+y+2z=250
Substitute in the values
x =175, y=150. 75+ 150+z = 250
225+z = 250
z = 25child tickets
Write the solution. The theater department sold 75 adult tickets,

150 student tickets, and 25 child tickets.

TRYIT:: 471

The community college fine arts department sold three kinds of tickets to its latest dance presentation. The adult
tickets sold for $20, the student tickets for $12 and the child tickets for $10.The fine arts department was thrilled
to have sold 350 tickets and brought in $4,650 in one night. The number of child tickets sold is the same as the
number of adult tickets sold. How many of each type did the department sell?

TRYIT:: 472

The community college soccer team sold three kinds of tickets to its latest game. The adult tickets sold for $10,
the student tickets for $8 and the child tickets for $5. The soccer team was thrilled to have sold 600 tickets and
brought in $4,900 for one game. The number of adult tickets is twice the number of child tickets. How many of
each type did the soccer team sell?

[»] meDIA::

Access this online resource for additional instruction and practice with solving a linear system in three variables with
no or infinite solutions.

* Solving a Linear System in Three Variables with No or Infinite Solutions (https://openstax.org/l/
37linsys3var)

e 3Variable Application (https://openstax.org/l/37variableapp)


https://openstax.org/l/37linsys3var
https://openstax.org/l/37linsys3var
https://openstax.org/l/37variableapp
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L 4 4 EXERCISES
Practice Makes Perfect

Determine Whether an Ordered Triple is a Solution of a System of Three Linear Equations with Three Variables
In the following exercises, determine whether the ordered triple is a solution to the system.

2x—6y+z=3 =3x+ y+z=-4
162. {3x—4y—3z=2 163. s —x+2y—2z=1

2x+3y—-2z=3 2x— y—z=-1

@ @3,1,3) ® 4,3,7 @ (=5,-7,4) ® (5,7, 4)

y—10z = -8 x+3y—z=15
164. {2x—y=2 165. y=%x—2
x—5z=3

x=3y+z=-2
® (7,12,2) ® (2,2, 1) ® (—6, 5, %) ® (5’ %’ _3)

Solve a System of Linear Equations with Three Variables
In the following exercises, solve the system of equations.

Sx+2y+z=5

6x —5y+2z=3

2x—5y+3z=8

166. < —3x—y+2z=06 167. < 2x+y—4z=95 168. <3x—y+4z=7
2x+3y—3z=5 3x-3y+z=-1 x+3y+2z=-3
Sx=3y+2z=-5 3x—5y+4z=5 4x —=3y+z=17

169. s 2x—y—z=4 170. {S5x+2y+z=0 171. {2x — 5y —4z=3
3x=2y+2z=-7 2x+3y—2z=3 3x—-2y—-2z=-17
3x+8y+2z=-5 11x+9y+2z=-9 rlx—y—zzl

3

172. $2x+5y—-3z=0 173. S 7x+ Sy + 3z = -7 5

x+2y—27=-1 4x+3y+z=-3 174 qx+5y+2=-2

2x+2y+%z=—4

1,1, 1, 0= (1, _ 41, —
x+2y+2z—0 x+3y 2z=-1 3 y+zz—4
11y, = 1 1, _ 2,05, 4, =

175. 4 =X 5y+z 0 176. 3x+y+zz 0 177. 3)c+2y 4z=0
1,1 =_ 1.1, 1. _ _1,.3 _
3x 3y+21 1 2x+3y ok 1 & 2y+22—2
x+2z=0 2x+5y=4 2y+3z=-1

178. R4y +3z=-2 179. {3y —z = 180. { 5x+ 3y = -6
2x—5y=3 4x+3z=-3 Tx+z=1
3x—z=-3 4x —-3y+2z=0 x—2y+2z=1

181. {5y +2z=-6 182. { —2x+3y—Tz=1 183. 4 —2x+y—-z=2
4x +3y=-8 2x—2y+3z=6 x—y+z=5
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2x+3y+z=12 x+4y+z=-8 x+2y+z=4
184. <x+y+z=9 185. 14x—y+3z=9 186. s x+y—2z=3
3x+4y+2z=20 2x+T7y+2z=0 —2x=3y+z=-7
xX+y—2z=3 x+y—-3z=-1 x=2y+3z=1
187. 4 —2x—3y+z=-7 188. < y—z=0 189. s x+y—3z=7
x+2y+z=4 —x+2y=1 3x—4y+5z=7

Solve Applications using Systems of Linear Equations with Three Variables

In the following exercises, solve the given problem.

190. The sum of the measures of the angles of a
triangle is 180. The sum of the measures of the second
and third angles is twice the measure of the first angle.
The third angle is twelve more than the second. Find
the measures of the three angles.

192. After watching a major musical production at the
theater, the patrons can purchase souvenirs. If a family
purchases 4 t-shirts, the video, and 1 stuffed animal,
their total is $135.

A couple buys 2 t-shirts, the video, and 3 stuffed
animals for their nieces and spends $115. Another
couple buys 2 t-shirts, the video, and 1 stuffed animal
and their total is $85. What is the cost of each item?

Writing Exercises

194. In your own words explain the steps to solve a
system of linear equations with three variables by
elimination.

Self Check

191. The sum of the measures of the angles of a triangle
is 180. The sum of the measures of the second and
third angles is three times the measure of the first
angle. The third angle is fifteen more than the second.
Find the measures of the three angles.

193. The church youth group is selling snacks to raise
money to attend their convention. Amy sold 2 pounds
of candy, 3 boxes of cookies and 1 can of popcorn for
a total sales of $65. Brian sold 4 pounds of candy, 6
boxes of cookies and 3 cans of popcorn for a total sales
of $140. Paulina sold 8 pounds of candy, 8 boxes of
cookies and 5 cans of popcorn for a total sales of $250.
What is the cost of each item?

195. How can you tell when a system of three linear
equations with three variables has no solution?
Infinitely many solutions?

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

Confidently Mt::;;me Nc;—:td;:?'t

determine whether an ordered triple is a

with three variables.

solution of a system of three linear equations

solve a system of linear equations with three
variables.

solve applications using systems of linear
equations with three variables.

437

® 0on a scale of 1-10, how would you rate your mastery of this section in light of your responses on the checklist? How can you

improve this?
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4.5

Solve Systems of Equations Using Matrices

Learning Objectives

By the end of this section, you will be able to:

Write the augmented matrix for a system of equations
Use row operations on a matrix
Solve systems of equations using matrices

BE PREPARED : : 4.13 Before you get started, take this readiness quiz.
Solve: 3(x+2)+4=42x—-1)+09.

If you missed this problem, review Example 2.2.

BE PREPARED : : 4.14 Solve: 0.25p +0.25(p + 4) = 5.20.

If you missed this problem, review Example 2.13.

BE PREPARED : : 4.15 Evaluate when x = =2 and y = 3: 2x% — xy + 3y2.

If you missed this problem, review Example 1.21.

Write the Augmented Matrix for a System of Equations

Solving a system of equations can be a tedious operation where a simple mistake can wreak havoc on finding the solution.
An alternative method which uses the basic procedures of elimination but with notation that is simpler is available. The
method involves using a matrix. A matrix is a rectangular array of numbers arranged in rows and columns.

Matrix

A matrix is a rectangular array of numbers arranged in rows and columns.

A matrix with m rows and n columns has order m X n. The matrix on the left below has 2 rows and 3 columns and so
it has order 2 X 3. We say it is a 2 by 3 matrix.

3 columns 4 columns

VAN R

—h—) 2 -1
2r0W5<L1 a4 5} 3r0ws< -4
0

-2
1
2 % 3 matrix 3x

LNLU

5
0
2
4

matrix

Each number in the matrix is called an element or entry in the matrix.

We will use a matrix to represent a system of linear equations. We write each equation in standard form and the
coefficients of the variables and the constant of each equation becomes a row in the matrix. Each column then would be
the coefficients of one of the variables in the system or the constants. A vertical line replaces the equal signs. We call the
resulting matrix the augmented matrix for the system of equations.

3x— y=-3 31 _3}
2x+3y= 6 2 36

coefficients coefficients constants
of x of y

Notice the first column is made up of all the coefficients of x, the second column is the all the coefficients of y, and the
third column is all the constants.
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Chapter 4 Systems of Linear Equations 439

EXAMPLE 4.37

Write each system of linear equations as an augmented matrix:
6x—5y+2z=3
Sx—3y=-1
@L 2y ) ®d2x+y—-4z=5
= 22X —
3x-3y+z=-1

© Solution
@ The second equation is not in standard form. We rewrite the second equation in standard form.
y = 2x-2
—2x+y = =2

We replace the second equation with its standard form. In the augmented matrix, the first equation gives us the first row
and the second equation gives us the second row. The vertical line replaces the equal signs.

Xy
5x—3y=-1 ‘5 —3|-1
2X— y= 2 2421 .2

® All three equations are in standard form. In the augmented matrix the first equation gives us the first row, the second
equation gives us the second row, and the third equation gives us the third row. The vertical line replaces the equal signs.

X y z
6x-5y+2z= 3 [6 -5 2 3
2+ y-4z= 5 2 1-45
3x-3y+ z=-1 13 -3 1]
TRYIT::473 Write each system of linear equations as an augmented matrix:
2x—5y+3z=38
Pra®r==3 g l3 14,27
3x—y+4z=
12x=-5y-3 :
: x+3y+2z=-3
TRYIT::474 Write each system of linear equations as an augmented matrix:
Sx—=3y+2z=-5
ll,x‘:—()y—S@ 5 ’ 4
2x—y—z=
Tx + 5y = -1 .

3x—-2y+2z=-7

It is important as we solve systems of equations using matrices to be able to go back and forth between the system and
the matrix. The next example asks us to take the information in the matrix and write the system of equations.

EXAMPLE 4.38

Write the system of equations that corresponds to the augmented matrix:

4 -3 3 -1
1 2 -1 2|
2 -1 3| -4
©) solution

We remember that each row corresponds to an equation and that each entry is a coefficient of a variable or the constant.
The vertical line replaces the equal sign. Since this matrix is a 4 X 3, we know it will translate into a system of three

equations with three variables.
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X y z
4 -3 3|1 4x -3y +3z=-1
1T 2-1 ZI X+2y—- z= 2
-2 -1 3|4 2X— y+37=-4
TRYIT::475
1 —1 2 3
Write the system of equations that corresponds to the augmented matrix: |2 | -2 1|
4 -1 2 0
TRYIT::476
1 1 1 4
Write the system of equations that corresponds to the augmented matrix: |2 3 -1 81

Use Row Operations on a Matrix

Once a system of equations is in its augmented matrix form, we will perform operations on the rows that will lead us to
the solution.

To solve by elimination, it doesn’t matter which order we place the equations in the system. Similarly, in the matrix we can
interchange the rows.

When we solve by elimination, we often multiply one of the equations by a constant. Since each row represents an
equation, and we can multiply each side of an equation by a constant, similarly we can multiply each entry in a row by any
real number except 0.

In elimination, we often add a multiple of one row to another row. In the matrix we can replace a row with its sum with a
multiple of another row.

These actions are called row operations and will help us use the matrix to solve a system of equations.
Row Operations
In a matrix, the following operations can be performed on any row and the resulting matrix will be equivalent to the
original matrix.
1. Interchange any two rows.
2. Multiply a row by any real number except 0.
3. Add a nonzero multiple of one row to another row.

Performing these operations is easy to do but all the arithmetic can result in a mistake. If we use a system to record the
row operation in each step, it is much easier to go back and check our work.

We use capital letters with subscripts to represent each row. We then show the operation to the left of the new matrix. To

show interchanging a row:
5 3|1 R [2 1] 2]
[2 -1 2] CR‘ ls -3 _1J

To multiply row 2 by —3:

5-3-1
2 -1 2

To multiply row 2 by —3 and add it to row 1:

5 3|1 3R, +R, [-1 0|-7
21| 2

EXAMPLE 4.39

Perform the indicated operations on the augmented matrix:
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® Interchange rows 2 and 3.
® Multiply row 2 by 5.

(© Multiply row 3 by —2 and add to row 1.

6 -5 2 3
2 1 -4 5
3 -3 1 -1
© solution
@ We interchange rows 2 and 3.
6 -5 2|3 6 -5 2|3
2 1-4|5 R.|I3 =2 1|4
3 -3 14 R, 12 1 -4 5
® we multiply row 2 by 5.
6 -5 2|3 6 -5 2|3
2 1-4|5 5R, |10 5 -20 25
3.3 1|4 33 1 =1

(© we multiply row 3 by —2 and add to row 1.

6 5 2|3 —2R+R [(2°3)+6 (2°(3)+(5) (2:1)+2 | (2+(1)+3
2 1-4|5 + 2 1 - 5
3 -3 14 3 -3 1 -1
2R, +R [0 1 0|5
2 1-4|5
3 -3 1|4
TRYIT:: 477 Perform the indicated operations on the augmented matrix:

® Interchange rows 1 and 3.
® Multiply row 3 by 3.
© Multiply row 3 by 2 and add to row 2.

5 =2 =2 -2
4 -1 -4 4
-2 3 0 -1
TRYIT::478 Perform the indicated operations on the augmented matrix:

® Interchange rows 1 and 2,
® Multiply row 1 by 2,
© Multiply row 2 by 3 and add to row 1.

2 -3 -2 | -4
4 1 =3 2
~1

5 0 4
Now that we have practiced the row operations, we will look at an augmented matrix and figure out what operation we
will use to reach a goal. This is exactly what we did when we did elimination. We decided what number to multiply a row
by in order that a variable would be eliminated when we added the rows together.

Given this system, what would you do to eliminate x?
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multiply the first
x_y=2 equationby-4 | 4 4 g thenadd 4,4 g
4x-8y=10 4x-8y= 0 4x-8y= 0

-4y =-8

This next example essentially does the same thing, but to the matrix.

EXAMPLE 4.40

Perform the needed row operation that will get the first entry in row 2 to be zero in the augmented matrix:

P

4 -8 ol

© solution

To make the 4 a 0, we could multiply row 1 by —4 and then add it to row 2.
112 1 1| 2]
4-8 0 —4R +R, |0 -4 -8

TRYIT:: 479

Perform the needed row operation that will get the first entry in row 2 to be zero in the augmented matrix:
Er
3 -6 20
TRYIT:: 480

Perform the needed row operation that will get the first entry in row 2 to be zero in the augmented matrix:
[ ] -1 3]
-2 -3 21

Solve Systems of Equations Using Matrices

To solve a system of equations using matrices, we transform the augmented matrix into a matrix in row-echelon form
using row operations. For a consistent and independent system of equations, its augmented matrix is in row-echelon
form when to the left of the vertical line, each entry on the diagonal is a 1 and all entries below the diagonal are zeros.

Row-Echelon Form

For a consistent and independent system of equations, its augmented matrix is in row-echelon form when to the left
of the vertical line, each entry on the diagonal is a 1 and all entries below the diagonal are zeros.

[1 2yt a, b, c, d, e, f are real numbers

0 K| ¢

1
0
0

o 40

b d
c
1

e
f

Once we get the augmented matrix into row-echelon form, we can write the equivalent system of equations and read
the value of at least one variable. We then substitute this value in another equation to continue to solve for the other
variables. This process is illustrated in the next example.

SCWILRE I HOW TO SOLVE A SYSTEM OF EQUATIONS USING A MATRIX

) ) o (3x+4y=5
Solve the system of equations using a matrix: .
x+2y=1
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© Solution
3x+4y=5
x+2y=1
3 4 5
1 211
Interchange the rows, so 1 CRz 1 2 ‘ 1
will be in row 1, column 1. R |3 4]5
Multiply row 1 by -3 and 1 42 ‘ 1
add it to row 2. -3R,+R, [0 -2]2
_ e by_l‘ i
2 1
—ZR [0 1]-
The matrix is now in row- 1\3‘ 1
echelon form. 0 —1
xy Ix+2y=1
[1 2 1] |l y=2
01 -1
Substitute y = -1 into y=-1
x+2y=1. X+2y=1
X+2(-1)=1
x-2=1
x=3
We leave the check
to you.
TRYIT:: 481 2x+y=7
Solve the system of equations using a matrix: .
x—2y=6
TRYIT:: 482 2x+y=—4
Solve the system of equations using a matrix: 5
X—y=-

The steps are summarized here.
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(&) HOW TO:: SOLVE A SYSTEM OF EQUATIONS USING MATRICES.

Step 1.
Step 2.
Step 3.
Step 4.
Step 5.
Step 6.
Step 7.
Step 8.
Step 9.

Write the augmented matrix for the system of equations.
Using row operations get the entry in row 1, column 1 to be 1.
Using row operations, get zeros in column 1 below the 1.
Using row operations, get the entry in row 2, column 2 to be 1.
Continue the process until the matrix is in row-echelon form.
Write the corresponding system of equations.

Use substitution to find the remaining variables.

Write the solution as an ordered pair or triple.

Check that the solution makes the original equations true.

Here is a visual to show the order for getting the 1’s and 0's in the proper position for row-echelon form.

2 x 3 matrix

EXAMPLE 4.42

Solve the system of equations using a matrix:

©) Solution

row 1, column 1 to be 1.

Step 1 Step 2 Step 3
[1ll} [1ll [1ll]
H BN o BN o 1/H
3 x 4 matrix
Step 1 Step 2 Step 3 Step 4
1 HERNE 1 HARN 1T HENE 1T HENE
ERRNR oNENR oENEN o1 HNA
EENN ERNRN o HEN o HEN
Step 5 Step 6
1 HENE 1 HRE
o1 HN o1 HA
00NN 0011
We use the same procedure when the system of equations has three equations.
3x+8y+2z=-5
2x+5y—-3z=0
x+2y—-2z=-1
[3x+8y+2z=-5
< 2X+5y-32=0
L Xx+2y-2z=-1
Write the augmented matrix for the equations. 3 8 2 |-5]
2 5 3|0
1 2 -2 [-1]
Interchange row 1 and 3 to get the entry in R 1 2 -2 |-]
2 5 3|0
R 3 8 2 |-5]
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Using row operations, get zeros in column 1 below the 1. 1T 2 2 |-
2R +R[0 1 1| 2

3 8 2 [-5]

1 2 -2 |

o 1 1 2

3R+RI10 2 8 |-2]

The entry in row 2, column 2 is now 1.

Continue the process until the matrix 1T 2 =2 |-1]
is in row-echelon form. 0o 1 1 2

2R+RI0 0 6 |-6

12 2 |
0o 1 1 2
1
GR’ 0 0 114
The matrix is now in row-echelon form. .2 =2 |4
0o 1 1 2
0 0 1 14
Write the corresponding system of equations. X+2y-2z=-1
y+ z= 2
z=-1
Use substitution to find the remaining variables. y+z=2
y+(-1)=2
y=3
X+2y-22=-1
X+ 2(3)-2(-1)=-1
X+6+2=-1
x=-9
Write the solution as an ordered pair or triple. (-9,3,-1)

Check that the solution makes the original equations true. ~ We leave the check for you.

TRYIT:: 4383 2x—5y+3z=8

Solve the system of equations using a matrix: < 3x —y+4z =7

x+3y+2z=-3
TRYIT:: 4384 Bx+y+z=—4
Solve the system of equations using a matrix: § —x + 2y —2z = 1.
2x—y—z=-1

So far our work with matrices has only been with systems that are consistent and independent, which means they have
exactly one solution. Let’s now look at what happens when we use a matrix for a dependent or inconsistent system.

EXAMPLE 4.43
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x+y+3z=0
Solve the system of equations using a matrix: x+ 3y +5z=0.
2x+4z=1
© Ssolution

X+ y+3z=0
X+3y+52=0
2%+ 4z=1
Write the augmented matrix for the equations. T 1 310
1 3 0
2 0 4 1

The entry in row 1, column 1 is 1.
Using row operations, get zeros in column 1 below the 1. 1T 1 30
AR +RJ0 2 2 |0
2 0 4 1]
11 3 0
0o 2 2 0
2R +Rl0 2 -2 | 1]
Continue the process until the matrix is in row-echelon form. 1T 1 3 0

1

ERZ o 1 1 0
0o -2 -2 | 1]
Multiply row 2 by 2 and add it to row 3. 1T 1 30
0o 1 1 0
2R,+Rl0 0o o | 1]

At this point, we have all zeros on the left of row 3.

Write the corresponding system of equations. X+y+3z=0
y+ z=0
0#1

Since 0 # 1 we have a false statement. Just as when we solved a system using other methods, this tells us
we have an inconsistent system. There is no solution.

TRYIT:: 4385 X—2y+2z=1

Solve the system of equations using a matrix: { —2x+y—z =2,
xX—y+z=5
TRYIT:: 486 3x+4y—3z=-2
Solve the system of equations using a matrix: § 2x + 3y —z = —12.
x+y—2z=6

The last system was inconsistent and so had no solutions. The next example is dependent and has infinitely many
solutions.
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EXAMPLE 4.44
x—2y+3z=1

Solve the system of equations using a matrix: < x+y—3z=7
3x—4y+5z=7

© Solution

X=-2y+4+3z=1
X+ y-32=7
3x-4y+5z=7
Write the augmented matrix for the equations. 12 3 1
1T 1 3 7
3 4 5 7

The entry in row 1, column 1is 1.
Using row operations, get zeros in column 1 below the 1. T2 3 |1
-1R,+R,|J0 3 -6 6
3 4 5 7
1 -2 3 1
0 3 -6 6
3R +Rl0 2 4 |4
Continue the process until the matrix is in row-echelon form. -2 3 1

1

§R1 o 1 -2 2
0 2 4 4
Multiply row 2 by —2 and add it to row 3. -2 3 1
o 1 -2 2
2R +Rl0 0 0 |0

At this point, we have all zeros in the bottom row.

Write the corresponding system of equations. X-2y+3z=1
y-22=2
0=0
Since 0 = 0 we have a true statement. Just as when we solved by substitution, this tells us we have a
dependent system. There are infinitely many solutions.

Solve for y in terms of z in the second equation. y—Z;: %z .
Solve the first equation for x in terms of z. X-2y+3z=1
Substitute y =2z + 2. x-2(2z42)+3z=1
Simplify. X-4z-4+3z2=1
Simplify. x-z-4=1
Simplify. X=7+4+5

The system has infinitely many solutions (x, y, z), wherex = z+5; y =2z + 2; z is any real number.
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TRYIT:: 487 X+y—z=0

Solve the system of equations using a matrix: < 2x + 4y — 2z = 6.
3x+6y—3z=9

TRYIT::488 x—y—z=1

Solve the system of equations using a matrix: 4 —x + 2y — 3z = —4.
3x—2y—=T7z=0

[»] MmeDIA::

Access this online resource for additional instruction and practice with Gaussian Elimination.
¢ Gaussian Elimination (https://openstax.org/l/37GaussElim)
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L 45 EXERCISES
Practice Makes Perfect

Write the Augmented Matrix for a System of Equations

449

In the following exercises, write each system of linear equations as an augmented matrix.

196.
3x—y=-1
2y=2x+5
4x+3y=-2

®dx—2y-3z=7
2x —y+2z=-6

199.
2x—5y=-3
{4x=3y—1
4x+3y—-2z=-3
®Q —2x+y-3z=4
—x—4y+5z=-2

197.
2x+4y=-5
{3x—2y=2
3x=-2y—z=-2
®{Jd-2x+y=5
Sx+4y+z=-1

Write the system of equations that corresponds to the augmented matrix.

2 1 4]
200. B 3 | )
2 -2 0] -1
203. |0 2 -1 2
3 0 -11-2

Use Row Operations on a Matrix

2 -4 | —2]
201.
g

198.
3x—y=-4
{2x=y+2
x=3y—4z=-2
® Q4x4+2y+2z=5
2x =5y +T7z=-8

1 0o -3
202. |1 -2 0

0 -1 2

-1
-2
3

In the following exercises, perform the indicated operations on the augmented matrices.

6 -4

204.
E—

1

® Interchange rows 1 and 2
® Multiply row 2 by 3

© Multiply row 2 by —2 and add

row 1 to it.
3
5
-1

6 -5 2
207. |2 1 -4
@ Interchange rows 2 and 3

3 -3 1

® Multiply row 2 by 5

© Multiply row 3 by —2 and add
torow 1.

4 -6
205.
PR

i

@ Interchange rows 1 and 2
® Multiply row 1 by 4

(© Multiply row 2 by 3 and add row
1toit.

208. Perform the needed row
operation that will get the first
entry in row 2 to be zero in the
augmented matrix:

I

4 —12 -8 16
206. |4 -2 3| -1
-6 2 —-11-1

® Interchange rows 2 and 3
® Multiply row 1 by 4

(© Multiply row 2 by —2 and add
to row 3.

209. Perform the needed row
operations that will get the first
entry in both row 2 and row 3 to
be zero in the augmented matrix:

1 -2 3| -4
3 -1 =2 51
-1

2 -3 —4
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Solve Systems of Equations Using Matrices

In the following exercises, solve each system of equations using a matrix.

{2x+y=2
210.
x—y=-2

013 {—2x+3y= 3
" lx+3y=12

In the following exercises, solve each system of equations using a matrix.

2x—3y+z=19
214. < 3x+y—-2z=-15

{3x +y=2
211.
x—y=2

2x—y+3z=-3
215. s —x+2y—z=10

Chapter 4 Systems of Linear Equations

{—x+ 2y=-2
212.
x+y=-4

2x—6y+z=3
216. < 3x+2y—3z=2

x+y+z=0 x+y+z=5 2x+3y—-2z=3
4x =3y+z=7 x+2z=0 2x+5y=4

217. {2x—5y—4z=73 218. {4y +3z=-2 219. 43y—z=3
3x—2y—2z=-7 2x—35y=3 4x+37=-3
2y+3z=-1 3x—z=-3 2x+3y+z=12

220. 45x+3y=-6 221. {5y+2z=-6 222. dx+y+z=9
Ix+z=1 4x+3y=-8 3x+4y+27=20
xX+2y+6z=5 x+2y—-3z=-1 4x—-3y+2z=0

223. S —x+y—-2z=3 224. —3y+z=1 225. 1 —2x+3y—-T7z=1
x—4y-2z=1 2x—y—2z=2 2x—2y+3z=6
x—y+2z=-4 —x—-3y+2z=14 x+y—-3z=-1

226. < 2x+y+3z=2 227. 3 —x+2y—3z=-4 228. qy—z=0
—3x+3y—-6z=12 3x+y—2z=6 —x+2y=1
x+2y+z=4

229. <x+y—2z=3
—2x—=3y+z=-7

Writing Exercises

. x+y=10 ) 3x+y=12
230. Solve the system of equations 6 @ by 231 Solve the system of equations 3 by
X—Yy= xX=y-—

graphing and ® by substitution. © Which method do substitution and explain all your steps in words.
you prefer? Why?

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Self Check

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

write the augmented matrix for a system of
equations.

use row operations on a matrix.

solve systems of equations using matrices.

write the augmented matrix for a system of
equations.

use row operations on a matrix.

® After looking at the checklist, do you think you are well-prepared for the next section? Why or why not?

451
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4.6

Solve Systems of Equations Using Determinants

Learning Objectives

By the end of this section, you will be able to:
Evaluate the determinant of a 2 X 2 matrix
Evaluate the determinant of a 3 X 3 matrix

Use Cramer’s Rule to solve systems of equations
Solve applications using determinants

BE PREPARED : : 4.16 Before you get started, take this readiness quiz.
Simplify: 5(=2) — (=4)(1).
If you missed this problem, review Example 1.20.

BE PREPARED : : 4.17 Simplify: —3(8 — 10) + (=2)(6 — 3) — 4(=3 — (=4)).
If you missed this problem, review Example 1.19.

BEPREPARED ::418 g ouc —12
=

If you missed this problem, review Example 1.18.

In this section we will learn of another method to solve systems of linear equations called Cramer’s rule. Before we can
begin to use the rule, we need to learn some new definitions and notation.

Evaluate the Determinant of a 2 x2 Matrix
If a matrix has the same number of rows and columns, we call it a square matrix. Each square matrix has a real number

associated with it called its determinant. To find the determinant of the square matrix [a 2], we first write it as
c

|a 3‘ To get the real number value of the determinate we subtract the products of the diagonals, as shown.
L t:, =ad- bc
c d
Determinant

The determinant of any square matrix [a z], where a, b, ¢, and d are real numbers, is
c

|ab

. d|:ad—bc

EXAMPLE 4.45

Evaluate the determinate of @ [g :ﬂ ® [—3 —4].

“) Solution
©)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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4 -2
-
4 -2
Write the determinant. ‘3 -1

Subtract the products of the diagonals.  4(-1)-3(-2)

Simplify. -4+6
Simplify. 2
®
BN
-2 0

N
LS

Write the determinant.
Subtract the products of the diagonals.  -3(0) - (-2)(-4)
Simplify. 0-8
Simplify. -8

> | TRYIT::4. — _ _
489 Evaluate the determinate of @ B 3] ® [ 4 6].

TRYIT:: 490 Evaluate the determinate of ® [_; ﬂ ® [_7 _3].

Evaluate the Determinant of a 3 x3 Matrix

To evaluate the determinant of a 3 X 3 matrix, we have to be able to evaluate the minor of an entry in the determinant.
The minor of an entry is the 2 X 2 determinant found by eliminating the row and column in the 3 X 3 determinant that
contains the entry.

Minor of an entry in 3 X 3 a Determinant

The minor of an entry ina 3 X 3 determinantis the 2 X 2 determinant found by eliminating the row and column in
the 3 x 3 determinant that contains the entry.

To find the minor of entry a;, we eliminate the row and column which contain it. So we eliminate the first row and first

column. Then we write the 2 X 2 determinant that remains.

b, c

2 2

minor of a,

3 3

To find the minor of entry b,, we eliminate the row and column that contain it. So we eliminate the 2" row and 2"

column. Then we write the 2 X 2 determinant that remains.
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al cl

minor of b,

3 3

EXAMPLE 4.46

For the determinant th (2) —2, find and then evaluate the minor of @ a; ® b3 © c,.
2 4 2
© Solution
@
4 2 3
1T 0 3
-2 4 2

Eliminate the row and column that contains a;.

. . . 0 _3
Write the 2 x 2 determinant that remains. minor of g,
-4 2
Evaluate. 0(2) - (-3)-4)
Simplify. -12
®
4 2 3
1 0 3
Eliminate the row and column that contains b5. > 4 2
. . . 4 3
Write the 2 x 2 determinant that remains. minor of b,
1 -3
Evaluate. 4(=3)-(1)3)
Simplify. -15
©
4 2 3
1 0 -3
-2 4 2
4 -2
+—0—
Eliminate the row and column that contains c,. 2 4

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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. . . _2
Write the 2 X 2 determinant that remains. minor of ¢, ‘
-2 4
Evaluate. 4(4) - (-2)-2)
Simplify. 12
TRYIT:: 401
1 -1 4
For the determinant | 0 2 —1|, find and then evaluate the minor of ® a; ® b, © c;.
-2 =3 3
TRYIT::402
-2 -1 0
For the determinant | 3 0 —1|, find and then evaluate the minor of @ a, ® /73 © CH.
-1 -2 3

We are now ready to evaluate a 3 X 3 determinant. To do this we expand by minors, which allows us to evaluate the
3 X 3 determinant using 2 X 2 determinants—which we already know how to evaluate!

To evaluate a 3 X 3 determinant by expanding by minors along the first row, we use the following pattern:

al bl CI

a, b, c,|=a b, G| p,|% G|yc|® by

z 2 2 1 b c a. c a b

a, b_,‘ c, 3l ey 3 =y s My
minor of a minor of b, minor of ¢,

Remember, to find the minor of an entry we eliminate the row and column that contains the entry.

Expanding by Minors along the First Row to Evaluate a 3 X 3 Determinant
To evaluate a 3 X 3 determinant by expanding by minors along the first row, the following pattern:

a

b, ¢
e b, c a, a, b
— H = h = B Ch
a, b, ¢|=ay, c_b‘a e
a, b_, =, & = 3 M T
minor of @ minorof b, minor of ¢,

EXAMPLE 4.47
-3 -1

2
Evaluate the determinant | 3 2 0| by expanding by minors along the first row.
-1 -1 =2
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) Solution
2 3 41
3 2 0
a1 22
i i 0 3 0 3 2
Expand by minors along the first row 5 _(3) +1)
=1 -3 B T 1
— e e
minor of 2 minor of -3 minor of -1
Evaluate each determinant. 2(-4-0)+3(-6-0)-1(-3-(-2))
Simplify. 2(-4) + 3(-6) - 1(-1)
Simplify. 8-18+1
Simplify. -25
TRYIT:: 403 3 2 4
Evaluate the determinant |0  —1 —2|, by expanding by minors along the first row.
2 3 -1
TRYIT:: 404 3 -2 -2
Evaluate the determinant | 2 -1 4{, by expanding by minors along the first row.
-1 0o -3

To evaluate a 3 X 3 determinant we can expand by minors using any row or column. Choosing a row or column other
than the first row sometimes makes the work easier.

When we expand by any row or column, we must be careful about the sign of the terms in the expansion. To determine
the sign of the terms, we use the following sign pattern chart.

Sign Pattern

When expanding by minors using a row or column, the sign of the terms in the expansion follow the following pattern.

Notice that the sign pattern in the first row matches the signs between the terms in the expansion by the first row.

+ - +‘

/AEEREE )

[+ 1+
a, b, c
: b‘ ‘[_Elb, c p|% © a, b,
a, . G a, b | e=n +C b
a3 b; c; 3 ca az c: as El

minor of a, minorof b, minor of ¢,

Since we can expand by any row or column, how do we decide which row or column to use? Usually we try to pick a row or
column that will make our calculation easier. If the determinant contains a 0, using the row or column that contains the 0
will make the calculations easier.

EXAMPLE 4.48

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3



Chapter 4 Systems of Linear Equations 457

4 -1 =3
Evaluate the determinant |3 0 2| by expanding by minors.
5 -4 -3

) Solution

To expand by minors, we look for a row or column that will make our calculations easier. Since 0 is in the second row and
second column, expanding by either of those is a good choice. Since the second row has fewer negatives than the second
column, we will expand by the second row.

4 -1 -3
3 0 2
5 4 3
Expand using the second row.
. + -
Be careful of the signs. 1 -3 4 3 4 -
-+ -| -3 +(0) -2
- 5 -3 5 4
minor of 3 minor of 0 minor of 2
Evaluate each determinant. -3(3-12)+0(-12-(-15)) - 2(-16 - (-5))
Simplify. -3(-9) + 0-2(-11)
Simplify. 27 +0+22
Add. 49
TRYIT::4.95 2 -1 -3
Evaluate the determinant |0 3 —4| by expanding by minors.
3 -4 =3

[>] TRYIT:: 406 2 -1 -3

Evaluate the determinant |—1 2 2
4 -4 0

by expanding by minors.

Use Cramer’s Rule to Solve Systems of Equations

Cramer’s Rule is a method of solving systems of equations using determinants. It can be derived by solving the general
form of the systems of equations by elimination. Here we will demonstrate the rule for both systems of two equations
with two variables and for systems of three equations with three variables.

Let's start with the systems of two equations with two variables.

Cramer's Rule for Solving a System of Two Equations

. ajx+byy=k . .
For the system of equations the solution (x, y) can be determined by

a2x+b2y = kz’
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where D=| " z‘ use the coefficients of the variables.
2 2
D = :‘ g‘ replace the x coefficients with the constants.
2 2
a, k ; -
D= 5k replace the y coefficients with the constants.
2 2

Notice that to form the determinant D, we use take the coefficients of the variables.

‘ax+by=k, a, b |
D= !
La.x +b2y = kz a, bz
/"/I ‘\
Coefficients Coefficient Coefficient
of x of y

Notice that to form the determinant D, and Dy, we substitute the constants for the coefficients of the variable we are

finding.
- N
|ax+by =;’?€"-.| o |k, b,| ax+by=/k .\'I 5| K
=k | |k, b =k | ' k
lax+by=k/ Jaete, ax+hy=k 1o Kl
- . el \\
Constants Coefficients Coefficients Constants
of y of x
_ HOW TO SOLVE A SYSTEM OF EQUATIONS USING CRAMER'S RULE
) 2x+y=—-4
Solve using Cramer’s Rule: .
3x—-2y=-6
© solution
| 2x+y=-4
[3x-2y=-6
2 1
=[5 3
D=-4-3
D=-7
We replace the coefficients of x, B 4 1
2 and 3, with the constants, -6 -2
-4 and -6. D.=8-(-6)
D,=14
We replace the coefficients of y, D= 2 -4
1 and 2, with the constants, 7|3 -6
-4 and -6. D,=-12-(-12)
D,=0
Substitute in the values of D, D,
and D, X==t andy:B’-
i3 D D
=14, i
x== andy= =
x=-2 andy=0

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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The ordered pair is (x, y). (-2, 0)

Substitute x=-2, y =0 into (-2, 0) is the solution
both equations and make to the system.
sure they are both true.

TRYIT:: 497

3x+y=-3

Solve using Cramer's rule: .
d {Zx +3y=6

TRYIT:: 408

—x+y=2

Solve using Cramer's rule: .
J {Zx +y=-4

(&) HOW TO:: SOLVE A SYSTEM OF TWO EQUATIONS USING CRAMER'’S RULE.

Step 1.  Evaluate the determinant D, using the coefficients of the variables.

Step 2.  Evaluate the determinant D,. Use the constants in place of the x coefficients.

Step 3.  Evaluate the determinant D,. Use the constants in place of the y coefficients.

Step 4. D

. Dy
Findxandy. x =

Lir
D> =D

Step 5. Write the solution as an ordered pair.
Step 6. Check that the ordered pair is a solution to both original equations.

To solve a system of three equations with three variables with Cramer’s Rule, we basically do what we did for a system of
two equations. However, we now have to solve for three variables to get the solution. The determinants are also going to
be 3 X 3 which will make our work more interesting!

Cramer’s Rule for Solving a System of Three Equations

a1x+b1y+clz = kl
For the system of equations < drx + by y+crz=k,, thesolution (x, y, z) can be determined by
a3x+b3y+c3z = k3

D D D
el ] =it

x=5"Y=p and z b

a‘ b‘ c‘
where D=|a, b, c,|use the coefficients of the variables.

aﬁ b! c!
k. b, ¢

D =k, b, c|replace the x coefficients with the constants.
k3 b! c!
a‘ k‘ c‘

D,=|a, k, c,| replacethey coefficients with the constants.
aﬁ k! c!
a, b, k

D,=|a, b, k |replace the z coefficients with the constants.
aﬁ b! k!
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3x—-5y+4z=5

Solve the system of equations using Cramer’s Rule: { 5x+2y+z=0 .

2x+3y—-2z=3
©) solution
Evaluate the determinant D. 3 5 4
pD=|5 2 1
2 3 2

Expand by minors using column 1.

+ - 4+
z 1 5 4 5 4
Be careful of the signs. |- + - D=3 -5 1
3 -2 3 -2 2 1
+ - 4+
Evaluate the determinants. D=3(-4-3)-5(10-12) + 2(-5-8)
Simplify. D =3(-7)-5(-2) + 2(-13)
Simplify. D=-21+10-26
Simplify. D=-37
Evaluate the determinant D,. Use the 5 5 4
constants to replace the coefficients of x. D=0 2 1
3 3 2
i i 2 1 5 4 5 4
Expand by minors using column 1. D,=5‘ ‘ _0| +3‘ ‘
3 -2 3 -2 2 1
Evaluate the determinants. D,=5(-4-3)-0(10-12) + 3(-5-8)
Simplify. D,=5(-7)-0+3(-13)
Simplify. D ,=-74
Evaluate the determinant D,. Use the 3 5 4
constants to replace the coefficients ofy.  2,=(5 0 1
2 3 2
Expand by minors using column 2.
+ - +
5 1 5 4 3 4
Be careful of the signs. |- + - D,=-5 +0 -3
2 =2 3 2 5 1
+ - 4+
Evaluate the determinants. D,=-5(-10-2) +0(-10-12) - 3(3 - 20)
Simplify. D,=-5(-12)+ 0-3(-17)
Simplify. D,=60+0+51
Simplify. b=1m

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Evaluate the determinant D,. Use the 35 5
constants to replace the coefficients of z. D,=|5 2 0
2 3 3

Expand by minors using column 3.

+ - o+
5 2 3 -5 3 -5
Be careful of the signs. -  + - D,=5 -0 + 3
2 3 2 3 5 2
+ - o+
Evaluate the determinants. D,=5(15-4)-0(9 - (-10)) + 3(6 - (-25))
Simplify. D,=5(11)-0+3(31)
Simplify. D,=55-0+93
Simplify. D.,=148
Find x, y, and z. o _5 D
X=p.Y="p andz= )
Substitute in the values. ==z4 ,_111 _ 148
X=37¥=S7andi=5;
Simplify. x=2,y=-3andz=-4
Write the solution as an ordered triple. (2,-3,-4)
Check that the ordered triple is a solution
to all three original equations. We leave the check to you.

The solutionis (2, =3, —4).

TRYIT::4.99 3x+8y+2z=-5
Solve the system of equations using Cramer’s Rule: §2x+ 5y —3z=10
x+2y—-2z=-1

TRY IT::4.100 3x+y—6z=-3

Solve the system of equations using Cramer’s Rule: < 2x+ 6y +3z=10
3x+2y—3z=-6

Cramer’s rule does not work when the value of the D determinant is 0, as this would mean we would be dividing by 0. But
when D =0, the system is either inconsistent or dependent.

When the value of D =0 and Dy, Dy and D, are all zero, the system is consistent and dependent and there are
infinitely many solutions.

When the value of D =0 and D,, Dy and D are not all zero, the system is inconsistent and there is no solution.

Dependent and Inconsistent Systems of Equations

For any system of equations, where the value of the determinant D = 0,

Value of determinants Type of system Solution
D =0and Dy, Dy and D are all zero consistent and dependent  infinitely many solutions
D=0andD,, Dy and D, are not all zero  inconsistent no solution

In the next example, we will use the values of the determinants to find the solution of the system.
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EXAMPLE 4.51

. ) { x+3y=4
Solve the system of equations using Cramer’s rule : .
—2x—6y=3
© solution
x+3y=4
{—Zx —6y=3
Evaluate the determinant D, using the D= | 1 3|
coefficients of the variables. -2 -6
D=-6-(-6)
D=0

We cannot use Cramer’s Rule to solve this system. But by looking at the value of the determinants D, and Dy, we can

determine whether the system is dependent or inconsistent.

Evaluate the determinant D . Dy= |§ 2|
D,=-24-9
D,=15

Since all the determinants are not zero, the system is inconsistent. There is no solution.

TRYIT:: 4101 4x -3y =38
Solve the system of equations using Cramer’s rule: ) .
8x—6y=14

TRYIT::4.102 x=-3y+4
Solve the system of equations using Cramer’s rule: ’ .

2x+6y =8

Solve Applications using Determinants
An interesting application of determinants allows us to test if points are collinear. Three points (x1, y1), (x5, ¥5) and

(x3, y3) are collinear if and only if the determinant below is zero.

Xy 1
x2 y2 1 = 0
x3  yzo 1

Test for Collinear Points

Three points (x, y1), (x5, y5) and (x3, y3) are collinear if and only if

Xy oy 1
Xy y2  1I=0
x3  y3 1

We will use this property in the next example.

EXAMPLE 4.52

Determine whether the points (5, =5), (4, —=3), and (3, —1) are collinear.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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) Solution

X‘| y‘ 1

X ¥ 1

x! y! 1
Substitute the values into the determinant. 5 -5 1
(59 _5)9 (45 _3)7 and (3a _1) 4 -3 1

3 1 1
Evaluate the determinant by expanding ’ 4 -3 : 5 -5 5 -5
by minors using column 3. 3 1 |3 4 4 -3
Evaluate the determinants. (-4 -(-9) - 1(-5-(-15)) + 1(-15-(-20))
Simplify. 1(5)- 1(10) + 1(5)
Simplify. 0

The value of the determinate is 0, so the
points are collinear.

TRYIT::4.103 Determine whether the points (3, =2), (5, =3), and (1, —1) are collinear.

TRYIT:: 4104 Determine whether the points (=4, —1), (=6, 2), and (=2, —4) are collinear.

|Z| MEDIA : :

Access these online resources for additional instruction and practice with solving systems of linear inequalities by
graphing.

» Solving Systems of Linear Inequalities by Graphing (https://www.openstax.org/l/37syslinineqgph)

¢ Systems of Linear Inequalities (https://www.openstax.org/l/37syslineqs)


https://www.openstax.org/l/37syslinineqgph
https://www.openstax.org/l/37syslineqs
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L 4.6 EXERCISES
Practice Makes Perfect

Evaluate the Determinant of a 2 x 2 Matrix
In the following exercises, evaluate the determinate of each square matrix.

6 2] [ ]
232. [3 ~1 233. 3 5

=3 2 9
234. [ 0 4 235. 7 _s

Evaluate the Determinant of a 3 x 3 Matrix
In the following exercises, find and then evaluate the indicated minors.

3 -1 4 -1 -3 2
236. |—1 0 -2 237.| 4 -2 -1
-4 1 5 -2 0 -3

Find the minor @ a; ® b, © c; Find the minor ® a; ® b; © ¢,
2 =3 -4 ) 3
238. (-1 2 3 239. | 1 -3 0
0 -1 =2 -2 3 =2

Find the minor ® a, ® b, © ¢, Find the minor ® a; ® b3 © ¢4

In the following exercises, evaluate each determinant by expanding by minors along the first row.

-2 3 -1 4 -1 =2
240. (—1 2 -2 241. (-3 -2 1
31 =3 -2 =5 7
-2 -3 -4 1 3 =2
242. | 5 -6 7 243. |5 -6 4
-1 2 0 0o -2 -1

In the following exercises, evaluate each determinant by expanding by minors.

-5 -1 -4 4 -1 3
244 | 4 0 -3 245. | 3 -2 2
2 =2 6 -1 0 4
3 5 4 2 -4 -3
246. -1 3 0 247. |5 -1 —4
-2 6 1 3 2 0

Use Cramer’s Rule to Solve Systems of Equations
In the following exercises, solve each system of equations using Cramer’s Rule.

048 {—2x+3y=3 249 {x—2y=—5 250 {x—3y=—9
T lx+3y=12 2x-3y=—-4 T12x+5y=4
2x+y=-4 x—2y=-5 x—=3y=-9

251. 252. 253.
{3x—2y=—6 {2x—3y=—4 {2x+5y=4

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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054 {5x—3y= -1
2x—-y=2

4x-3y+z=7
257. < 2x—5y—4z=73

3x—2y—2z=-7

x+2z=

{4y+31—
2x—-5y=3
3x—z=-
{5y+21——
4x+ 3y =

266, { 3x—y=4
6x+2y=-16

260.

263.

2x+3y+z=12

x+y+z=9
3x+4y+2z=20

269.

3x+8y=-3
255. { * Y

2x+5y=-3

2x —5y+3z=28
258. {3x—y+4z="7
x+3y+2z=-3
2x+5y=4
3y—z=3

4x+3z=-3

261.

264 {2x+y=3
" 6x+3y=9

4x+3y=2
267. { Y

20x+ 15y =5

3x+4y—-3z=-2
2x+3y—z=-12
x+y—2z=6

270.

Solve Applications Using Determinants

In the following exercises, determine whether the given points are collinear.

272. (0, 1), (2, 0),

274. (4, =3), (6, —4),

Writing Exercises

276. Explain the difference between a square matrix
and its determinant. Give an example of each.

278. Explain how to decide which row or column you
will use to expand a 3 X 3 determinant.

Self Check

and (-2, 2).

and (2, =2).

273. (0, -5),

275. (-2, 1),
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6x—5y+2z=3
256. {2x+y—4z=35

3x=3y+z=-1

1x+9y+2z=-9
259. {7x+ 5y +3z=-7

4x+3y+z=-3

2y+3z=-1
262. {5x+3y=-6

x=2y+3z=1
x+y—-3z=17
3x—4y+5z=7

271.

——

(=2, =2), and (2, =8).

(-4, 4), and (0, -2).

277. Explain what is meant by the minor of an entry in
a square matrix.

279. Explain the steps for solving a system of equations
using Cramer’s rule.

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

Confidently

No-I don't
get it!

With some
help

evaluate the determinant of a 2 x 2 matrix.

evaluate the determinant of a 3 x 3 matrix.

use Cramer's rule to solve systems of equations.

solve applications using determinants.

® After reviewing this checklist, what will you do to become confident for all objectives?
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4.7

Graphing Systems of Linear Inequalities

Learning Objectives

By the end of this section, you will be able to:

Determine whether an ordered pair is a solution of a system of linear inequalities
Solve a system of linear inequalities by graphing
Solve applications of systems of inequalities

BE PREPARED : : 4.19 Before you get started, take this readiness quiz.

Solve the inequality 2a < 5a + 12.
If you missed this problem, review Example 2.52.

BE PREPARED : : 4.20
1

Determine whether the ordered pair (3, 5) is a solution to the system y > 2x + 3.

If you missed this problem, review Example 3.34.

Determine whether an ordered pair is a solution of a system of linear inequalities

The definition of a system of linear inequalities is very similar to the definition of a system of linear equations.
System of Linear Inequalities

Two or more linear inequalities grouped together form a system of linear inequalities.
A system of linear inequalities looks like a system of linear equations, but it has inequalities instead of equations. A system
of two linear inequalities is shown here.
x+4y>10
3x-2y<12
To solve a system of linear inequalities, we will find values of the variables that are solutions to both inequalities. We solve

the system by using the graphs of each inequality and show the solution as a graph. We will find the region on the plane
that contains all ordered pairs (x, y) that make both inequalities true.

Solutions of a System of Linear Inequalities

Solutions of a system of linear inequalities are the values of the variables that make all the inequalities true.

The solution of a system of linear inequalities is shown as a shaded region in the x, y coordinate system that includes
all the points whose ordered pairs make the inequalities true.

To determine if an ordered pair is a solution to a system of two inequalities, we substitute the values of the variables into
each inequality. If the ordered pair makes both inequalities true, it is a solution to the system.

EXAMPLE 4.53
x+4y>10

Determine whether the ordered pair is a solution to the system .
3x-2y< 12

@ (=2,4) ® (3, 1)
“) Solution

@ 1s the ordered pair (=2, 4) a solution?
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We substitute x = -2 and into both inequalities.
Xx+4y=10 3x-2y< 12
2
2444310 32)-2(4) £ 12
14 > 10 true -14 < 12 true

The ordered pair (=2, 4) made both inequalities true. Therefore (=2, 4) is a solution to this system.

® Is the ordered pair (3, 1) a solution?

We substitute x = 3 and into both inequalities.
x+4y>10 3x-2y<12
? ?
3+4(1)210 3(3)-2(1) £ 12
7 = 10 false 7 <12 true

The ordered pair (3, 1) made one inequality true, but the other one false. Therefore (3, 1) is not a solution to this
system.

TRYIT:: 4105

x—=5y>10
Determine whether the ordered pair is a solution to the system: ) .
2x+3y > -2

® (3, -1) ® (6, -3)

TRYIT:: 4106

y>4x—2

Determine whether the ordered pair is a solution to the system: .
4x —y <20

@ (-2,1)® @, -1

Solve a System of Linear Inequalities by Graphing

The solution to a single linear inequality is the region on one side of the boundary line that contains all the points that
make the inequality true. The solution to a system of two linear inequalities is a region that contains the solutions to both
inequalities. To find this region, we will graph each inequality separately and then locate the region where they are both
true. The solution is always shown as a graph.

DGR Y HOW TO SOLVE A SYSTEM OF LINEAR INEQUALITIES BY GRAPHING
>2x—1

) y
Solve the system by graphing: .
A Y! Yy 9 plg{y<x+1
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©) solution

We will graph y > 2x— 1. ye2x-1
y<x+1
We graph the liney=2x-1.1t
is a solid line because the y
inequality sign is >.

We choose (0, 0) as a test point.
Itis asolutiontoy > 2x—- 1, so 4
we shade in above the boundary

line. A ™ }

2%}

We will graph v < x + 1 on the y
same grid.

We graph theliney=x+ 1.1t
is a dashed line because the
inequality sign is <.

Again, we use (0, 0) as a test
point. It is a solution so we shade ] !
in that side of the liney =x+ 1. Lo |

The point where the boundary The solution is all points in the area shaded
lines intersect is not a solution twice—which appears as the darkest shaded
because it is not a solution to region.

y<x+1.

We'll use (-1,-1) as atest point.  Is(-1, 1) asolutiontoy > 2x—1?

?
=Y PR

-1z -3true
Is(-1,-1)asolutiontoy < x+ 17

?
-T<-1+1

-1 < 0true

The region containing (-1, -1) is the
solution to this system.

2 i
o
o A B o
N A, L[] HEN
‘\ s ! _— | | I . il | 1
a
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TRYIT:: 4107 y<3x+2
Solve the system by graphing: .
> —x—1
TRYIT:: 4108  fy< —Let3
Solve the system by graphing: 2 .
)< 3x—4

@ HOW TO:: SOLVE A SYSTEM OF LINEAR INEQUALITIES BY GRAPHING.

Step 1.  Graph the first inequality.

> Graph the boundary line.

- Shade in the side of the boundary line where the inequality is true.
Step 2. On the same grid, graph the second inequality.

> Graph the boundary line.

> Shade in the side of that boundary line where the inequality is true.
Step 3. The solution is the region where the shading overlaps.
Step 4. Check by choosing a test point.

EXAMPLE 4.55

x—y>3
Solve the system by graphing: y< —%x+4'
) Solution
{x—y>3
_1
y < 5x+4
Graph x -y >3, by graphingx -y =3 y
and testing a point. 1
8.-
The intercepts are x =3 and y = -3 and the T
boundary line will be dashed. 61 P
Ee 7
Test (0, 0) which makes the inequality false so shade 47 ,’,
(red) the side that does not contain (0, 0). T o
2_: ///
ettt A= X
8 6 -4 -2 0 204 6 8
-2+ //
‘/
¥
/’ +
s
4 -6+
’ 1
/, 8+
# 1.
'
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Graph y < —%x+4 by graphing y = —%x+4
using the slope m = —% and y-intercept b = 4.

The boundary line will be dashed

Test (0, 0) which makes the inequality true, so
shade (blue) the side that contains (0, 0).

Choose a test point in the solution and verify that it is

a solution to both inequalties.

Chapter 4 Systems of Linear Equations

The point of intersection of the two lines is not included as both boundary lines were dashed. The solution is the area

shaded twice—which appears as the darkest shaded region.

TRYIT:: 4109

TRYIT:: 4110

Solve the system by graphing: {y > %x -1

Solve the system b hing: '
olve the system by graphing {y>—%x+5

+y<2

3x—2y<6

EXAMPLE 4.56

. x—2y<5
Solve the system by graphing: .

> —4
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©) solution

Graph x—2y <5, bygraphing x—2y =15
and testing a point. The intercepts are

x=5andy=-2.5and the
boundary line will be dashed.

Test (0, 0) which makes the inequality true, so shade

(red) the side that contains (0, 0).

§—2y<5
> —4

Graph y > —4, by graphing y = -4 and

recognizing that it is a horizontal line
through y = —4. The boundary line will

be dashed.

Test (0, 0) which makes the inequality

true so shade (blue) the side that contains (0, 0).

471

The point (0, 0) is in the solution and we have already found it to be a solution of each inequality. The point of

intersection of the two lines is not included as both boundary lines were dashed.

The solution is the area shaded twice—which appears as the darkest shaded region.

TRYIT:: 4111

TRYIT::4112

Solve the system by graphing: {j} -

Solve the system by graphing: {i

>3x-2
< —1
> —4
-2y > -4
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Systems of linear inequalities where the boundary lines are parallel might have no solution. We'll see this in the next
example.

EXAMPLE 4.57

4x+3y>12
Solve th tem b hing: .
olve the system by graphing y< —%x+l
© solution
4x+3y > 12
y < —%x+ 1
Graph 4x+3y > 12, by graphing 4x + 3y = 12 f
and testing a point. The intercepts are x =3 LY T
and y = 4 and the boundary line will be solid. 9 871
Test (0, 0) which makes the inequality false, so b f
shade (red) the side that does not contain (0, 0). 2o
e \\
2119
+ L
hY
-ttt t+——+—+—+—+—+=X
8 6 4 2 0 2\a 6 8
24 A
+ b
AY
-1 N
hS
T N
-6+ L
4 hY
N L\
Graph y < —%x+1 by graphing y = —%x+l f
using the slope m = —% and y-intercept

b =1.The boundary line will be dashed.

Test (0, 0) which makes the inequality true, so
shade (blue) the side that contains (0, 0).

There is no point in both shaded regions, so the system has no solution.
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TRYIT:: 4113 3x—2y > 12
Solve the syst b hing:
ystem by graphing ;> ix+1
- 2
TRYIT:: 4114 x+3y>8
Solve the system by graphing:
A Y y grapning y<—%x—2

Some systems of linear inequalities where the boundary lines are parallel will have a solution. We'll see this in the next
example.

EXAMPLE 4.58

1

) y>=x—4
Solve the system by graphing: 2 .
x—2y<—4
) Solution
1, _
y>ox 4
x—2y< —4
1 ; 1 ¥
Graph y>§x—4 by graphing y=§x—4
using the slope m =% and the intercept 87
b = -4. The boundary line will be dashed. 6+
Test (0, 0) which makes the inequality true, so S
shade (red) the side that contains (0, 0). 2
::::::::_—.:'....,:”:=x
& |6 4210 [2]|4|g778
A5 S
A1
A" 61
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Graph x —2y < —4 by graphing x —2y = —4

and testing a point. The intercepts are
x=-4and y = 2 and the boundary line will be dashed.

Choose a test point in the solution and verify
that it is a solution to both inequalties.

Test (0, 0) which makes the inequality false, so
shade (blue) the side that does not contain (0, 0).

No point on the boundary lines is included in the solution as both lines are dashed.
The solution is the region that is shaded twice which is also the solution to x — 2y < —4.

y>3x+1

SolvethesystembygraphinQ:{ 3x4+y> -4
—3x+y>-—

TRYIT:: 4115

TRYIT:: 4116

1
< —=x
)L+2.

Solve the system by graphing:
x+4y<4

Solve Applications of Systems of Inequalities

The first thing we’ll need to do to solve applications of systems of inequalities is to translate each condition into an
inequality. Then we graph the system, as we did above, to see the region that contains the solutions. Many situations will
be realistic only if both variables are positive, so we add inequalities to the system as additional requirements.

EXAMPLE 4.59

Christy sells her photographs at a booth at a street fair. At the start of the day, she wants to have at least 25 photos to
display at her booth. Each small photo she displays costs her $4 and each large photo costs her $10. She doesn’t want to
spend more than $200 on photos to display.

@ Write a system of inequalities to model this situation.
® Graph the system.

© Could she display 10 small and 20 large photos?

@ Could she display 20 large and 10 small photos?

© Solution

@
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Let x = the number of small photos.
y = the number of large photos

To find the system of equations translate the information.

She wants to have at least 25 photos.
The number of small plus the number of large should be at least 25.
x+y>25
$4 for each small and $10 for each large must be no more than $200
4x+ 10y <200

The number of small photos must be greater than or equal to 0.
x>0

The number of large photos must be greater than or equal to 0.
y=0

We have our system of equations.

x+y>25
4x 4+ 10y <200
x>0

>0

®
Since x > 0 and y > 0 (both are greater than or equal to) all solutions will be in the first quadrant. As a result, our graph
shows only quadrant one.

To graph x+y>25, graph x4y =25 asasolid line. '

Choose (0, 0) as a test point. Since it does not make the inequality

true, shade (red) the side that does not include the point (0, 0). 25
15

To graph 4x+ 10y <200, graph 4x+ 10y =200 as a solid line.

Choose (0, 0) as a test point. Since it does make the inequality true, 5
shade (blue) the side that include the point (0, 0).

X
oy 5 15 25 35 45 55

The solution of the system is the region of the graph that is shaded the darkest. The boundary line sections that border
the darkly-shaded section are included in the solution as are the points on the x-axis from (25, 0) to (55, 0).

© To determine if 10 small and 20 large photos would work, we look at the graph to see if the point (10, 20) is in the
solution region. We could also test the point to see if it is a solution of both equations.

It is not, Christy would not display 10 small and 20 large photos.

@ To determine if 20 small and 10 large photos would work, we look at the graph to see if the point (20, 10) is in the
solution region. We could also test the point to see if it is a solution of both equations.

Itis, so Christy could choose to display 20 small and 10 large photos.
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Notice that we could also test the possible solutions by substituting the values into each inequality.

TRYIT:: 4117

A trailer can carry a maximum weight of 160 pounds and a maximum volume of 15 cubic feet. A microwave oven
weighs 30 pounds and has 2 cubic feet of volume, while a printer weighs 20 pounds and has 3 cubic feet of space.

® Write a system of inequalities to model this situation.

® Graph the system.

(© Could 4 microwaves and 2 printers be carried on this trailer?
@ Could 7 microwaves and 3 printers be carried on this trailer?

TRYIT:: 4118

Mary needs to purchase supplies of answer sheets and pencils for a standardized test to be given to the juniors
at her high school. The number of the answer sheets needed is at least 5 more than the number of pencils. The
pencils cost $2 and the answer sheets cost $1. Mary's budget for these supplies allows for a maximum cost of
$400.

® Write a system of inequalities to model this situation.

® Graph the system.

© Could Mary purchase 100 pencils and 100 answer sheets?
@ Could Mary purchase 150 pencils and 150 answer sheets?

When we use variables other than x and y to define an unknown quantity, we must change the names of the axes of the
graph as well.

EXAMPLE 4.60

Omar needs to eat at least 800 calories before going to his team practice. All he wants is hamburgers and cookies, and he
doesn’t want to spend more than $5. At the hamburger restaurant near his college, each hamburger has 240 calories and
costs $1.40. Each cookie has 160 calories and costs $0.50.

@ write a system of inequalities to model this situation.

® Graph the system.

© Could he eat 3 hamburgers and 1 cookie?

@ Could he eat 2 hamburgers and 4 cookies?
© solution

@
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Let & = the number of hamburgers.

¢ = the number of cookies

To find the system of equations translate the information.
The calories from hamburgers at 240 calories each, plus the calories from cookies at 160 calories each
must be more that 800.

240h + 160c > 800
The amount spent on hamburgers at $1.40 each, plus the amount spent on cookies at $0.50 each
must be no more than $5.00.
1.40h 4+ 0.50c <5
The number of hamburgers must be greater than or equal to 0.
h>0
The number of cookies must be greater than or equal to 0.
c>0

240h + 160c > 800
1.40h +0.50c <5
h>0

c>0

We have our system of equations.

®
Since h> =0 and ¢ > =0 (both are greater than or equal to) all solutions will be in the first quadrant. As a result,
our graph shows only quadrant one.

To graph 240h + 160c > 800, graph 240/ + 160c = 800 as a solid :

line. 671
5__
a4

Choose (0, 0) as a test point. Since it does not make the inequality 3

true, shade (red) the side that does not include the point (0, 0). 11
B_F123456789‘|0‘|112

Graph 1.40h + 0.50c < 5. The boundary line is 1.40A + 0.50c = 5. We test (0, 0) and it makes the inequality true. We
shade the side of the line that includes (0, 0).

The solution of the system is the region of the graph that is shaded the darkest. The boundary line sections that border
the darkly shaded section are included in the solution as are the points on the x-axis from (5, 0) to (10, 0).

© To determine if 3 hamburgers and 2 cookies would meet Omar’s criteria, we see if the point (3, 2) is in the solution
region. It is, so Omar might choose to eat 3 hamburgers and 2 cookies.

@ To determine if 2 hamburgers and 4 cookies would meet Omar’s criteria, we see if the point (2, 4) is in the solution
region. It is, Omar might choose to eat 2 hamburgers and 4 cookies.

We could also test the possible solutions by substituting the values into each inequality.
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TRYIT:: 4119

Tension needs to eat at least an extra 1,000 calories a day to prepare for running a marathon. He has only $25 to
spend on the extra food he needs and will spend it on $0.75 donuts which have 360 calories each and $2 energy
drinks which have 110 calories.

® Write a system of inequalities that models this situation.
® Graph the system.

© Can he buy 8 donuts and 4 energy drinks and satisfy his caloric needs?
@ can he buy 1 donut and 3 energy drinks and satisfy his caloric needs?

TRYIT:: 4120

Philip’s doctor tells him he should add at least 1,000 more calories per day to his usual diet. Philip wants to buy
protein bars that cost $1.80 each and have 140 calories and juice that costs $1.25 per bottle and have 125 calories.
He doesn’t want to spend more than $12.

® write a system of inequalities that models this situation.
® Graph the system.

®©canhe buy 3 protein bars and 5 bottles of juice?

@ can he buy 5 protein bars and 3 bottles of juice?

[»] meDIA::

Access these online resources for additional instruction and practice with solving systems of linear inequalities by
graphing.

» Solving Systems of Linear Inequalities by Graphing (https://openstax.org/l/37sysineqgraph)

» Systems of Linear Inequalities (https://openstax.org/l/37sysineqgraph2)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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L 4.7 EXERCISES
Practice Makes Perfect

Determine Whether an Ordered Pair is a Solution of a System of Linear Inequalities

In the following exercises, determine whether each ordered pair is a solution to the system.

{3x+y>5 {4x—y<10

280. 281.

2x—y <10 —2x4+2y> -8

® @3,-3)® @, 1 @ (5, -2) ® (-1, 3)
y<%x+3 284, {7x+2y>14

283. Sx—-y<8
%x—2y< 5

@ (2,3) ® (7,-1)
@ (-4, —1) ® (8, 3)

Solve a System of Linear Inequalities by Graphing
In the following exercises, solve each system by graphing.

y<3x+2 y< —2x+2
286. 287.
>x—1 2 —x—1
y> 2,40 x—y>1
289. 3 290. 1
>2x—3 y < —ZX+3
3x—y=>6 2x+4y > 8
292. S 1 293. <i
Yz —5x ySgx
205 3x-2y<6 206 2x +2y > —4
" l-4x-2y>8 S l=x+3y29
-2y<3 -3y>4
298.{; Y 299.{; J
<1 < -1
2 3
< —%x+5 >2x -2
301. {y = T3 302. {7 = 4"
x>3 <2
304, {ix -4y <8 305, {:3x+ 5y > 10
<1 > —1
x < -1 2x+4y >4
307.{/V
>3 308. {ys —%x—Z

y>%x—5
282.
x+%y§4

@ (6, -4) ® (3,0)
{6x -5y <20
285.
—2x+ 7y > -8

® (1,-3) © (-4, 4)

y<2x-—1
288.
y< —%x+4

{)vc+ 2y <4
291.
<x—-2

2x-5y< 10
294.{x Y

3x+4y>12

2x+y> -6
297.
—x+2y>-4

1
> Ay
300.{y— X3
X
1
< -4
303.{j‘ 2x+3
<1

306, |* 23
“ly<2

x—=3y>6
309 1

479
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—2x+6y<0
310.
6y >2x+4
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“3x+6y> 12 > -3x+2
3 { X+ oy 312-{)7_ *

1
>2x—-1
a13. {7 =2
—2x+4y >4

3y>x+2
316.
—2x + 6y > 8

3
<Ix -2
317. {y 4%

4y <2x—4 3x+y>5
1 >3x—-1
y< —yx=2 315, 7 =
314. { 4 “3x+y>—4
x+4y<6

“Bx+4y <7

Solve Applications of Systems of Inequalities

In the following exercises, translate to a system of inequalities and solve.

318. Caitlyn sells her drawings at the county fair. She
wants to sell at least 60 drawings and has portraits
and landscapes. She sells the portraits for $15 and the
landscapes for $10. She needs to sell at least $800
worth of drawings in order to earn a profit.

Write a system of inequalities to model this
situation.

® Graph the system.

© will she make a profit if she sells 20 portraits and 35
landscapes?

@ will she make a profit if she sells 50 portraits and 20
landscapes?

320. Reiko needs to mail her Christmas cards and
packages and wants to keep her mailing costs to no
more than $500. The number of cards is at least 4 more
than twice the number of packages. The cost of mailing
a card (with pictures enclosed) is $3 and for a package
the cost is $7.

Write a system of inequalities to model this
situation.

® Graph the system.
(© Can she mail 60 cards and 26 packages?
@ Can she mail 90 cards and 40 packages?

322. Jocelyn is pregnant and so she needs to eat at
least 500 more calories a day than usual. When buying
groceries one day with a budget of $15 for the extra
food, she buys bananas that have 90 calories each and
chocolate granola bars that have 150 calories each.
The bananas cost $0.35 each and the granola bars cost
$2.50 each.

@ write a system of inequalities to model this
situation.

® Graph the system.
(© Could she buy 5 bananas and 6 granola bars?

@ Could she buy 3 bananas and 4 granola bars?

319. Jake does not want to spend more than $50 on
bags of fertilizer and peat moss for his garden.
Fertilizer costs $2 a bag and peat moss costs $5 a bag.
Jake’s van can hold at most 20 bags.

@ write a system of inequalities to model this
situation.

® Graph the system.

(© Can he buy 15 bags of fertilizer and 4 bags of peat
moss?

@ can he buy 10 bags of fertilizer and 10 bags of peat
moss?

321. Juan is studying for his final exams in chemistry
and algebra. he knows he only has 24 hours to study,
and it will take him at least three times as long to study
for algebra than chemistry.

@ write a system of inequalities to model this
situation.

® Graph the system.

© can he spend 4 hours on chemistry and 20 hours on
algebra?
@ Can he spend 6 hours on chemistry and 18 hours on
algebra?

323. Mark is attempting to build muscle mass and so
he needs to eat at least an additional 80 grams of
protein a day. A bottle of protein water costs $3.20 and
a protein bar costs $1.75. The protein water supplies 27
grams of protein and the bar supplies 16 gram. If he
has $10 dollars to spend

@ write a system of inequalities to model this
situation.

® Graph the system.

© Could he buy 3 bottles of protein water and 1 protein
bar?

@ Could he buy no bottles of protein water and 5
protein bars?
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324. Jocelyn desires to increase both her protein
consumption and caloric intake. She desires to have
at least 35 more grams of protein each day and no
more than an additional 200 calories daily. An ounce
of cheddar cheese has 7 grams of protein and 110
calories. An ounce of parmesan cheese has 11 grams of
protein and 22 calories.

@ write a system of inequalities to model this
situation.
® Graph the system.

© Could she eat 1 ounce of cheddar cheese and 3
ounces of parmesan cheese?

@ Could she eat 2 ounces of cheddar cheese and 1
ounce of parmesan cheese?

Writing Exercises

326. Graph the inequality x —y > 3. How do you know
which side of the line x — y = 3 should be shaded?

Self Check

325. Mark is increasing his exercise routine by running
and walking at least 4 miles each day. His goal is to
burn a minimum of 1500 calories from this exercise.
Walking burns 270 calories/mile and running burns 650
calories.

@ write a system of inequalities to model this
situation.

® Graph the system.

© Could he meet his goal by walking 3 miles and
running 1 mile?

@ Could he his goal by walking 2 miles and running 2
mile

x+2y<6
327. Graph the system 1 . What does the
> - X = 4

solution mean?

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican...

Confidently

With some No-I don't
help get it!

determine whether an ordered
pair is a solution of a system of
linear inequalities.

solve a system of linear
inequalities by graphing.

solve applications of systems of
inequalities.

® What does this checklist tell you about your mastery of this section? What steps will you take to improve?

481
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CHAPTER 4 REVIEW

KEY TERMS

break-even point The point at which the revenue equals the costs is the break-even point; C(x) = R(x).

coincident lines Coincident lines have the same slope and same y-intercept.
complementary angles Two angles are complementary if the sum of the measures of their angles is 90 degrees.

consistent and inconsistent systems Consistent system of equations is a system of equations with at least one
solution; inconsistent system of equations is a system of equations with no solution.

cost function The cost function is the cost to manufacture each unit times x, the number of units manufactured, plus
the fixed costs; C(x) = (cost per unit)x + fixed costs.

determinant Each square matrix has a real number associated with it called its determinant.

matrix A matrix is a rectangular array of numbers arranged in rows and columns.

minor of an entry in a 3 X 3 determinant The minor of an entry in a 3 X 3 determinant is the 2 X 2 determinant
found by eliminating the row and column in the 3 X 3 determinant that contains the entry.

revenue The revenue is the selling price of each unit times x, the number of units sold; R(x) = (selling price per unit)x.

row-echelon form A matrix is in row-echelon form when to the left of the vertical line, each entry on the diagonal is a 1
and all entries below the diagonal are zeros.

solutions of a system of equations Solutions of a system of equations are the values of the variables that make all the
equations true; solution is represented by an ordered pair (x, y).

solutions of a system of linear equations with three variables The solutions of a system of equations are the values
of the variables that make all the equations true; a solution is represented by an ordered triple (x, y, z).

square matrix A square matrix is a matrix with the same number of rows and columns.

supplementary angles Two angles are supplementary if the sum of the measures of their angles is 180 degrees.

system of linear equations When two or more linear equations are grouped together, they form a system of linear
equations.

system of linear inequalities Two or more linear inequalities grouped together form a system of linear inequalities.

KEY CONCEPTS

4.1 Solve Systems of Linear Equations with Two Variables

* How to solve a system of linear equations by graphing.
Step 1. Graph the first equation.
Step 2. Graph the second equation on the same rectangular coordinate system.
Step 3. Determine whether the lines intersect, are parallel, or are the same line.

Step 4. Identify the solution to the system.
If the lines intersect, identify the point of intersection. This is the solution to the system.
If the lines are parallel, the system has no solution.
If the lines are the same, the system has an infinite number of solutions.

Step 5. Check the solution in both equations.
+ How to solve a system of equations by substitution.
Step 1. Solve one of the equations for either variable.
Step 2. Substitute the expression from Step 1 into the other equation.
Step 3. Solve the resulting equation.
Step 4. Substitute the solution in Step 3 into either of the original equations to find the other variable.
Step 5. Write the solution as an ordered pair.
Step 6. Check that the ordered pair is a solution to both original equations.
* How to solve a system of equations by elimination.
Step 1. Write both equations in standard form. If any coefficients are fractions, clear them.
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Step 2. Make the coefficients of one variable opposites.
Decide which variable you will eliminate.
Multiply one or both equations so that the coefficients of that variable are opposites.

Step 3. Add the equations resulting from Step 2 to eliminate one variable.

Step 4. Solve for the remaining variable.

Step 5. Substitute the solution from Step 4 into one of the original equations. Then solve for the other variable.
Step 6. Write the solution as an ordered pair.

Step 7. Check that the ordered pair is a solution to both original equations.

Choose the Most Convenient Method to Solve a System of Linear Equations
Graphing Substitution __Elimination

Use when one equation is

Use when you need a already solved or can be Use when the equations are
picture of the situation.  easily solved for one in standard form.
variable.

4.2 Solve Applications with Systems of Equations

* How To Solve Applications with Systems of Equations
Step 1. Read the problem. Make sure all the words and ideas are understood.
Step 2. Identify what we are looking for.
Step 3. Name what we are looking for. Choose variables to represent those quantities.
Step 4. Translate into a system of equations.
Step 5. Solve the system of equations using good algebra techniques.
Step 6. Check the answer in the problem and make sure it makes sense.
Step 7. Answer the question with a complete sentence.

4.3 Solve Mixture Applications with Systems of Equations

» Cost function: The cost function is the cost to manufacture each unit times x, the number of units manufactured,
plus the fixed costs.

C(x) = (cost per unit)- x + fixed costs
+ Revenue: The revenue function is the selling price of each unit times x, the number of units sold.
R(x) = (sellingpriceperunit)- x
+ Break-even point: The break-even point is when the revenue equals the costs.
C(x) = R(x)

4.4 Solve Systems of Equations with Three Variables
+ Linear Equation in Three Variables: A linear equation with three variables, where g, b, ¢, and d are real numbers
and g, b, and c are not all 0, is of the form
ax+by+cz=d

Every solution to the equation is an ordered triple, (x, y, z) that makes the equation true.

+ How to solve a system of linear equations with three variables.

Step 1. Write the equations in standard form
If any coefficients are fractions, clear them.

Step 2. Eliminate the same variable from two equations.
Decide which variable you will eliminate.
Work with a pair of equations to eliminate the chosen variable.
Multiply one or both equations so that the coefficients of that variable are opposites.
Add the equations resulting from Step 2 to eliminate one variable

Step 3. Repeat Step 2 using two other equations and eliminate the same variable as in Step 2.
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Step 4. The two new equations form a system of two equations with two variables. Solve this system.
Step 5. Use the values of the two variables found in Step 4 to find the third variable.

Step 6. Write the solution as an ordered triple.

Step 7. Check that the ordered triple is a solution to all three original equations.

4.5 Solve Systems of Equations Using Matrices

+ Matrix: A matrix is a rectangular array of numbers arranged in rows and columns. A matrix with m rows and n
columns has order m X n. The matrix on the left below has 2 rows and 3 columns and so it has order 2 X 3. We

say itis a 2 by 3 matrix.

3 columns 4 columns

= =2 2 2060 329
2r0ws<j_1 4 s} 3rows< A 0 22
0-2-4 1

2 % 3 matrix 3 x 4 matrix

Each number in the matrix is called an element or entry in the matrix.

+ Row Operations: In a matrix, the following operations can be performed on any row and the resulting matrix will
be equivalent to the original matrix.

- Interchange any two rows
> Multiply a row by any real number except 0
> Add a nonzero multiple of one row to another row

+ Row-Echelon Form: For a consistent and independent system of equations, its augmented matrix is in row-
echelon form when to the left of the vertical line, each entry on the diagonal is a 1 and all entries below the
diagonal are zeros.

a, b, c,d, e, fare real numbers

(==
-0
== n O

Q

o

e
£
+ How to solve a system of equations using matrices.
Step 1. Write the augmented matrix for the system of equations.
Step 2. Using row operations get the entry in row 1, column 1 to be 1.
Step 3. Using row operations, get zeros in column 1 below the 1.
Step 4. Using row operations, get the entry in row 2, column 2 to be 1.
Step 5. Continue the process until the matrix is in row-echelon form.
Step 6. Write the corresponding system of equations.
Step 7. Use substitution to find the remaining variables.
Step 8. Write the solution as an ordered pair or triple.
Step 9. Check that the solution makes the original equations true.

4.6 Solve Systems of Equations Using Determinants

+ Determinant: The determinant of any square matrix [a z], where g, b, ¢, and d are real numbers, is
c

‘a b

c d

+ Expanding by Minors along the First Row to Evaluate a 3 x 3 Determinant: To evaluate a 3 X 3 determinant
by expanding by minors along the first row, the following pattern:

|=ad—bc

a, b, c

b, c a, c a, b,
a, b, ¢,|=aq, ol - b, o Sl
03 b! C! 3 ] 3 ] a a

minor of a, minor of b, minor of ¢,
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Sign Pattern: When expanding by minors using a row or column, the sign of the terms in the expansion follow
the following pattern.

+ - +
u— + —
+ - +
apx + bl y= kl

Cramer's Rule: For the system of equations { the solution (x, y) can be determined by

arx+byy=ky

where D= z‘ E' use the coefficients of the variables.
k, b, : :
D = ik replace the x coefficients with the constants.
a, k oo :
D= a‘ kl replace the y coefficients with the constants.

Notice that to form the determinant D, we use take the coefficients of the variables.
How to solve a system of two equations using Cramer’s rule.
Step 1. Evaluate the determinant D, using the coefficients of the variables.

Step 2. Evaluate the determinant D,. Use the constants in place of the x coefficients.
Step 3. Evaluate the determinant Dy. Use the constants in place of the y coefficients.

Step 4. D, D,
Flndxandy. X = f, y= ﬁ

Step 5. Write the solution as an ordered pair.

Step 6. Check that the ordered pair is a solution to both original equations.

Step 7. Dependent and Inconsistent Systems of Equations: For any system of equations, where the value of
the determinant D =0,

Value of determinants Type of system Solution
D =0and Dy, Dy and D are all zero consistent and dependent  infinitely many solutions
D =0and D,, Dy and D, are not all zero  inconsistent no solution

Step 8. Test for Collinear Points: Three points (x;, y;), (x5, y5), and (x5, y3) are collinear if and only if

xpooyp 1
X Y2 1|=0
X3 y3 1

4.7 Graphing Systems of Linear Inequalities

Solutions of a System of Linear Inequalities: Solutions of a system of linear inequalities are the values of the
variables that make all the inequalities true. The solution of a system of linear inequalities is shown as a shaded
region in the x, y coordinate system that includes all the points whose ordered pairs make the inequalities true.

How to solve a system of linear inequalities by graphing.

Step 1. Graph the first inequality.
Graph the boundary line.
Shade in the side of the boundary line where the inequality is true.

Step 2. On the same grid, graph the second inequality.
Graph the boundary line.
Shade in the side of that boundary line where the inequality is true.

Step 3. The solution is the region where the shading overlaps.
Step 4. Check by choosing a test point.
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REVIEW EXERCISES

4.1 Solve Systems of Linear Equations with Two Variables
Determine Whether an Ordered Pair is a Solution of a System of Equations.
In the following exercises, determine if the following points are solutions to the given system of equations.

228 x+3y=-9 329 x+y=8
) {2x—4y=12 ) {y:x—4
® (-3, -2) ® (6, 2)

® (0, -3) ® 9, -1

Solve a System of Linear Equations by Graphing
In the following exercises, solve the following systems of equations by graphing.

=6 4y = -1 2x—y=
330. {3x+y 331 {;” Y 332. {x y=3
x+3y=-6 = 4x -2y =10
{—x+2y=4
333 1 ]
y =% 3

In the following exercises, without graphing determine the number of solutions and then classify the system of equations.

_2 3x+2y=6 Sx—4y=0

==2x4+2 y y

334, { 5t 335. {y=_3x+4 336. { 5
—2x+5y=10 =-S5

Solve a System of Equations by Substitution
In the following exercises, solve the systems of equations by substitution.

3x-2y=2 338 {x—y:O y=-2x+7
337. : - 339.
y=%x+3 2x+5y=-14 =%x—1
= —5x — _1
340. = —3x+2
{Sx +y=6 341. 3
x+3y=6
Solve a System of Equations by Elimination
In the following exercises, solve the systems of equations by elimination
{x+y=12 {3x—8y=20 Ix+4y=2
342, 343. 344.
x—y=-10 x+3y=1 Sx+3y=5
1 1 — =
T E 346. X3y =8
345. 2x — 6y = —-20
3y_y=3
4 2

Choose the Most Convenient Method to Solve a System of Linear Equations

In the following exercises, decide whether it would be more convenient to solve the system of equations by substitution or
elimination.

347 {6x—5y=27 348 {y=3x—9
" Bx+10y=-24 " l4x-5y=23
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4.2 Solve Applications with Systems of Equations

Solve Direct Translation Applications

In the following exercises, translate to a system of equations and solve.

349. Mollie wants to plant 200
bulbs in her garden, all irises and
tulips. She wants to plant three
times as many tulips as irises. How
many irises and how many tulips
should she plant?

352. Troy and Lisa were shopping
for  school supplies. Each
purchased different quantities of
the same notebook and thumb
drive. Troy bought four notebooks
and five thumb drives for $116. Lisa
bought two notebooks and three
thumb drives for $68. Find the cost
of each notebook and each thumb
drive.

Solve Geometry Applications

350. Ashanti has been offered
positions by two phone companies.
The first company pays a salary of
$22,000 plus a commission of $100
for each contract sold. The second
pays a salary of $28,000 plus a
commission of $25 for each
contract sold. How many contract
would need to be sold to make the
total pay the same?

In the following exercises, translate to a system of equations and solve.

353. The difference of two
supplementary angles is 58
degrees. Find the measures of the
angles.

356. Becca is hanging a 28 foot
floral garland on the two sides and
top of a pergola to prepare for a
wedding. The height is four feet
less than the width. Find the height
and width of the pergola.

Solve Uniform Motion Applications

354. Two angles are
complementary. The measure of
the larger angle is five more than
four times the measure of the
smaller angle. Find the measures
of both angles.

357. The perimeter of a city
rectangular park is 1428 feet. The
length is 78 feet more than twice
the width. Find the length and
width of the park.

In the following exercises, translate to a system of equations and solve.

358.

Sheila and Lenore were driving to their

351. Leroy spent 20 minutes
jogging and 40 minutes cycling and
burned 600 calories. The next day,
Leroy swapped times, doing 40
minutes of jogging and 20 minutes
of cycling and burned the same
number of calories. How many
calories were burned for each
minute of jogging and how many
for each minute of cycling?

355. The measure of one of the
small angles of a right triangle is
15 less than twice the measure of
the other small angle. Find the
measure of both angles.

359. Bob left home, riding his bike at a rate of 10

grandmother’s house. Lenore left one hour after
Sheila. Sheila drove at a rate of 45 mph, and Lenore
drove at a rate of 60 mph. How long will it take for
Lenore to catch up to Sheila?

360. Marcus can drive his boat 36 miles down the river
in three hours but takes four hours to return upstream.
Find the rate of the boat in still water and the rate of
the current.

miles per hour to go to the lake. Cheryl, his wife, left 45
minutes (% hour) later, driving her car at a rate of 25

miles per hour. How long will it take Cheryl to catch up
to Bob?

361. A passenger jet can fly 804 miles in 2 hours with a
tailwind but only 776 miles in 2 hours into a headwind.
Find the speed of the jet in still air and the speed of the
wind.
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4.3 Solve Mixture Applications with Systems of Equations

Solve Mixture Applications with Systems of Equations

For the following exercises, translate to a system of equations and solve.

362. Lynn paid a total of $2,780 for 261 tickets to the
theater. Student tickets cost $10 and adult tickets cost
$15. How many student tickets and how many adult
tickets did Lynn buy?

364. Yumi wants to make 12 cups of party mix using
candies and nuts. Her budget requires the party mix
to cost her $1.29 per cup. The candies are $2.49 per
cup and the nuts are $0.69 per cup. How many cups of
candies and how many cups of nuts should she use?

Solve Interest Applications

363. Priam has dimes and pennies in a cup holder
in his car. The total value of the coins is $4.21. The
number of dimes is three less than four times the
number of pennies. How many dimes and how many
pennies are in the cup?

365. A scientist needs 70 liters of a 40% solution of
alcohol. He has a 30% and a 60% solution available.
How many liters of the 30% and how many liters of
the 60% solutions should he mix to make the 40%
solution?

For the following exercises, translate to a system of equations and solve.

366. Jack has $12,000 to invest and wants to earn 7.5%
interest per year. He will put some of the money into
a savings account that earns 4% per year and the rest
into CD account that earns 9% per year. How much
money should he put into each account?

367. When she graduates college, Linda will owe
$43,000 in student loans. The interest rate on the
federal loans is 4.5% and the rate on the private bank
loans is 2%. The total interest she owes for one year
was $1,585. What is the amount of each loan?

4.4 Solve Systems of Equations with Three Variables

Solve Systems of Equations with Three Variables

In the following exercises, determine whether the ordered triple is a solution to the system.

3x—4y—-3z=2 y:%x—Z
368. <2x—6y+z=3 360. _
2r+3y—27=3 ¥+3y-z=15
® x=3y+z=-2
(2,3,-1
® (—6, 5, %)
® @3, 1,3)
4 _
@(5, 3 3)

Solve a System of Linear Equations with Three Variables

In the following exercises, solve the system of equations.

3x—5y+4z=5 x+%y+z=—2 S5x+3y=-6
370. <5x+2y+z=0 372. {2y+3z=-1
2x+3y—2z=3 371 2x+2y+§z=—4 Tx4+z=1
%x—y—z:l
2x+3y+z=12 —x—-3y+2z=14
373. {x+y+z=9 374. {—x+2y—-3z=-4

3x+4y+2z=20

3x+y—-2z=6
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Solve Applications using Systems of Linear Equations with Three Variables

375. After attending a major
league baseball game, the patrons
often purchase souvenirs. If a
family purchases 4 t-shirts, a cap
and 1 stuffed animal their total is
$135. A couple buys 2 t-shirts, a cap
and 3 stuffed animals for their
nieces and spends $115. Another
couple buys 2 t-shirts, a cap and
1 stuffed animal and their total is
$85. What is the cost of each item?

4.5 Solve Systems of Equations Using Matrices
Write the Augmented Matrix for a System of Equations.
Write each system of linear equations as an augmented matrix.
376, {3x—y=—1 4x+3y=-2
—2x+2y=5 377. {x—2y—-3z=7
2x —y+2z=-6

Write the system of equations that that corresponds to the augmented matrix.

2 4 | —2] 1 0 -3 -1
378.
[3 -3 -1 379. ll -2 0 —2]
0 -1 2 3
In the following exercises, perform the indicated operations on the augmented matrices.

4 -6 | —3] 1 -3 =2 4
38l |2 2 -1 -3
-1
@ Interchange rows 2 and 1.

380.
[3 2 1
4 2 3
® Multiply row 1 by 4 @ Interchange rows 2 and 3.

© Multiply row 2 by 3 and add to © Multiply row 1 by 2.
row 1. © Multiply row 3 by —2 and add
to row 2.

Solve Systems of Equations Using Matrices

In the following exercises, solve each system of equations using a matrix.

382, {4x+y:6 2x—y+3z=-3 2y+3z=-1
x—y=4 383. s —x+2y—z=10 384. {5x+3y=-6
x+y+z=5 Ix+z=1
x+2y—-3z=-1 x+y—-3z=-1
385. sx—3y+z=1 38. 4y—2=0
2x—y—2z=2 —x+2y=1

4.6 Solve Systems of Equations Using Determinants
Evaluate the Determinant of a 2 x 2 Matrix
In the following exercise, evaluate the determinate of the square matrix.

8 —4]
387.
5 =
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Evaluate the Determinant of a 3 x 3 Matrix
In the following exercise, find and then evaluate the indicated minors.

-1 =3 2
388. 4 -2 —1f; Find the
-2 0o -3

minor® a; ® b; © ¢,

In the following exercise, evaluate each determinant by expanding by minors along the first row.

2 -3 -4
389. 5 -6 7
-1 2 0

In the following exercise, evaluate each determinant by expanding by minors.

35 4
390. |-1 3 0
-2 6 1

Use Cramer’s Rule to Solve Systems of Equations

In the following exercises, solve each system of equations using Cramer’s rule

301 {x—3y=—9 4x—=3y+z=7 2x+5y=4
2x+5y=4 392, <2x—5y—4z=3 393. {3y—-2z=3
3x—2y—-2z=-7 4x+3z=-3
x+y—3z=-1 3x+4y—-3z=-2
394. 4y—2z=0 395. {2x+3y—z=-12
—x+2y=1 xX+y—2z=6

Solve Applications Using Determinants

In the following exercises, determine whether the given points are collinear.
396. (0,2), (-1,-1), and

(=2,4)

4.7 Graphing Systems of Linear Inequalities
Determine Whether an Ordered Pair is a Solution of a System of Linear Inequalities
In the following exercises, determine whether each ordered pair is a solution to the system.

4x+y>6 1
y>x+2
397 {3x —y<12 308, 3
X — %y <10
@ @2, -1
® (3, -2) ® @, 5)
® (15, 8)

Solve a System of Linear Inequalities by Graphing
In the following exercises, solve each system by graphing.

399 y<3x+1 x—y>-—1 101 2x -3y <6
: > —x-2 400. y<lioo T Bx+4y>12
3
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S_ix_i_l +3y<5

402. {y 4
x>-5

Solve Applications of Systems of Inequalities

X
403.
y2 —%x+6

404 {yZZx—S
" |-6x+3y > —4

In the following exercises, translate to a system of inequalities and solve.

405. Roxana makes bracelets and necklaces and sells
them at the farmers’ market. She sells the bracelets
for $12 each and the necklaces for $18 each. At the
market next weekend she will have room to display no
more than 40 pieces, and she needs to sell at least $500
worth in order to earn a profit.

@ Write a system of inequalities to model this
situation.

® Graph the system.
(© should she display 26 bracelets and 14 necklaces?
@ Should she display 39 bracelets and 1 necklace?

406. Annie has a budget of $600 to purchase
paperback books and hardcover books for her
classroom. She wants the number of hardcover to be at
least 5 more than three times the number of paperback
books. Paperback books cost $4 each and hardcover
books cost $15 each.

@ Write a system of inequalities to model this
situation.

® Graph the system.

(© Can she buy 8 paperback books and 40 hardcover
books?

@ can she buy 10 paperback books and 37 hardcover
books?



In the following exercises, solve the following systems by graphing.
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PRACTICE TEST
x—y=35

407. {x+2y= 4

108 x—y>-=2
| <3x+1

Chapter 4 Systems of Linear Equations

In the following exercises, solve each system of equations. Use either substitution or elimination.

x+4y=6
4009.
—2x+y=-3

410 —3x+4y=25
T lx—-5y=-23

Solve the system of equations using a matrix.

2x+y=17
412.
x—2y=6

Solve using Cramer’s rule.

a4 {3x+y=—3
T 2x+3y=6

3x+y+z=-4
—x+2y—-2z=1
2x—y—z=-1

413.

415. Evaluate the determinant by
expanding by minors:

3 -2 =2
2 -1 4.
-1 0 =3

In the following exercises, translate to a system of equations and solve.

416. Greg is paddling his canoe
upstream, against the current, to
a fishing spot 10 miles away. If he
paddles upstream for 2.5 hours
and his return trip takes 1.25
hours, find the speed of the current
and his paddling speed in still
water.

419. The church youth group is
selling snacks to raise money to
attend their convention. Amy sold
2 pounds of candy, 3 boxes of
cookies and 1 can of popcorn for
a total sales of $65. Brian sold 4
pounds of candy, 6 boxes of
cookies and 3 cans of popcorn for
a total sales of $140. Paulina sold
8 pounds of candy, 8 boxes of
cookies and 5 can of popcorn for a
total sales of $250. What is the cost
of each item?

417. A pharmacist needs 20 liters
of a 2% saline solution. He has a 1%
and a 5% solution available. How
many liters of the 1% and how
many liters of the 5% solutions
should she mix to make the 2%
solution?

420. The manufacturer of a
granola bar spends $1.20 to make
each bar and sells them for $2. The
manufacturer also has fixed costs
each month of $8,000.

@ Find the cost function C when x
granola bars are manufactured

® Find the revenue function R
when x granola bars are sold.

(© Show the break-even point by
graphing both the Revenue and
Cost functions on the same grid.
@ Find the break-even point.

Interpret what the break-even
point means.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3

x+y—z=-1
411. {2x—y+2z=8
—3x+2y+z=-9

418. Arnold invested $64,000,
some at 5.5% interest and the rest
at 9%. How much did he invest at
each rate if he received $4,500 in
interest in one year?

421. Translate to a system of
inequalities and solve.

Andi wants to spend no more than
$50 on Halloween treats. She
wants to buy candy bars that cost
$1 each and lollipops that cost
$0.50 each, and she wants the
number of lollipops to be at least
three times the number of candy
bars.

@ Write a system of inequalities to
model this situation.
® Graph the system.

(© Can she buy 20 candy bars and
40 lollipops?



POLYNOMIALS AND POLYNOMIAL FUNCTIONS -

Figure 5.1 There are many different kinds of coins in circulation, but a new type of coin exists only in the virtual world. It is the
bitcoin.

Chapter Outline
5.1 Add and Subtract Polynomials
5.2 Properties of Exponents and Scientific Notation
5.3 Multiply Polynomials
5.4 Dividing Polynomials

Introduction

You may have coins and paper money in your wallet, but you may soon want to acquire a type of currency called bitcoins.
They exist only in a digital wallet on your computer. You can use bitcoins to pay for goods at some companies, or save
them as an investment. Although the future of bitcoins is uncertain, investment brokers are beginning to investigate ways
to make business predictions using this digital currency. Understanding how bitcoins are created and obtained requires
an understanding of a type of function known as a polynomial function. In this chapter you will investigate polynomials
and polynomial functions and learn how to perform mathematical operations on them.

51

Add and Subtract Polynomials

Learning Objectives

By the end of this section, you will be able to:

Determine the degree of polynomials

Add and subtract polynomials

Evaluate a polynomial function for a given value
Add and subtract polynomial functions

BE PREPARED : : 5.1 Before you get started, take this readiness quiz.

Simplify: 3x2 4 3x+ 1 + 8x> 4+ 5x + 5.
If you missed this problem, review Example 1.7.

BE PREPARED : : 5.2 Subtract: (51 +8) — (2n — 1).
If you missed this problem, review Example 1.5.
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BE PREPARED :: 5.3 Evaluate: 4xy”> when x = —2 and y = 5.

If you missed this problem, review

Determine the Degree of Polynomials

We have learned that a term is a constant or the product of a constant and one or more variables. A monomial is an
algebraic expression with one term. When it is of the form ax”, where a is a constant and m is a whole number, it is

called a monomial in one variable. Some examples of monomial in one variable are. Monomials can also have more than
one variable such as and —4a”b> c2.

Monomial

A monomial is an algebraic expression with one term.

A monomial in one variable is a term of the form ax”, where ais a constant and m is a whole number.

A monomial, or two or more monomials combined by addition or subtraction, is a polynomial. Some polynomials have
special names, based on the number of terms. A monomial is a polynomial with exactly one term. A binomial has exactly
two terms, and a trinomial has exactly three terms. There are no special names for polynomials with more than three
terms.

Polynomials

polynomial—A monomial, or two or more algebraic terms combined by addition or subtraction is a polynomial.
monomial—A polynomial with exactly one term is called a monomial.

binomial—A polynomial with exactly two terms is called a binomial.

trinomial—A polynomial with exactly three terms is called a trinomial.

Here are some examples of polynomials.

Polynomial  y+1 4a® - Tab + 2b* 4t + 3+ 822 —9x + 1

Monomial 14 8y2 —9x3y3 —13a3b%c
Binomial a+7b 4x2 = y? y2— 16 3p3q-9prg
Trinomial X2=Tx+12  9m®>+2mn—8n>  6k* — k3 +8k H4322-1

Notice that every monomial, binomial, and trinomial is also a polynomial. They are just special members of the “family” of
polynomials and so they have special names. We use the words monomial, binomial, and trinomial when referring to these
special polynomials and just call all the rest polynomials.

The degree of a polynomial and the degree of its terms are determined by the exponents of the variable.
A monomial that has no variable, just a constant, is a special case. The degree of a constant is 0.

Degree of a Polynomial

The degree of a term is the sum of the exponents of its variables.
The degree of a constant is 0.
The degree of a polynomial is the highest degree of all its terms.

Let’s see how this works by looking at several polynomials. We'll take it step by step, starting with monomials, and then
progressing to polynomials with more terms.

Let's start by looking at a monomial. The monomial 8ab? has two variables a and b. To find the degree we need to find

the sum of the exponents. The variable a doesn't have an exponent written, but remember that means the exponent is 1.
The exponent of b is 2. The sum of the exponents, 1 + 2, is 3 so the degree is 3.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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Here are some additional examples.

Monomials

Degree

Binomial
Degree of each |

Degree of polynomial

Trinomial
Degree of each

Degree of polynomial

Polynomial
Degree of each

Degree of polynomial

8 a b
exponents 12
degree of monomial 3
14 8ab*
h+7 7b*—3b
1 2
X-12x+ 27 9a* + 6ab + b?
2 2
y-1 3y'-2y-5
1 2

(1+2)

—oxy?

Xy — 25

6m'— m*n*+ 8mn*®

Ax*+ X+ 8x*— 9x +1

4

-13a

4n— 8m?

7'+ 372-1

495

Working with polynomials is easier when you list the terms in descending order of degrees. When a polynomial is written
this way, it is said to be in standard form of a polynomial. Get in the habit of writing the term with the highest degree

first.

EXAMPLE 5.1

Determine whether each polynomial is a monomial, binomial, trinomial, or other polynomial. Then, find the degree of
each polynomial.

® 7y2—5y+3 ® —24*b? © 3x° —4x> —6x>+x -8 @2y—8xy3 ©15

© Ssolution

©@ ® @ ©® ®

Polynomial

7y2—5y+3

—2a*p?

300 —dx —6x*+x—8

2y — 8xy3

15

Number of
terms

Type

Trinomial
Monomial
Polynomial
Binomial

Monomial

Degree of
terms

2,1,0
4,2
53210

1,4

Degree of

polynomial

2

TRYIT::5.1

Determine whether each polynomial is a monomial, binomial, trinomial, or other polynomial. Then, find the
degree of each polynomial.

@ -5 ® 8y’ —7y?—y—-3 © —3x%y - 5xy+9xy° @ 81m? —4n? © -3x°y3;
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TRYIT::52

Determine whether each polynomial is a monomial, binomial, trinomial, or other polynomial. Then, find the

degree of each polynomial.

@ 64k> =8 ® 9m> +4m* -2 © % @ 8a*—7a’b - 64’ b* - 4ab> + 7p* © —])4(/3

Add and Subtract Polynomials

We have learned how to simplify expressions by combining like terms. Remember, like terms must have the same
variables with the same exponent. Since monomials are terms, adding and subtracting monomials is the same as
combining like terms. If the monomials are like terms, we just combine them by adding or subtracting the coefficients.

EXAMPLE 5.2

Add or subtract: @ 25y2 + 15y> ® 16pg°> — (—7pq3).

© solution
®

25y% + 15y
Combine like terms. 4Oy2
®

16pq> — (—7pq3)
Combine like terms. 23 pq3

TRYIT::53 Add or subtract: @ 12q2 + 9q2 ® 8mn> — (—5172113).

TRYIT:: 54 Add or subtract: @ —15¢% + 8¢> ® —15)‘223 - (—5}'223).

Remember that like terms must have the same variables with the same exponents.

EXAMPLE 5.3

Simplify: @ a’+7b% - 6a> ® u?v+5u® - 3%

) Solution
@
a’+7b% - 6a*
Combine like terms. —5a% +7b*
®

u?v +5u% — 3?2

There are no like terms to combine.

2 2_ 42
In this case, the polynomial is unchanged.  “ V' Su=3v

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT::55 Add: ® g);z +3z2 - 3_y2 ® m?n® - 8m> + 4n>.

TRYIT::5.6 Add: @ 3m? +n> —Tm> ® pc/2 —6p — 5(/2.

We can think of adding and subtracting polynomials as just adding and subtracting a series of monomials. Look for the
like terms—those with the same variables and the same exponent. The Commutative Property allows us to rearrange the
terms to put like terms together.

EXAMPLE 5.4

Find the sum: (7y2 —2y+ 9) + (4y2 -8y — 7).

© Solution
Identify like terms. (7)’2 —ﬂ+9)+( 4y* _ﬂ_7)
Rewrite without the parentheses, Ty2+4y? — 2y—8y +9-7

rearranging to get the like terms together.

Combine like terms. 11y2— 10y +2

TRYIT::5.7 Find the sum: (7){2 —4x + 5) + (x2 - Tx+ 3),

TRYIT::58 Find the sum: (14y% + 6y — 4) + (3y + 8y +5).

Be careful with the signs as you distribute while subtracting the polynomials in the next example.

EXAMPLE 5.5

Find the difference: (9w2 —Tw+ 5) — (2w2 - 4).

) Solution
(Ow* = 7w +5)— (2w* - 4)
Distribute and identify like terms. 9w? — Tw +5-2w? +4

Rearrange the terms. ow? — 2?2 — Iw +5+4

Combine like terms. Tw? —Tw+9

TRYIT::59 Find the difference: (8)62 +3x— 19) — (7)(2 - 14).

TRYIT::510 Find the difference: (91)2 —5b— 4) — (3b2 —5b— 7).

To subtract a from b, we writeitas b —a, placingthe b first.
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EXAMPLE 5.6

Subtract (p2 + 10pg — 2q2) from (p2 + qz).

© solution
(p? +4%) - (p*+ 10pg — 247
Distribute. p*+4q* - p* = 10pq + 24*
Rearrange the terms, to put like terms together. p2 - p2 —10pg + q2 + 2612
Combine like terms. —10pq + 3¢°

TRYIT::5.11 Subtract ((12 + Sab — 6/72) from ((12 + bz).

TRYIT::512 Subtract (m2 —Tmn — 3;72) from (mz + 112).

EXAMPLE 5.7

Find the sum: (u2 —6uv + 5v2) + (3u2 —+ 2uv).

© solution
(u2 — 6uy + 5V2) + (3142 + 2uv)
Distribute. u? = 6uv + 5v2 + 3u® + 2uv
Rearrange the terms to put like terms together. u? +3u® — 6uv + 2uv + 502
Combine like terms. 4u® = 4uy + 502

TRYIT:: 5.3 Find the sum: (3x2 —4xy + 5}'2) + (2)«‘2 - x\)

TRYIT::514 Find the sum: (2)(2 — 3xy — Zyz) + (5x2 — 3\\)

When we add and subtract more than two polynomials, the process is the same.

EXAMPLE 5.8

Simplify: (a3 - azb) - (ab2 + b3) + (azb + abz).

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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) Solution
(a3 — a2b) — (ab2 + b3) + (azb + abz)

Distribute. a’—a®b—ab*— b3 +a%b + ab?

Rewrite without the parentheses,

3_ 2 2, 32 243
rearranging to get the like terms together. a’—a"b+a’b—ab"+ab"—b

Combine like terms. a’ - b3

TRYIT::515 Simplify: (xg — x%,) — (xyz + }‘3) + (xzv\,‘ + _&\‘2).

TRYIT::616  simpiify: (p° — p2q)+ (pa® +4°) - (P2q + pa?).

Evaluate a Polynomial Function for a Given Value
A polynomial function is a function defined by a polynomial. For example, f(x) = x%+5x+6 and g(x) =3x—4 are

polynomial functions, because x> +5x+6 and 3x—4 are polynomials.

Polynomial Function

A polynomial function is a function whose range values are defined by a polynomial.

In Graphs and Functions, where we first introduced functions, we learned that evaluating a function means to find the
value of f(x) for a given value of x. To evaluate a polynomial function, we will substitute the given value for the variable

and then simplify using the order of operations.

EXAMPLE 5.9

For the function f(x) = 5x2 — 8x+4 find: @ f@ ® f(=2) © £(0).

© Solution
®
f)=5¢-8x+4
To find f(4), substitute 4 for x. f(4)=5(4F -8(4) + 4
Simplify the exponents. fA)=5-16-8(4) +4
Multiply. fi4)=80-32+4
Simplify. f4)=52

®
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fl)=5x-8x +4

To find f(-2), substitute -2 for x. fl-2)=5(-2¢-8(-2)+ 4
Simplify the exponents. f-2)=5-4-8(-2)+4
Multiply. fl-2)=20+16+4
Simplify. fl=2)=40

©

f(X) = 5x¢ — 8x + 4

To find f(0), substitute O for x. f(0) = 5(0)* - 8(0) + 4
Simplify the exponents. fl0)=5-0-8(0)+4
Multiply. flo)=0+0+4
Simplify. flo)=4

TRYIT::5.17 For the function f(x) = 3x2+2x — 15, find® £(3) ® f(=5) © £(0).

TRYIT::518 For the function g(x) = 5x2—x—4, find® 2(=2) ® g(-1) © g(0).

The polynomial functions similar to the one in the next example are used in many fields to determine the height of an
object at some time after it is projected into the air. The polynomial in the next function is used specifically for dropping
something from 250 ft.

EXAMPLE 5.10

The polynomial function A(f) = —16t> 4250 gives the height of a ball t seconds after it is dropped from a 250-foot tall
building. Find the height after t = 2 seconds.

“ Solution

h(t) = —16¢2 + 250

To find h(2), substitute ¢ = 2. h(2) = —16(2)% + 250

Simplify. h(2) =—-16-4 +250
Simplify. h(2) = —64 + 250
Simplify. h(2) =186

After 2 seconds the height of the ball is 186 feet.

TRYIT::519

The polynomial function h(f) = —161% + 150 gives the height of a stone t seconds after it is dropped from a
150-foot tall cliff. Find the height after ¢t = 0 seconds (the initial height of the object).

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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TRYIT: ;520

The polynomial function h(f) = —161% + 175 gives the height of a ball t seconds after it is dropped from a
175-foot tall bridge. Find the height after ¢t = 3 seconds.

Add and Subtract Polynomial Functions

Just as polynomials can be added and subtracted, polynomial functions can also be added and subtracted.
Addition and Subtraction of Polynomial Functions
For functions f(x) and g(x),

(f + 8)x) = f(x) + g(x)
(f — 8)x) = f(x) — g(x)

EXAMPLE 5.11

For functions f(x) = 3x2=5x+7 and glx) = X2 —4x— 3, find:

@ (f+8)x) ® (f+23) © (f —glx) @ (f — gl(=2).

©) solution
®
(f +9)x) = flx) + g(x)
Substitute f(x) = 3x* - 5x + 7 and (f+g)x)=(3x-5x+7) + ( )
glx) = .

Rewrite without the parentheses.  (f+g)(X) =3x'-5x+7 + X'~ 4x-3
Put like terms together. (f+9)x) =3 + X'~ 5x—4x + 7 -3

Combine like terms. (f+9)x)=4x-9x+4

® In part (a) we found (f + g)(x) and now are asked to find (f + g)(3).

(f + g)x) = 4x> —9x + 4
Tofind (f +g)3), substitute x=3.  (f+g)(3)=4(3)>—9-3+4
(f+83)=4-9-9.3+4

(f+g3)=36-27+4

Notice that we could have found (f + g)(3) by first finding the values of f(3) and g(3) separately and then adding the
results.
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Find £(3). f) =3¢ -5x+7
fB)=33Ey-53)+7
fi3)=19

Find g(3). g =x-4x-3
g(3)=3-4(3)-3
g(3)=-6

Find (f + g)(3). (f+g)x) = fx) + gix)

(f+9)3) =£(3) +9(3)
Substitute f(3) =19 and g(3) = ©. (f+9)3)=19+(0)

(f+9)3)=13

(f-9)x) = f0) - g(x)

Substitute f(x) = 3x* - 5x + 7 and (f-g)¥) =3 -5x+7) - (- 4x-3)
glix)=x*-4x -3,

Rewrite without the parentheses.  (f-9}x)=3x'-5x+7-x"+4x+3
Put like terms together. (f-g)x) =3x"-Xx*~5x+4x+7 +3

Combine like terms. (f-9)0)=2¢-x+10
@

(f-9)x)=2x-x+10
To find (f- g)(-2), substitute x=-2. (f-9)(-2)=2(-2¢-(-2)+ 10
(f-9)(-2)=2+4-(-2)+10
(f-9)-2)=20

TRYIT::521

For functions f(x) = 2x% —4x+3 and glx) = x2=2x—6, find:® (f+28x) ® (F+203) © (f-gx) @
(f — g(=2).

TRYIT::522

For functions f(x) = 5x2—4x—1 and glx) = 2 +3x+8, find® (f+2x) ® (f+23) © (f—gx) @
(f — 8(=2).

|I| MEDIA : :

Access this online resource for additional instruction and practice with adding and subtracting polynomials.
* Adding and Subtracting Polynomials (https://openstax.org/l/37AddSubtrPoly)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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L 5.1 EXERCISES
Practice Makes Perfect

Determine the Type of Polynomials

In the following exercises, determine if the polynomial is a monomial, binomial, trinomial, or other polynomial. Then, indicate
the degree of the polynomial.

1. 2. 3.

@ 47x° — 17x2y3 +y2 @ x? —y2 @ 8y —5x

® 53+ 11c2—c—8 ® —13¢* ® y%—5yz— 622
©%ab+%b © a®+2ab — 7b% ©y3—8y2+2y—16
@4 © dx?y? - 3xy+ 8 @ 8lab* - 24a%b> +3b
© 4pg+17 ©19 © -18

4. 5. 6.

@ 11y2 @ 5a° + 12ab — 7b> @ 9y —10y2+2y-6
® -73 ® 18xy’z ® -12p’q

© 6x% = 3xy +4x =2y + y* © 5x+2 © a® + 9ab + 18>

@ 4y2 + 172 @ y*—8y*+2y-16 @ 20x2y? — 10a2b% + 30
@503 +11c*—c-8 © 24 ®17

7. 8.

@ 145 —29¢ @ 15xy

® z2-5:-6 ®15

© y3 - 8y2z+2yz2 — 167° © 6x% = 3xy + 4x — 2y + y*

@ 23ab* - 14 @ 10p —9¢

© -3 © m* +4m> + 6m* + 4m + 1

Add and Subtract Polynomials
In the following exercises, add or subtract the monomials.

9. 10. 11.

@ 7x2% + 5x? @ 4y3 +6y° @ —12w + 18w

® 4a-9a ® —y -5y ® 7x2y—(—12x2y)
12. 13. 7x%+5x2+ 4a—9a 14. 4y3+6y3 —y—5y
@ —3m+9m

® 15yz% — (—8yz?)

15. 16. 17.
—12w+ 18w+ Tx%y — (—12x%y)  —3m+9m+ 15yz2 — (—=8yz>) @ —5h—17b

® 3xy — (—8xy) + 5xy
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18.
® —10x —35x
® 17mn® - (—9mn2) + 3mn?

21.
242 + b% - 64>
® xzy —3x+ 7)cy2

24.
12a + 5b — 22a +pq2 —4p — 3q2

27. 5u + 42 —6u% + 12a+8b

30. Add: 4x, 3y, —3x

19.
® 12a+5b—22a

® pg* —4p -3¢

22.
@ 5u? + 402 — 6u?
® 12a+8b

25.

Chapter 5 Polynomials and Polynomial Functions

20.
® 14x —3y—13x

® a?b —4a — 5ab>

23.

xy2 —5x— 5y2
® 19y + 57

26.

14x — 3y — 13x + a’ b — 4a — 5ab* 2{12+l)2—6az+xzy—3x+7xy2

28. xy> — 5x— 5y + 19y + 5z

31 Subtract 5x° from —12x°

In the following exercises, add the polynomials.

33.
5y’ + 12y +4) + (6y*> =8y +7)

36.
G+ 9y +4) + (=292 =5y —1)

39. (54 +8) + (@® —4a —9)

34.

4y + 10y + 3) + (8y% — 6y + 5)

37. (8x%2 = 5x+2) + (3x% +3)

40. (p>—6p—18)+ (2p> + 11)

In the following exercises, subtract the polynomials.

41.
(4m?>=6m—3)— 2m*+m—"7)

44,
(b>=Tb+5)— (b*=2b+9)

42.

Bb>—4b+1)— (5b*—b-2)

45. (1252 = 155) = (s = 9)

In the following exercises, subtract the polynomials.

47. Subtract (9x2 + 2) from (12)62 - X+ 6)

49. Subtract (7w2 — 4w+ 2) from (8w2 -—w+ 6)

In the following exercises, find the difference of the polynomials.

29. Add: 4a, —3b, —8a

32. Subtract 2p4 from —7p4

35.
(2 +6x+8)+ (—4x*+ 11x - 9)

38. (7x2 = 9x + 2) + (6x% — 4)

43.
(a2+8a+5)—(a2—3a+2)

46. (10r2=20r) — (r - 8)

48. Subtract (Sy2 -y+ 12) from (IOy2 —8y— 20)

50. Subtract (5x2 - x4+ 12) from (9)62 — 6x — 20)

51. Find the difference of (w2+w—42) and 52. Find the difference of (12—32—18) and

(w? = 10w +24)

(% + 52— 20)

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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In the following exercises, add the polynomials.

53. (7)(2 —2xy+ 6y2) + (3x2 - Sxy)
55. (7m2 + mn — 8n2) + (3m2 + 2mn)

In the following exercises, add or subtract the polynomials.

57. (a® = b%) - (a* + 3ab — 4b?)
59. (p° = 3p?q)+ (2p4” +44°) - (307 9 + pg?)
61. (x3 - xzy) - (4xy2 - y3) + (3x2y - xyz)

Evaluate a Polynomial Function for a Given Value

54. (—5x2 —4dxy — 3y2) + (sz - 7xy)

56. (2}’2 —3rs — 2s2) + (5r2 - 3rs)

58. (m2 + 2n2) - (m2 — 8mn — nz)
60. (a” — 2a”b)+ (ab® + b) - (3a> b + 4ab?)

62. (x3 —2x2 y) - ()cy2 - 3y3) — (xzy — 4xy2)

In the following exercises, find the function values for each polynomial function.

63. For the function f(x) = 8x2 —3x+ 2, find:
@ f(5) ® f(=2) © f(0)

65. For the function g(x) = 4 — 36x, find:
@ g(3) ® g(0) © g(-1)

64. For the function f(x) = 5x2—x— 7, find:
@ f(=4) ® f(1) © f(0)

66. For the function g(x) = 16 — 36x2, find:
g(=1) ® g(0) © g(2)

In the following exercises, find the height for each polynomial function.

67. A painter drops a brush from a platform 75 feet
high. The polynomial function h(f) = —1612+75

gives the height of the brush t seconds after it was
dropped. Find the height after # = 2 seconds.

69. A manufacturer of stereo sound speakers has found
that the revenue received from selling the speakers
at a cost of p dollars each is given by the polynomial

function R(p)=—4p2+420p. Find the revenue

received when p = 60 dollars.

71. The polynomial C(x) = 6x2 + 90x gives the cost,

in dollars, of producing a rectangular container whose
top and bottom are squares with side x feet and height
6 feet. Find the cost of producing a box with x =4

feet.

Add and Subtract Polynomial Functions
In each example, find @ f+g)x) @ (F+ )2 © (- g)x)

73. f(x) =2x* —4x+ 1 and g(x) = 5x> + 8x+ 3

75. f(x) = 3x> —x2 = 2x+3 and g(x) = 3x> — 7x

68. A girl drops a ball off a 200-foot cliff into the ocean.
The polynomial A(t) = —16¢% 4200 gives the height

of the ball, in feet, t seconds after it is dropped. Find the
height after ¢ = 3 seconds.

70. A manufacturer of the latest basketball shoes has
found that the revenue received from selling the shoes
at a cost of p dollars each is given by the polynomial

R(p) = —4p2+420p. Find the revenue received
when p =90 dollars.

72. The polynomial C(x) = 6x% + 90x gives the cost,

in dollars, of producing a rectangular container whose
top and bottom are squares with side x feet and height
4 feet. Find the cost of producing a box with x =6

feet.

@ (- 9)-3.
74. f(x) = 4x> = Tx+3 and g(x) = 4x> +2x— 1

76. f(x) =5x> —x?>+3x+4 and g(x) = 8x> — 1

505
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Writing Exercises

77. Using your own words, explain the difference 78. Using your own words, explain the difference
between a monomial, a binomial, and a trinomial. between a polynomial with five terms and a polynomial
with a degree of 5.

79. Ariana thinks the sum 6y2 + 5y4 is 11y6. What is 80-Is every trinomial a second degree polynomial? If
not, give an example.
wrong with her reasoning?

Self Check

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

Ican... Confidently “ﬁﬂi::lgme Nng':tdi‘:?'t

identify polynomials, monomials, binomials,
and trinomials.

determine the degree of polynomials.

add and subtract monomials.

add and subtract polynomials.

evaluate a polynomial for a given value.

® If most of your checks were:

...confidently. Congratulations! You have achieved the objectives in this section. Reflect on the study skills you used so that you
can continue to use them. What did you do to become confident of your ability to do these things? Be specific.

...with some help. This must be addressed quickly because topics you do not master become potholes in your road to success.
In math every topic builds upon previous work. It is important to make sure you have a strong foundation before you move on.
Whom can you ask for help?Your fellow classmates and instructor are good resources. Is there a place on campus where math
tutors are available? Can your study skills be improved?

...no - I don’t get it! This is a warning sign and you must not ignore it. You should get help right away or you will quickly be
overwhelmed. See your instructor as soon as you can to discuss your situation. Together you can come up with a plan to get you
the help you need.

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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5.2

Properties of Exponents and Scientific Notation

Learning Objectives

By the end of this section, you will be able to:

Simplify expressions using the properties for exponents
Use the definition of a negative exponent
Use scientific notation

BE PREPARED : : 5.4 Before you get started, take this readiness quiz.
Simplify: (=2)(=2)(=2).
If you missed this problem, review Example 1.19.

BE PREPARED : : 5.5 o 8y
. Simplify: 2y’

If you missed this problem, review Example 1.24.

BE PREPARED : : 5.6 Name the decimal (—2.6)(4.21).
If you missed this problem, review Example 1.36.

Simplify Expressions Using the Properties for Exponents

Remember that an exponent indicates repeated multiplication of the same quantity. For example, in the expression a’,
the exponent m tells us how many times we use the base a as a factor.

a"=a-ag*a-..*a (-9) = (-9)(-9)-9)(-9)(-9)

Let's review the vocabulary for expressions with exponents.
Exponential Notation

a” a” means multiply a, m times

base a'=a*ag*a-*..a

This is read a to the m"" power.

In the expression a”, the exponent m tells us how many times we use the base a as a factor.

When we combine like terms by adding and subtracting, we need to have the same base with the same exponent. But
when you multiply and divide, the exponents may be different, and sometimes the bases may be different, too.

First, we will look at an example that leads to the Product Property.
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What does this mean?

Notice that 5 is the sum of the exponents, 2 and 3. We see X2 x3is x2F3 or X2,

The base stayed the same and we added the exponents. This leads to the Product Property for Exponents.
Product Property for Exponents

If a is a real number and m and n are integers, then
am.a =™ +n

To multiply with like bases, add the exponents.

EXAMPLE 5.12

Simplify each expression: @ y3.y0 ® 2%.23 © 247 . 34.

© solution
®
yiey
Use the Product Property, a™-a" = a™*". yr
Simplify. yr
®
27 2>
Use the Product Property, a™-a" = a™*". 2eex
Simplify. 2%
©
20"+ 3a
Rewrite, a = a. 2a7+ 3d’
Use the Commutative Property and 2+3+q"
use the Product Property, a™-a" = a™*".
Simplify. 6a*

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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@
dts s d?
Add the exponents, since bases are the same. derse2
Simplify. dn
TRYIT::523 Simplify each expression:
@ b7 b ® 474 © 3p°-4p @ x6.x* 48,
TRYIT::524 Simplify each expression:

@ x12.x4 ® 10-10° © 22-677 @ b>-b°. b7,

Now we will look at an exponent property for division. As before, we'll try to discover a property by looking at some
examples.

Consider x> and x2
x? x°
2 X-X-X-X-X X-X
What do they mean? A RSN
Use the Equivalent Fractions Property. X -X-Xx-x-x X-x-1
XX XXX
Simplify. X3 1
X
I X 5-2 3 x2
Notice, in each case the bases were the same and we subtracted exponents. We see =5 is x or x~.We see <%
X X
is or % When the larger exponent was in the numerator, we were left with factors in the numerator. When the larger

exponent was in the denominator, we were left with factors in the denominator--notice the numerator of 1. When all the
factors in the numerator have been removed, remember this is really dividing the factors to one, and so we need a 1 in

the numerator. % = 1. This leads to the Quotient Property for Exponents.

Quotient Property for Exponents

If ais a real number, a # 0, and m and n are integers, then

m

am
== =a , m>n and 7261,,[—_1,”,

EXAMPLE 5.13

9 10 8 3
Simplify each expression: ® x_7 ® 3—2 © % @ 7—.
x 3 b 7°

“ Solution

To simplify an expression with a quotient, we need to first compare the exponents in the numerator and denominator.

®
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Since 9 > 7, there are more factors of x in the numerator. i—g

m 7
Use Quotient Property, - = a™ " x
a

Simplify. X
®
Since 10 > 2, there are more factors of 3 in the numerator. %

m 10-2
Use Quotient Property, 4— =a" ~". 3
a

Simplify. 3

Notice that when the larger exponent is in the numerator, we are left with factors in the numerator.

©

Since 12 > 8, there are more factors of b in the denominator. £

b=
Use Quotient Property, ‘;—’Z = anl_m. ﬁ
Simplify. %

@
Since 5 > 3, there are more factors of 3 in the denominator. ;
Use Quotient Property, Z—’Z = anl_m. 71—
Simplify. %
Simplify. %

Notice that when the larger exponent is in the denominator, we are left with factors in the denominator.

> | TRYIT::525 15 14 18 15
Simplify each expression: @ £_— ® 6—5 © 455 @ 12

XIO 1230'

43 Q
Y 101 m’ 98
L 107 PRE 19

TRYIT::526

Simplify each expression: @

A special case of the Quotient Property is when the exponents of the numerator and denominator are equal, such as an

m
expression like a_m' We know , % =1, forany x(x # 0) since any number divided by itself is 1.
a

This OpenStax book is available for free at http://cnx.org/content/col31234/1.3
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m
The Quotient Property for Exponents shows us how to simplify a_m. when m > n and when n < m by subtracting
a

m
exponents. What if m =n? We will simplifya—m in two ways to lead us to the definition of the Zero Exponent Property.
a

In general, for a #0 :

el a

a" ar

at? AV AV ANy |
qegopr A

a’ 1

m
We see a_m simplifies to a® andto1.50 a® = 1. Any non-zero base raised to the power of zero equals 1.
a

Zero Exponent Property

If a is a non-zero number, then aO =1.

If a